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5.1 INTRODUCTION :

: "In this chapter, we introduce the concept of chance or pmhlhihty
The subject of probability is of great importance these days and it is being
applied in almost all branches of science and technology. The idea of
probability was first applied in gambling games in France. In 17th century,
the theory of probability was developed by mathematicians like Pascal,
Format Bernoulli. The subject was further developed and put on a sound
footing by Laplace, Kolmogroff. Markoff, Lagrange,. Bayes, Gauss .
Morgan and Fisher among others. To day the application of the theory of
probability is the most important in making decisions in husmess_ insurance,
management, sociology, psychology. physics, etc.

Before defining probability, we explain some algebnc mnceptsmr
mathematical preliminaries or technologies of counting.

5.2 FACTORIAL NOTATION

n-factorial (n!) denotes the products of first n positive integers, i.e.,

n'=n(n-I}n-2)}n-3)...32.1 ; :

For example 7. 6. 5. 4. 3. 2. | is the product of first seven positive

integers. Thus this product is denoted by 7 factorial, that is
7.6.5.4.3. 2.1 37
- n! may also be written as :
n! =n(n-1)n-2)n-3)!

“=n(n-1)Xn-2)!
- =n{n-1)
If n = 0, then we define 0! =]
: EXAMPLE 5.1
Solve the following:
@7 @G S (v — )
B! (n - 20! (n- 1)
~ SOLUTION
(i) 7! = Tx6x5x4x3x2x1 = 5040 (ii) E._. m"“;"s? =10x9 =90
e 120 12x1 Ix10x9x8! -y
(I_II} 01 e =12x11x10x9 = 11830
: n! n{n-—l]{nv—E}l
~N=n*-=
(iv) L (- 2}1 (n—-1)=n® n.
vy BELE DM =) e T
(n-1)! An—=1)!

53 PERMUTATIONS -
Permutation is defined as the number of arrangements which can be
made by taking some or all of the number of -objects. Thus the number of
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arrangements which can be' made h_v lukmg Hircc ﬂbjects a, band ¢ in a ow
are given below:
abe, ach, bem bac, cab, cba
Tfhus we see that any three ubjects can be arranged in six (6=3!)
different ways.

5.3.1 Permutations of Different Objects
I The number of permutations of n different objects, taken all at a time
' denoted by "P,, is given by .
~ "P,=n!
B The number of permutations of n different objects, taken r at a time,:
' denoted by "P,, is given by
e "wp = n!
" (a-r)!

3. The number of permutations of n objects of which n, are of one type,

n; are of second kind, n; are third type and n;nfﬁle:dl qrpe,denuted

by P, is given by g

n!

: {hl !.1 !.; !IIII.-.}!

EXAMPLE 5.2
Find the total number of permutations of the set of four letters taken
(a) All at a time, (h} Three at a time, (¢) Two at a time.
SOLUTION
(a) Here n = 4, therefore, '_ 5
"p.="p, =41=4x32x1 =24
(b) _ Here n =4, r= 3, therefore,
. n o I‘l' :m F
. Pr v, ! g Ps=
(c) Heren=4,r= 2, therefore,
y n! . 4 4 4x3Ix2xIl

P BV P T T T 2

=41=24

4!
(4-3)!

=12

WM' :
- In how many ways can 7 men form a line?.
SOLUTION
Hefen 7, therefore,
1rI"*.--'.F! Txﬁxixl!x!x:!xl-iﬂdﬂ

EXAMPIES 54
How many telephone numbers of four different digits each can be
muke from the digits 0, 1, 2 3,4,5,6,7, l..ﬂ'?

b R e e o b e, WA g
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. SOLUTION
There are ten digits to chwse from and fuur different digits-are to be
' chosen at a time. Here
n= I'I] r =4, and the desired number is

. 1
op, -0 _ 1% oxox8x7=5040

EXAMPLE 5.5 ;

Five tires on a cdr (one as spare) are to be rotated so that all will be
used aqually How many different ways are there of puttmg the five tires on
the car without removing the tires from the wheels?

: SOLUTION
We have a permwtation of f'we tires taken all at a time, then the desired
number is
P.="P, =5
, =3x4x3x2x1=120ways

EXAMPLE 5.6
A company’s labour union wants to elect 4 office bearers viz., President,
Secretary, Joint secretary and a Treasurer out of eight people. In how many
different ways these posts can be filled up?
e SOLUTION
Heren=8§,r=

; e 8! Ex?xﬁxixdri

e B 8=-4) 4!

=8x7x6x5 = 1680 ways

EXAMPLE 5.7
In how many ways 8 chairs can be arranged in a row if there are 4
ordinary chairs, 3 arm chairs and one easy chair?
SOLUTION
Required number is given by

. .
a8 . Ex?xﬁxix4 =8'% Tx §=280 ways

4!3'“ Ix3Ix2x1
EXAMPLE 538
In hnw many ways the letters in the word TOMORROW can be arranged?
- SOLUTION

. The word Tomorrow contains 8 letters in all, of these the 3 O’s are
alike of one kind, the 2 R’s are alike of second kind. There is one T, one M
and one W. Thus, we have .
Total No. n =8 No.of T’s =1
Noof O’s =3 No.of M’s =]

&
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NoofR's =2 No.ofW's =1
Hence reqmred number of arrangéments are given by
. =3360
]‘?.H'llll
EXAMPLESB e

How many different arrangements are there of the letters in the wm‘d
MISSISSIPPL, taken all together? .
SOLUTION
These arrangements are permutations of 11 letters, with some alike. There
are 45, 4.I's and 2 P’s. Hence :
11! :
Ma2a - 0 .

IMMx1lx9x8x7x6x5 i )
B Ax3x2xlx2x1 -_3465& % g .

5.4 CDMBINATION

A combinatidn is a subset or part ‘of the nh_lec'ts of a single set
without regarding. the order of the object, the total number of possible
combinations of a set of objects, taken all at a time, is clearly one. The total
number of posmble combinations of a set of a different object, taken r at a
time, denotéd by "C, is given by '

"C = “m!
“ rli(n=r)!

EXAMPLE 5.10
. Find Gy :
SOLUTION .
: “n! . 121 12! .
We k "C =——I—‘—-—-=I!C = =
cknowthat’C. = Saonl. T E(2-8 - na
_12x11x10x9x8! .

=11x3x9 =495

Bl x4x3x2xl

EXAMPLE 5.11

Three from 20 numbers are to be selected to form lmmmlttee In
how mnn:,,r ways can the committee be formed?

SOLUTION

Themmmntme formed by members, say A, B and C, lsthesamels

the committee formed by B, C, A or any. other such arrangement problem,
since we disregard the order of arrangement. -

- Here n = 20, r = 3, therefore, ¢
i - Bl g w -
Cr. ri(n-r)! ¢

A = 0 e Rl L B T B

o — — Frr. St
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: i ' - . ' 'I T T a
ne 200 20! Zﬂ'xl'?xlﬂxl? T ey
2)(20-3)! 3! I'?! I x3x2x1" - :
EXAMPLE 5.12

A bag contains 10 balls of which 4 are white and 6 are black. How
many selections consisting of 5 balls car be made if two are white and 3 are

black.

SOLUTION
- Two white balls out of 4 white balls can be drawn n, ways as:

e o S ,

Rl T o
Three black balls out of six black balls can be drawn in n; ways as
6!
g e
n; = C3—3! T 20

Five balls of which 2 white and 3 black balls out of H] balls of which
4 are white and 6 black balls can be drawn n ways as:
: n=mxn=6x20=120
The desired number can be obtained as:

n="C, x °C; =6 x20=120

EXAMPLE 5.13 '
A bag contains 8 white and 8 black balls. 4 halls are drawn. Find the
number of possibilities is which
_ () All are white.
(ii) All are black. -
(iii) 2 white and 2 black.
: SOLUTION
(i) Let n; be the number of possibilities of drawing four whlte balls and
zero black h:llls out of 8-white and 8 black balls, then
8 8! _8x7x6x5x4!
n = C‘ xChy=
ara 4x3x2x1 x-‘l'_
(ii) - Let n; be the number of possibilities to draw four black balls out of 8
white and 8 black balls. Then

Ny = Cﬂ X C‘, =T0
(iii)  Let my be the number of possibilities to draw two whitc and two
black balls out of 8 white and 8 black balls. Then

8 8! 8!
sz Cy= (2! ﬁ‘](zl ﬁ') 23!23 = T84

55 BINOMIAL EIF&NSIDN
By actual muhlphmmn the product (a + b) (a + b] may be written as
: atb
a+b
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ab+b
. a’+ab :
a’ + 2ab + b’
Binomial expansion is an algebraic expression containing two terms
which are connected by posltwe or negative sign. If the binomial (a+b) where

a and b are real numbers is raised to successive integral powers, lhe
expanded expressions are as follows:

(a+b)’ =1
(a+ h} =g+ b .

{a+b} -a 2+ 2ab + b’

(a+b)' =a’ + 3a’b + 3ab’ + b’

(a + b)' =a* +4a’b + 6a’b® + 4ab’ + b'

(a+b)’ =a° + 5a'b + 10a’b* + 10a’b® +5ab* + b° -
(a+b)*=2a"+6a’b + 15a'b” 202’0’ + 15a°b" +6ab* +b°

+In gencrul when the binomial is raised to nth puwcr the expression
is i:rmwn as the I:umnmuil expansion given by :
From the above expansmn when n repﬁ:sents thc power ol‘{aﬂ:}. we
observe the following properties:
1) - The number of terms in the expuﬁsmn is (n+1 ]
2) The letter a in the first term of the expansion has the power n, in the
second term has (n-1), in the third term has (n- 2) and so on.

3) - The letter b in the second term of the expansion has power one, in
the third term hupowm. in the fourth term haspowcrtl'lreelnd
S0 on.
4) The sum of powers of a and b in any term is n.
5) The coefficients of the terms equally placed from the ends of the
- ¢xpunsmn are the same. For example, in the expansion of (a+b)* ,the
* co-efficient of the first and the last term is one, the co-efficient of
second term and the last second term is 4.

Substitution the,values of "Cg, "C;, "C,, etc. we have

an-1) .2

(a+b)" =a" +na""'b+ +rernernith®

5.5.1 Pascal Triangle

I the coefficients in the-expansion of (a+b)" for n = 0, 1, 2, 3, 4,
arc arranged triangular form, the result is known as the Pascal triangle.

i [ S
v - .-n- . o S T T
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o AT A ] g S 3T P T T o N e el e o e T P s e

n=0 I

n=1 - 1 1

n=2 | 2 1

n=3 i 1 3 -3 .1

=4 1 4 .6 4 .1
n=35 1 S 1010 §5 1
n=6 1 6. 15 20°'15 6.1

=7 ... 1 7 21 35 35 21 7 *1
n=8 1 -8 28 56 70 56 28 8 |
n=9 | 9 36 84 126 126 84 .36 9 |

552 General Term .

" From the binomial expansion (r + 1)th term or general term is gwen
by
T ="Ca""D"

Pumng r=0, I, 2, etc. We can get the first, second, tﬁlrd etc. terms.

EXAMPLE 5.14
Expand (a +x)" by using binomial expansion.
SOLUTION _
(a+x)" = 2° + 6a’x +15a"% +20a’x” +15a%* +6ax’ + x*

EXAMPLE 5.15

Expand (2x + Jy}
SDLIITIDN r

{2x+3y} -{Ex} +4(21} (3}’]+ {1 X) {3 ) + ﬂﬂ

{leﬂr} +(3y)!

=16x" +?ﬁgy+2|ﬁxzy +Zlﬁxy +ﬂly

EXAMPLE 5.16
Expand (x -2y)’
: SOLUTION
(x-2y)’= x’ -2y + cx’ {-Iy)’ HC(2y) *Cax(-2y)* + - zyj
- 10x"y + 40x’y" - 80x"y" - 80xy"* - 32y,

EXAMPLE 5.17 4
Find the &th term of (x +2y)"°
SOLUTION
Herer=5.n=10,a=x,b=2y -
Now - T, ="Ca™b" gives
: Tﬁ = Toei = mCs "% (2y)’ = 8064 x’ y.

EMMPLE 5.18
Find the middle term of (x - 3y)°
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SOLUTION
Here n.= 6, hence total number of n:rms will be T and thc middle
term, is 4th. Therefore, Ty = Ti.p = *Csx®? (-3y)’ = -540 ° y°.

56 SETS

The concept nf a set is csscntml for getting a clear concept uf' sew:r.al
branches of mathematics. A set is a well-defined collectipn of objects. called
elements or members. We may talk about a set of books, a set of dishes, or a
set of students. We generally use capltal letters for sets and small letters or
- numbers for elements of sets.
The symbol
aex

'mt:ans “the l:lh_jﬂ:t ais membcr of the set x” or “the object a belong 1o the set
X", or simply “a is in x". We shall also read this as a is an element of the set

x", the symbol : . & .

8 agx A \ T

represent the negation “a is not an element of x". The following are the -

methods which are frequently used of describing a set.

(1) Tabular Method -

In this method elements of a set are written within brackets and the

elements are separated by commas, i.e. A—{l =3, 4 5 6, 7.}
(2) Set Builder Form : b
3 In this forin a sentence describing th¢ ﬁll.':m:mts of a set is wntmn
within brackets. For example: '
A={x/x ts an odd natural numhcr}
5.6.1 Types of Sets 3
(i) Ull\terul Set ; :

A set consisting of all the clemmts under consideration and is
denoted by *U’ -
(i) Nul Set

A set having no element is called nul set. It is denoted b}' a.

(iii) Equal Sets
= w3 Two sets having same and equal number nf elements are called equal
sets.
(iv) [Iis[umt Sets ;
Two sets having no elements in common are called dlSjl'.'llﬂt set.
(v) Over Lapping Set -

Sets having elements in common are called uw:rlappmg ..'ﬂ:ts
(vi)  Finite Set

Set having finite number of elements.

(vii)  Infmite Set
. Set having infinite number of elements.
(viii) Difference of Sets

The difference of two sets A - B is a set consisting of all the elements

of A other than B. : .


https://www.perfect24u.com/
https://www.perfect24u.com/
https://www.perfect24u.com/

More Notes, Books Fbise Visit Now: www.perfect24u.com

(ix) Cunplimt of a Set:-
If U is a universal set, then compliment of set A is a set consisting of
all elements of U other than A and is dcnotcd by A,
(x) Sub Sets:-
3 The set A is a subset of the set B if every elements of A is an element

of B. We use the symbol A S B o denote this.
G e let A = {a b.c}, then
{!} {b}, {c}, ta. b}, {a.c}. {b.c}, {a.b.c}.
are subsets of A.
The subset {a, b, ¢} is an improper subset whereas the remaining
subsets are proper subsets.
(xi)  Union of Sets:-
The union of two sets, A and B, is the set of aIE clements that are in
A,orinB or in both, we denote this AUB. For example, if
= {a,b.c,f},and B = {a, ¢, f} thc:nAUB {a,b,c,c. f}
(xii) Illerm:ﬂol of Sets:-
The intersection of fwo sets A and B, is the set of all elements that

are in both A and B. We denote this AN B. For «u,:nm'r|=|:||k=+ if
A={1.2,3.4,5). B={4,5,6.7), then AMTB = (4 5,

5.6.2 Venn - Diagram
A uscful way of picturing the operations union, intersection, and
“compliment on sets is by depicting the sets as circles contained in a box. This
type of diagram is called a Venn - diagram.

If sets are overlapping, then they will be represented as:
U

‘A — B

If scts are disjoint, then will be represeuted as:

00

If set A is the subset of B, then it will be represented as:

T T Y . et A L A S SR
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ACB

compliment of a set B is représented as:

Cnmpllmant uf B= Shnded Area=B’

0’

A U B = Shaded Area . AN B=Shaded Area

A

The following properties of the operations on sets rnay be noted.
: - (i) AUB=BUA

") 'ANB=BNA - :
(iii) ALXBUC)=(AUB)UC
(iv) ANXBNC)=(ANB)NC
(v) Aﬂ(BUCJ?L&ﬂB}U(ﬁﬂCT
(vi) AUBNC)=(AUB)N(AUC) |
(vii) (2)(AUB)'=A'NB’

(b) (AI'":B}’ A'UB’

5.7, DEF INITIONS AND NOTATIONS OF TERMS

: In the study of probability, we are concerned with experiments and
their outcomes. The terms to be used in the ti\:ury of probability are defined
below: :
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5.7.1 Experiment

. An act or the process of ﬂbtammg an observation is called
~ experiment. Performing ‘of an experiment is called a trail. For example, a
single performance of an experiment is called a trail: If we toss a coin or
throw-a die we are performing trails. The result obtained from an r:xpenmem
is called an outcome. :

5.7.1.1 Random Expenmenl . -

~ An experiment is said to be random. if it provides different results, -if
it is repeated a large number of times under essentially identical conditions.
The process of performing the trails is frequently referred to as a random,
stochastic or chance process. Examples of a random experiment are, tossing
of coin, rolling of a die, drawing a card from a deck of playing cards,
drawing a ball from a bag containing balls of different coloures, selecting a
~ bolt from a lot and observing whether it is defective-or not, etc. A random
experiment has three properties (i) The experiment can be repeated (ii) The
experiment always has two or more possible outc&mes (m} The outcomes of
each trail is unpredictable.

5.7.2 Sample Space

A sample space is formed by a set of sample pmnts which represent
all possible outcomes of the random experiment. An outcome of a trail is
called a sample point. Sample space is denoted by S. In tossing a coin, for
example, the possible outcomes are H (a head) and T (a tail). These are two
sample points. The two sample points form a sample space.

: S={HT}
If two coins are tc-ssed together, the sample space consists of four sample '
pumts :

: S = {HH, HT, TH, TT}
The sample space in rolling a die is
: : §={1,2,3,4,5,6} .

The sample space for the random experiment of rolling two six-sided dice
consists 36 sample pcrints

= {(1 1 (120, (1, 3) e (63 6)}
The sample ‘space S in drawing a card fmrn a well shuffled pacic of 52
playing card isS= {i By i , 52}

5.7.3 ‘Event

Any subset of the sample space is cal]ed an event. It is denoted by A,
B, C, D, etc.
(I) Simple Event

A simple event is one which contains only one sample point of the
sample space. The occurrence of 4 when a die js thrown, is a simple event.
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(I) Compound Event

It is an event that contains two or more sample points of the sample
- space. Compound event can hr.- further decompc-scd into simple events, the
occurrence of 9" with a pair of . dice, is a compound event, as it can be
. decomposed into four simple events. (3, 6); (4, 5} (5, ﬁ] and (6, 3)

(IIT) Impossible Event

The empty set ¢ is also an event as it is a-subset of mmple. space. An
event is called impossible event, if it contains no sample point of the sample
space. Hence ¢ is impossible event.

(IV) Sure Event
It is dn event that ccmiams all the sample points of the sample space.

(V) Cnmplcmentnry Event
If A is an event of the sample space S, then the complementary event
_A is an event that contains all those sample points of S which are not in A,

(VI) Mutually Exclusive Events -

- Two or more events are said to be mutually cxciuswe if they cannot
oceur together. Thus the occurrence of head or tail in a single throw of a coin
are mutually exclusive events. When a die is, rolled, - the nutc{rmes are
mutually exclusive. '

(VII) Not Mutually Exclusive Events .

If two or more event can occur together, they are not mutually
exclusive. If we draw a card from an ordinary deck of 52 cards, it can be both
a queen and card of. spade, Ther:fure, queens and cards of spade are not
mutually exclysive. -

(VI“] Equally Likely Events

~ Fwo or more events-are said to be v.':vuqu:aII},f Ilket}r events if they have
same chance to occur. For example, if we toss a coin, the head and tail have
the same chance to be occur. Similarly, the six events when we thrnw a die
are equally likely. - .

(IX) Independ:nt Events

Two or more events are considered tu be independent, if the events
in no way affect each other. For example, when we toss two unbiased coins’
we have independent events because the probability of occurrence of head or
tail on the second coin does not depend on the oceurrence of head or tail on
the first coin. Suppose event A is the drawing of king from a pack of 52°cards
and event B is head on tossing a fair coin. The events are independent
becausc the drawing of a card does not affect the head when tossing a coin.

' {K} Dependent Events
Two or more events are ‘said to be dependent when the probability of
happening of any one event is affected by the happening or non happening of
the others. For example, the results of two drawings of a ball from a bag are
deperident, if the ball is not retumned to the bag after the first draw.
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(XT) Favourable Cases -
The cases which entail the occurrence of an event are said to be
fabourable to the event.

(XIT) Exhaustive Cases A :
The set of all possible outcomes in a trail constitutes the set of
exhaustive cases. For example. in the case of tossing a coin thﬂrE are two

- exhaustive cases head or tall

5.8 DEFINITIONS OF PROBABILITY

(I) Mathematical or a Priori or Classical Definition. ,

In some cases, we can count exactly the different ways in. which a
given event may or may not happen and can assume that all the possible
ways will occur on an equally likely basis. The prubahllrty under such cases
. and assumption is called classical probability or priori probability: For
equally likely, exhaustive and mutually exclusive cases, the probability of the

" happening of an event A is defined as the ratio of the favourable cases for the’

event to the total number of cases. Thus, if the number of cases favourable to-
event a is m out of n equally likely, mutually excluswe and exhaustive cases,

then.
F bl
P(A) = avoura emfwﬁ_ﬂ
Total number of cases n

The probability of the non occurrence of the event A (failure) is

" P(not A.}=P[E]=$=I—I%=I—F(AJ

P(A)=1-P(A) g s
The probability of success and the probability of failure is always equal to
one i.e.
P(A)+P(A) =1

The classical definition of probability fails when the events are not equally
Inkely, mutually exclusive and exhaustive. For example, if we are interested
in knowing the probability that a ceiling fan will fall, the above definifion
breaks down because the two events that the fan stays m the r:eﬂmg or fall
down are not equally likely.

EXAMPLE 5.19
.' A fair coin is tossed. What is the probability of getting (i) head (ii) tail.
SOLUTION

These are two possible outcomes head and tail. The number of equally,
likely, mutually exclusive outcomes are 2 i.e;n=2

(i) Let the event head = A

There is only one head i.e. only one outcome Favuursble to event A.

Thus the probability of getting a head is. :
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P(Head) = P(A) = -
(ii) Let the event tail = B i
There is only one tail i.e. only one outcome favourable lo event B

Thus the pmbablllty of geltmg a tail is

P(Tail) = P(B) = —;—
EXAMPLE 5.20
Find the probability that one throw of a die will
() Have “3"ontop °  (b) Have 5" on top
(c) Greater than 4 (d) An odd number
- SOLUTION

A die is a cube-shnpod gambling instrument with dots.on each of the six
sides

—
. ™ L R | . *e e®

- Assume that it is a well-balanced die; that is, each of the six sides will have
an equal chance to tun on the top when the die stops in a throw. Then tl'u.
sample points are the six ddts and the sample space is

=1{1.2,3, 4,5, 6}

Number of Favourable cases: m
Number of Possible cases  n

S N -

(b) - P(Havinga “5,.) umber of Favourable cases _ m

Numl:n:r ﬂf' Possible cases n

(c) Of thl-sc 6 outeomes 2 outcomes result the E\"'El'll more than 4 i.e. the

\'-\.

h|— on]|—

. (a) P(Havinga*3")=

o

-

—

face Sor 6 :
F{Mﬂret]'land}-‘ TMPavoumhlﬂcases e
_ Number of Possiblecases n 6 3
(d)- Of these 6 outcomes 3 outcomes are in the favaur of event an odd
number i.e. 1 or 3 or 5. :
P(An odd) = Numbi::_' of .Fam.u?*ahle cases._m _3 1
; N_umbcr of Possible cases n 6 2

EXAMPLE 5.21

An urn contains 8 balls of which 5 are white and 3 are black. A I}aH
is drawn at random. What is the probability that the ball drawn is white.
SOLUTION

Let the balls nre. numbered as | to 8 and the selection of a ball at
random can produce 8 different outcomes as any of the balls may turn up.
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[.et an event' A be dcfined as the ball is white of these 8 different
- mutually exclusive and cquall; likely outcomes. 5 outcomes result in the
favour of event A. :

Heren=8, m=35

P(A) = Favourable toevent A’ m
Number of Possible cases n

-
8

*

- (II) - Statistical or Empirical or posterior definition

" The definition of a priori or mathematical probability given in article

. (1) can be used only if we have a complete knowledge of all possibilities and

their equal likelihood. For example, with that definition we cannot determine -
the probability that Mr. Aslam, aged 40, will die within one year. In this
situation we do not know all the pnsslhlc contingencies that will affect Mr.
Aslam during the year.

Mortality records are kept for the population and these records show
that on the avgrage 5 out of every 1000 alive at age 40 die from some cause
during the year. Thus we would say that the probability that Aslam will die
. during the year is 5/1000. A probability obtained in this way is called
statistical or a posteriori probability. Consequently, we have the following
definition of statistical probability.

The limiting value of the ratio of favourable cases for an event to the
total number of cases when the total number of cases is very large is defined
as the probability of happening of thn event. It is assumed that this limiting
value is unique and finite. :

Symbalically. : . 5

P(A) = Lim >
/ n

; ' n—»ow

(ITI) - Axiomatic Definition

If A is an event that belongs to sample space S of a glw:n random
axpcrlmem then the pl‘ﬂbﬂbﬂll}’ of A must satisfies the following basic
axioms

(a) P(A)=0.

(D) P(S)= I :

(¢) if A and B are mutudlly exclusive events, then

. P(AUB) = P(A) +P(B)

: EKAMFLE 5.22
: A _student solved 135 questions from 333 questions of a bonk What
probability should hc associated that he will solve the next question.
SOLUTION
Here n=333, m= 135

P(A)=—=—=040541
: n 33
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+59 PROBABILITY OF AN EVENT

The probability of an- cvcnt A which belnngs to a sample space S is
. defined as :
Number of sample pointin A n(A) -

_Number of sample points in S n(s) -

EKAMPLE 523 :

A card is drawn from an ordinary deck of 52 p]aymg cards, find the
probability that (i) The card is a black card. (ii) The card is a diamond (iii)
The card is a 9 (iv) The card is a king (V) Pictured card (vi) Ace card,

(Lahore Board, 2008)

P(A) =

# SDLUTIGN
The total number of possible outcomes is 52, and we assume that all -
possible outcomes are equally likely.
(i) = Let A represent the event that the card drawn is a black card. The
_ number of black cards is 26. The number uf outcomes favourable -
to the event A are 26. :
Here n(S)=152, n[A} 26

Hence - P(A)=X3) 200 1

: n(S) 52 2
. (ii) Let B be the event that the card drnwn is diamond. The number of
- diamond cards are 13. The number of outcomes favourable to the

~event B are 13. ,

: ‘Here n(S)= n(B)=13
y S 13 1
+ Hence . P(B) nS) 52 4.

(iii) LetC dennte the event that the card drawn is a 9. There are 4 cards
of 9. The number of outcomes favourable to event C are 4.
‘Here n{S} 52, n(C)=4

Hence P{C}=-ri{-:~l=i- 3

; _ . -n(S) - 52 13
(iv)  Let D represent the event that the card drawn is a King. There are
*4 cards of King. The number of outcomes favourable to event D

are 4.
Here n(S)=52, . n[D]=4
nD) 4. |
H D = ke = e
onge D) S ™5 " 14

(v) Let E represent the event that the card drawn is a pictured card.
There are 12 pictyred card. The number of outcomes favuurabie to
event E are 12,
- Here n(S)=7%52, - n{E]* IZ

Hence P{E} L L
@5] 52
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(vi) I.et I represent the event that the card drawn is a ace. There are 4
.cards of ace. The number of outcomes favourable to event F are 4.

Here n(S)=52, n(F)=4
n(F) 4 1
H P(F)=——=—=—
ence P(F) nS) 52 13
EXAMPLE 5.24

A coin is tossed twice or two coins are tossed once. Find the pl‘ﬁbﬂhlht}‘ that
(i) Exactly one hecad appears.

(ii) At least one head appears. - (Faisalabad Board, 2008 &
2010)
SOLUTION
The s.nmP!e space in tossing a coin twice is :
S = {HH, HT, TH, TT} Thus n(S) = 4
(i) Let A represents the event that-“Exactly one head occur™:
: A= {HT, TH}. n(A) =2 n(S) =4
nfA) 2 1
it n(S) 4 2
(ii) Let B denotes the event that “At least on head™ occur.
B={HH,HT, TH} . n(B)=3 n(S)=4
' n(B) 3
P(B) = S 2
EXA MPLE 5.25

" Three coins are tossed. What is the probability of getting (i) Exactly
2 heads (ii) At most 2 heads (iii) At If.-ast 2 heads (iv) At least.one head (v)
At most one head (vi) No head.
{Faisalabad Board, 2009)
SOLUTION
The sample space in tossing of three coins is _
= {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT{}, n{s)=8
(i} Let A repre'sems the event that exactly 2 heads .
= {HHT, HTH, THH} . n(A)=3.n(S)=8
pay= A _3 |
n(S) 8
(ii) LetB deﬂutes the event that at most 2 heads
B = {HHT, HTH, THH, HTT, THT, TTH, TT'TL n(B)=17, n[S} 8

n(B)
ETH 3
(iii)  Let C represent the event of getting at least 2 heads
C = {HHT, HTH, THH, HHH}, n(C) =4, n(S) = 8

. (iv)  Let D be the event of getting at least one head
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{HHH HHT, HTH, THH, HTT. THT, TTH}, n(D) = 7, n(S) = 8
i 7
nS) 8
(v) Let E be the event of getting at most one head
E={HTT, THT, TTH, TTT}, n(E) =4, n(S) = 8
P(E) = nE) _ 4 s
n@S) 8 2

(vi) LetF dcnntn the event of getting no hcad
F={TTT}L n(F)=1,n(S)=8

P(F) = n{F} |

n(s) 8

EXAMPLE 5.26
Make the sample space of the random experiment “Toss a coin
twice™ and given the probability of obtaining (i) two tails (ii) No tail
- (Sargodha Board, 2010)
v © ' SOLUTION . .
The sample space in tossing of a coins twice is
= {HH, TH, HT, TT}, n(s) = 4
(1) Let A repa‘mnts the event of two tails '
= {TT},n(A)=1,n(S)=4
' n{A] 1
P[A]! al S} ¢
(ii) Lﬂ B mpr:scnt the event of getting no tail -
B= {HH}, n(B)=1,n(S8)=4
_n(B) 1

-

(iii}; Let C represent the event of gemngqt least one qu
= {HT, TH, TT}, n(C)=3,n(8)=4
n(C) 3

PO)==Z=2

n(s) 4.

EWLE 527 . '

A fair die is rolled. What is the probability of g:mng {I} An even
number (ii) An odd number (iii) at least one tail (w} A prime number (v) A
number divisibleby 3 .

_— , {G-jrumla Board, 2010)
(Rawalpindi Board, 2010)
SOLUTION - :
Wh:n we throw a six sided die, the sample space is
-{IEJdSﬁ} nsS)=6
(i) Let A represent the cvent of getting an even number
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A={2,4,6) nA)=3 nS)=6
nal 2.1
i n(s) ﬁ 2
(i) - LetB represent the event of gemng an odd number
A={1,3,5} n(B)= n(S)=6
_ﬂ_i -
P(B) nS) 6 2

(iv) Let D represcm the event of getting a prime number
' D={1,2,3, 5},:1{[)} 4, n{S] 6
n(D) _4_2
_ bl n(s) ﬁ 3 .-
(v) Let E represent the event of getting a number divisible by 3
: E={3,ﬁ}.n{E}'2,n(5}=ﬁ:
_n(E) 2 1 .

EXAMPLE §.28
Two fair dice are thrown. What is the pruhlblllty of getting.
(i). - The sum of the faces is 5.
(ii) The sum of the faces is 9.
(iii) The sum of faces is 10 or more.
(iv)  The sum of faces is 8 or more.
(v) A product of the numbers on two dn:e is 6.
(vi) A pmduct of the numbers on two dice is 12.
' SOLUTION-
The dice can be thrown in'6 x 6 = 36 ways. Sample space S consists
the following 36 outcomes.
- (1L, D (L2),(1,3),.(1, 4), (1, 5), (1, 6)
(2, 1),42,2),(2,3), (2, 4),(2,5), (2, 6)
S=  (3,1)(3,2).3,3),3,4).(3,5).(3.6)
(4,1).(4,2),(4,3),(4,4),(4.5),(4,6)
(5, 1), (5,2), (5, 3), (5, 4), (5, 5), (5, 6)
(6, 1), (6, 2), (6, 3), (6, 4), (6, 5), (6. 6)
(i) l..et A represent event that the sum of the faces in 5.

= {(1,4), (2, 3} (3, 2), (4, N}, n(A)=4, n(S)= 36
A=A _4 1
PA) n(S) 36 9
(ii) Let B danotmhe event that sum is 9. ; -
= {(3, 6), (4, 5), (5, 4), (6, 3)},- n(B) =4, n(5)=36
~ny) & 1
FB) n(S) 36 9

(iii)  Let C represent the event of getting a sum of the number on both the
sides as 10 or more.
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= {(4,6), (5, 5}, (6, 4), (5, 6), (6, 5), (6, 6)} n(C)= =% I‘I{S] 36
_nc)_6 1
nS) 36 6 |
(iv) Let D represent the event of getting a sum of 8 or more. .
D = {(6, 2), (5, 3), (4, 4), (3, 5), (2, 6). (6, 3), (5, 4) (4, 5), (3. 6), (6, 4),
(5, 5) (4, 6), (5, 6), (6, 5),(6,6)}, n(D)=15, n(S)=136

G s :
M= B3 12 . -

(v) LetE be the event of getting a product of the numbers on the both

faces as 6.
E={1,6),(2,3),(3,2).(6, 1)}, n(E) =4, n(8)=136
by BEL 4T
n(s). 36 9

(i v}. Lct F rcprcsent the event of getting a product of the numb:rs on the
both faces as 12. .
“Fm {{2 6), (3, 4), (4, 3}, (6, 2}} n(F) =4, n(S8)= 136

-8 =105

'EK.&MPLE 529
Find the probability of thmwmg at least 8 in a single throw of 2 dice.
SﬂLUTIﬂH

Two dice can bg thrown in 6 x 6 =36 ways. Sample space consists
36 outcomes. n(S) = 36

Throwing at least eight means, throwing 8,9, 10, 11, 12 with 2 dice._

Let A represengs the event of getting at lcast 8. ek

Possible outcomes of getting 8 = (6, 2), (5, 3), (4, 4), (3, 5), (2, 6)=5 ways
“Possible outcomes of getting 9 = (6, 3), (5, 4), (4, 5), (3.6) = 4 ways -

Possible outcomes of getting 10 = (6, 4), (5, 5), (4,6)=3 ways

Possible outcomes of gemng 11 =(6,5), (5, 6) = 2 ways

Possible outcomes of getting 12 = (6, 6) =1 ways |

_ Possible-outcomes of getting at least 8 =15 ways

=n(A)= IS
n(A) 5
PA)=2 =2 =2
(A)= n(S) 3& 12
: EXAMPLE 5,30 .
\ Find the probability of getting 8 with 3 dice.
SOLUTION

Three dice can be thrown in 6 x 6 x 6.= 216 ways. ,
Possible outcornes to get 8 by 3 dicc are, - S .
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Outcome No. of outcomes
(1. 1,6)
(1,25
(1.3.4)
(2,2, 4)
(2.3.3)
: Total: : 21
Let A represent the event of getting 8 with 3 dice.
n(A) = 21 n(S) =216
n(A) 21 7

PA) =" = =
n(s) 216 72

i W Oh O W

EXAMPLE 5.31
Find the probability of getting 11 with 3 dice.
' SOLUTION :
Three dice can be thrown in 6 X6 x6 = 6" = 216 ways
Sample space contains 216 sample points. n(S) =216
Possible outcomes of getting 11 by 3 dice are.
Outcome No. of Outcomes
(1,4,6) : 6
(1.5,5)
(2,3,6)
b (2,4, 5)
(3, 3.5)
(3,4,4) .
. Total: 27
Let A represent the event of getting 11 with 3 dice.
n(A) =27
nA) 27 9

P(A)= = == b
n(S] C 216 . 0L s _

d L O Oh

EXAMPLE 5.32
A bag contains 4 red and 6 green balls, 3 balls are drawn. Find the
probability of drawing. :
(i) 2 red and one green ball.
(i)  All red balls.
(iii) No. red ball. ]
SOLUTION i
There are 10 balls of which 4 are red and 6 are green. Three balls are
drawn at random. The number of umg:]e points in the sampl: space are.
: n(S) =""Cy= 120
(i) Let A represent the event of drawing 2 red and one green ball
n(A)=*C;x°C,=6x 6 =36
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.
A= lzﬂ 10

(ii) Let B represent the event of drawing all red balls
n(B)="Cix°Co=4x1=4
B 4 1
TR
n(S) 120 © 30

(iii)  Let C represent the event of drawing no red balls.
' WMCy=*Cyx*Cs;=1x20=20

po)=29.20 _1 et
nS) 120 6 o
EXAMPLE 5.33

A bag contains 3 white, 4 blatk and 5 blue balls. 4 balls are drawn
from the bag. Find the probability that they are (i) One white, Two black and
one blue. (ii) Two white (iii) No black (iv) All are black.

SOLUTION :

Four balls are drawn from 12 balls of which 3 white, 4 hlaek 5 blue
balls the number of posslbie sample I|:v0||1ls are '
n(S) ="C, = 495
(i) Let A represent the event of drawmg one whlte two black and one

blue balls.

n(A) =C, x *cz Cr=3x6x5=90
n(A) 90 2 '

PA=2® 295 11

(i)  LetB represent the event of dmwmg two white balls

n(A)="C;x"C,;=3x36=108
n(B) - 108 12

P(B)== ===

n(S) 495 55 .

. (iii) . Let C represent the event of drawing no white balls
n(C) ="Cox 'Cs = 1 x?ﬂ 70
n{C} 14
-n(S) 495 99

(iv) Let D represent the event of drawmg all hlaei: balls
: mD)="Cix"Co=1x1=1

PD)=X2 . L
n(S) 495

P(C) =

EXAMPLE 534 .
52 well-shuffled playing cards are distributed at randum among 4
players. Find the probability that a hand contains (i) 3 aces (ii) 2 kings and
one queen (iii) No card of diamond (iv) 5 p:etured cards.
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SOLUTION :
The number of sample points in the sample space are

521
n(S) =" Cjy = ———
(5) Y13 301

(i) " LetA represeﬁt'ﬂ'qe event af'l]aving‘!} aces.
: nA)="Cix "Cyo
n(A) *‘C,x*C, 858
. nS):  UC, . 20825
(ii)  Let B represent the event of havmg 2 kmgs and one queen
- mBY="C3 x 'C; x *Cy¢
‘ (W, C.a'CMe
: P{B}"— “{SJ L 1 ﬂc 1 10
. "
(iii)  Let € represent the event of havmg no card of diamond.
. n(C) = ¥Cex¥Cis
c)=MC) _ el v o s
o n(s) ) ®Ci
(iv)  Let D répresent the event of having 5 pictured card.
' n(D) = ""Cs x *C; -
n(D) _ "Cix*c,
ns) -*C,

EKAMPLE 5.35
6 cards are drawn at random from a deck of 52 cards. What is the
pmhah:l:ty That 3 will be red and 3 black.
SOLUTION -
The numbcr of sample points of drawmg 6 cards out of 52 cards are
n(S) = _
Let A represent the event of drawing 3 red am:l 3 black cards.
3 n(A) = *C; x *C;
p(A)=NA) _ *C,x*C, 6760000
n(s) . 20358520

P(A) = =0.0412

= 00938

=00128

P(D) = = 0.0959

" EXAMPLE 5.36 L]
4 cards are drawn at random from a deck of 52 cards. What is the
probability that there will be one card of each suit. . '
- SOLUTION
The number of sample points of drawing 4 cards out of 52 cards are
/ n(S) = ¥C,
et A n.:prcscnt the event of drawing one card from each suit.
n(A)= "C| |3..|:I " ”'Ca # |1...‘:I
MAY, MR TC ETeRE, . 1w
n(S) e, 208225

1

P(A) = = 0,1055
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EXAMPLE 537
An urn contains 12 balls of which 3 are marked, If 5 balls are drawn-
out together. What is the probability that all 3 of the marked balls are among
* these 5. ;
: S{JLUTION e
The number of sample points of sample space are .
n(S) = "2Cs = 792
Let A ﬁ:prﬂsent the event of drawmg 5 balls of which 3 are marked balls.
n(A)="Cyx"C=1x36=36
. 3
: P(M=n(ﬁ]= Cs,zx L o =
ra . n(S) Gy 92 22

5.10 ADDITION LAWS QF PROBABILITY
(I Addition Law for Mutually Exclusive Events.
If A and B are two mutually exclusive events; then the probability
that event A or B occur is equal to the probability that A occurs plus the
: pmhablhty B occurs. that in,
P(A or B) = P(AUB)
=PA)+ ij :

EXAMPLE 538
A pair-of fair dice is rolled. Find the prabab:hty that t}‘li‘.' sum of the
two upper most dots is either 6 or 9 & n
i SDLUTII}N _
. Two dlce can be thrown in 6 x6 = 36 ways. ‘ \
n(s) = 36
Let A n:pn:sent the cvcnt that the sum of the upper dots is 6, then
=(1,5(:42,4),(3,3),(4,2), 5.

. nA) _ 5
A)=5 PA -
| : NG W= ) =36
- Let B be the event that the sum n[‘upperdotsu_sﬂ, ¥
- ° B=(,6),4,5.06, 4L{6 3)
1 \ =4, n(B) _
ol e n(s) 36 9

A and B are mutually cxclusive, thercfore, thl: probability that sum _

of uppcr dots is either 6 or 9
F{AUﬁ"] = P{ﬁ}f P[E} = — —

.
36 36

L
4
EXAMPLE 5.39

A bag contains 3 white 5. black and 7 red balls. One ball is drawn at
random, what is the probability Ihal it is either white or black.

[Lalmre Board, 2009) -
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~ SOLUTION
The number of sample points in sample space are n(S)y= "°C, = 15
Let A represent the event of drawing a white ball
n(A) 3
AY=3C, =3 PA)y=22) _ 2
n(A)="C, P{ )y= nS) 15

Let B represent the event of drawing a black ball.
a(B)=3C, =5, P(B)= e

n(s) 15

The Probability that it is either white orblack ball
| $ ¥ .8
P(AUB) = P(A) + P(B) = = + = = —
i aks o sl L T T T

EXAMPLE 5.40

100 students appeared in |. Com examination from a certain college.
65 percent failed the exam, 5% passed in the third division; 20% passed in
2nd division and 10% passed in first division. Find the probability that a
student selected at random from the list of the students who appeared in the
examination either failed or got first division. )

| SOLUTION : o
- There are mutually exclusive events.
Let A represent a student failing the exam.

T fae _
and B represent a student getting first division
. P(B) = IIII_'?D
P(A or B) = P(A) + P(B) = %. % =065+010= %_ms 75%
EXAMPLE 5.41

A person approaching a traffic light find the light is either red,
yellow, or green. Construct a probability space corresponding to this
situation if the light follows the cycle, red for 35 seconds, green for 45
seconds, yellow for 4 secorids. What is the probability that the light is either
green or yellow?

SOLUTION

The numbe:r of sample points in seconds of sample space,

n(8)=35 + 45 + 4 = 84 second

Let R represent the red light, G represent the green light and Y
represent the yellow light. ' . b

Hes a(R)=35, P(R) =3, n(G) =45, PG) =2
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, n(Y)=4, F{‘I’}=—
: Prubablhty that Itghl is either green aryel[uw oo,
45 4 49 T
P{G orY)= P{GU"I"} (G)+P(Y)= g4+34 Yo

EKAMFLE 542
" Three horses A, B and C are in a race. A mn\rmenshkelytowmas
B and B is twice as likely to winas C.
(i) What are their respective channes of wining.
(ii) What is the probability that A or B win A or C wm
SﬂLUTI'UN
0! Let P(C) = P.
Y Since B is twice as likely to win as C then P{B] = 2P and as A'is
twice as hlc:l;,r to win as B theén ;
: P(A) = 2Pp(B) = 4p
Since A, B, and C are mutually exclusive events, Therefore, the sum
of the probabilities of their wining must be equal to 1. hence
P(A) + P(B) + P(C) =1
it : 4P +2P+P=]
- P=1

1
9_5

Therefore P(C)=— F{B} =_ P{h}"‘ -

(i)  The probability of wining AorB is
7 P(AUB)=P(A)+ P(B) =
The pmbal;t_l_lty of wmmg AorC
; PAUC) = P(A) + P(C) =

-.ll-h-
:nilu_
0]
~1| e

-.ll-h

L':hi—'
I

-1t

(II) Addition Law For Not Mutually Exclusive Events :
If A and B are two not mutually excluswc events belonging to the
same sample space, then
P{hUB] = PMH"‘(B} P(ANB)

- EXAMPLE 5.43 k b
In drawing one urd from a deck of 52 cards, find the probability that ;
a single draw will be either a pictured card or a heart card.
. ! SOLUTION .
There are 13 cards in each’ o) .ae suits: heart, spade, diamond and
- club. The number of sample points in the sample space are n(S) =YC, =52 .

- e o
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[,v.l-t A represent the event of drawing a pictured card. There are three
pictured. cards. (jack, queen. king) in cach of the four suits. :
ﬂ'II.IS h s 'r]lq-. Qh- Klq- nlv.- Gx- K;. nld-. Qd. Kﬂ‘ Jq,:-. Ogi K;}
nA)=12
PA) = n(A). I..
n(s) T 52 .
I.et B represent the event of drawing a heart card. Ihere are 13-
cards with hcarls
{JM 'Qh! K-Iwu J"Iu zlI'm 31!1 "'IH 5%1 6.1: Tln- ahl 91! “}i]

*

n(l3)=13
_n(B) 13
s ns) 52

Thus A and B are not mutually exclusive events.
P(AUB) = P(A)+ P(B) - P(AN ﬁ}

12,13 322 "

— e — T —

E.5 A 32 26

EXAMPLE 5.44
A class contains 14 boys and 28 girls of which half of the boys and
half of the girls have brown eyes. find the probability that a person chosen at
random is (i) a boy or has brown eyes. (ii) a girls or has brown eyes.
SOLUTION :
The numbér of sample’ pmnts in the sample space whl:n a person is
chosen from 42 are

i n(S) ="C, =42
(i) Let A represent the event that pcrson chosen is a bﬂ}-
! / n{mﬁci-m
A= —
‘P{- ) -42 :
. Let B represent the event that the person chosen has brown eyes.
nB)=2'c, =21
- r'l{EI‘.i 21
P(B) = :
X n(S} 42
A ™ B represent lh(: event that the person chosen is a boy ha'.rmg hmwn eyes. .
- nANB)=7 :
n(ANB) 7
P(ANB)=———==—
n(S) 42

As A and B are not mutually exclusive
P(AUB) = P(A)+ P(B) - P(ANB)

14,21 7 _28_2
- TRTRTeTeTs
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“(ii)  Let A represent the ceven that persnn chosen is a glrl
nA)=2C, =28

P{}zs

Let B represent the event that the person chosen has brown
CyCs. : - .

nB='C =21
n(By 21
P(B)-——=—
A u{S] 42
A M B represent the cvent that the person chosen is a girl hawng brown eyes. *
nANB)=14 -

n(ANB) 14

P(AMNB) = =—

Al } n(s) - 42

As A and B are not mulually exclusive
P(AUB) = P(A)+ P(B) - Pthr’lB}

2% 21 14 T S

*424242426'

EXAMPLE 5.45
A fair die is'tossed. Find the probnhﬂny that the ﬂutcume is either an
odd number or a multiple of 3.
SOLUTION
" The number of m’nph: points in sample space in tossmg a fair die are
s $=1{1,2.3,4,5,6}.n(S)=6
Let A represent the event ;hat_ the outcome'is an odd number.
= #l. 3, 5} n(A) =

n(A)
PO~ 83
Let B rcprcscnl the event that outcome is multiple of 3.
B= {3, 6}..n(B)=2
n(B) _2
n(s) 6 ;
The outcome which is an odd number and also multiple of 3.is
' ANB=3, n(ANB) =1

)= =t

nANB) -

l
P(:'\I'"l B)= wS) E

As A and B are not l‘nutl.tilﬂ}' exclusive
P(AUB) = P(A) + P(B) - F{A n B}
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a0 g.q# Seleg EXAMPLE 5.46
ms'm integer is chosen at random from the first 80 positive integers.
mmtrﬂuy that the chosen integer is divisible either by 8 or by Iﬂ
i T SOLUTION
- An tntcger is chosen at random from the fist 80 posuwe integers as
; n(S) = 80
Let A represent the cvcnt lhat the integer chosen is divisible by 8. *
= (8,16,24,32,.....,80}, ; n(A)=10

_n(A) _
g . n{S} Eﬂ
LetB r:presf:nt the event that the integer chosen is dwmble by 10.
B = {10,20.30.......80}, n(B) =8

n(B) _
P(B) = E_'s_ﬂ
ANB={40,80}, n(ANB)=2
: 2
o AR
Therefore,
P(AUB) = P(A) + P(B) - P(ANB)
o _lo 8 2, 16- 1
" 80 80 80 B0 5

5.11 CONDITIONAL PRUBABILITY
. "Probabilities can be used to indicate whether two events are related.

for exmmple, the incidence of lurig cancer is much higher among smokers
than ‘irf the . general population. This difference is used 4s evidence of
connekttion between smoking and Iung cancer, A probability computed using
a subset of the sample space is called a conditional probability. the
probability that one contracts lung cancer computed using anly the set of
smokers instead of the general population is an example of a conditional -
probability. if L represents contracts lung cancer and S represents smoker,
then the conditional probability that a smoker gets lung cancer is written
P(L/S) and is read: the probability of L given S. from above discussion we
define the conditional probability as:

If A and B are two events with pmblb:htles P(A) and P(B)
respectively, ‘then the conditional probability of A given B, that is, the
~ probability of occurs of A on the mndltlnn that B has already uc.curred
denoted by P{MB} and is defined as:

P{AﬂB}
P{AIB} “P(B).
The P(B/A), stands for the :.andltmna‘l probability of occurring B on
&hﬂmﬂyoﬂuﬂuﬂ _ ;
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" P(ANB)
P(A)
_'When the events A and B are independent then obvlously we have

P(A/B) =P(A) .
P(B/A)=P(B)

F{H!h)«-

: EXAMPLE 5.47
A die is thrown. What is the Prﬂhﬂhlllt}f of getting an even number
© that the outcome is greater than 2.
SOLUTION
The sample spaceis S = {1, 2, 3,4, 5, 6} .
/ Let A reprm:nt the event of gl:l:tmg an even number. *
: = {2,4,6}, n(A)=3 i
Let B represent the _c_vcnt ﬂf getting a number greater than 2,
={3,4,5,6}, n(B)=4,P(B)=4/6
Then AﬁB = {4, 6} .n(ANB) =2, Pl’.ﬁr"-B] =2/6
P(A/B) = P(ANB).
P(B) -

A EXAMPLE 5.48 : '
“Three coins are tossed. What is the conditional p-l'ﬂhﬂblllt}f that two
heads result, given that there is at least one head.
SOLUTION

Asmree mmsarctussedsnlilesample space is
= {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}, n{S} 8 )
Let A represcnt the mrent that two heads appear
= {HHT, HTH, THH} n(A) =3
P(A) = n(A) _
nS) 8
Let Bmpm:m the event that there is at léast one head appears.
= {HHH, HHT, HTH, THH, HTT, THT, TTH}. n(B) =7
n(B) 7.
PB)= s ~ 3
(AmB) = {HHT. HTH, THH}_._}I-'I{MB}F 3
n(ANB) -3 )
P(ANB) = S
PANB) _% _3
TRE® KD

chcc F{AJ’ B)=
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EXAMPIES 49 - = = o= ,HI .

A bond issuc for the construction of a new public library is before
the voters. A pool showed that 85% of those with a college education
favoured the construction of a new library, but only 20% of those not having
a college education did so. Suppose that 90% of the voting population does
not have a college education what is the probability that a voter selected at

. random who favours the bond issue will be one with a college education.
. SOLUTION

Sample space is the set of all voters.
let A denote the event that voter has a college education and B

denote the event that voter favours the library construction.
For a voter selected at random, then _

P{A] = (0.1 and P[A]
For event B, we are given that E
P(B/A)=0.85and P(B/A)=0.2

~ We have _ P(A /B) = P(ANB)
- P(B)
Aslo . P(B)=P(B/A)P(A)+ P(BLA).P(A)

P B} = (0.85)(0.1) + (0.2)(0.9y = 0.265 I ;

Since :
P(ANB)= P(B/ A).P(A)

~(085)0.1) = 0.085

Thus P[A!B}-E?E 032
0265

_ 5.i2 ' MULTI?LICATIUN LAWS OF PR‘OB.&BILITY
(N Multiplication Law for Independent Events

If A and B are two independent events belonging to the same sample
space S, then the probability that both happen is equal to the product of their
respective pmbahllmcﬁ that is,

P{M"B} P(A).P(B) -

&

. EXAMPLE 5.50

A bag contains five white balls and three red balls. One ball is drawn
from the bag and then is replaced. Another ball is drawn after the
replacement. Find-the probability that both drawings arc white balls.

SOLUTION

The happening on the first draw certainly has nothing to do with the
second draw, since the second ball is drawn after the first ball is replaced.
Thus the two drawings are indcpendent events. ' ;

"N(5)=8
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l.ci A represent the cvent ut' the first draw that will haw: a white ball —
- nuh T :
nA) 5

Fw_ nS) 8

Let B n:presr:rtt the wcnt of the sccnnd draw that will have a white
ball also n(B) -

' : P(B) = ——.""”;E'

n(S) 8 : i
P{nnﬂrﬂ*{m.mm;%.

25
64

- - T

- EXAMPLE 551
A card is drawn from a well shiffled pack ul' 52 cards and it is
replaced. Now a second card is drawn. What is the probability that both cards
are kmbs
, - SOLUTION = |
The number of sample points in sample space when we draw onc
card out of 52 cards arc

n{S] = “C <52

The lwn drawings arc independent ; 7 o Ay "
Let A represent the event first card is a king. '
: 4
CneA)Y=4, PAYE D) 24
n(S) L8

The first card is replaced before drawmg the second card,
Let B be the event that second card is king.
nB)
H{B} 5, P(B) =
n{S!
; 4 4 16 1
Ph1I1=PA. B)y=—.—= = —,
( ,n;.} { }P{,] 52°52 7 2704 169

EXAMPLE 5.52 "

A can solve 60% of the problems in a book and B can salve 80% of
the problems. What is the pmbabtlﬂy that A and B can solve a problem
chosen at random.

SOLUTION
. Since A can solve the 60% of the problems = P(A) = 60% = I‘J.ﬁﬂ and
B can solve the 80% problems = P(B) =80% =0.80 ' """
As the events A and B are independent, therefore :
P(AND) = P[h}'.P{B-} =0.60 x 0.80 =048
' EXAMPLE 553 PR

A fair coin is tﬂssc:d twice. Find the probability of getting 4 or 6 on the first
throw and an odd number on the second throw.
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_ SOLUTION
The number of sample points in sample spacc arc = n(S) = 6
Let A represent lhc cvent of getting 4 or 6 on the I"rst throw. then

n(A)

J\ 2. PA)=22 = .

mA) =2, P(A)= o(S) ﬁ

Let B rcprcscnt the cvent of geltmg an odd numl:lcr on the second throw, then
n(B) 3
B) =3, B ——= =
n(B) = P{ ] xS) 6
A and B arc independent, so '

. 3 ., ]
AMIB)=PA).PB) = = ==—== |
- NANBSRALR s e o m R s S

EXAMPLE 554

Three groups ol children contain respectively. 2 girls and 3 boys, |
girl and 4 boys. 3 girls and 2 boys. One child is sclected at random from cach
group. Find the probability that all arc boys.

' _ SOLUTION
“Let A represent the, evemt of selecting a boy from first group
containing 2 girls and 3 boys. '
| nA) _
P(A)=—=
= nS) - ! .

Let B represent the event of sn:lccting a boy from second group

containing | girl and 4 boys.

ppy= "B 4

wS) 5.
Let C represent the event of sclecting a boy from third gmup_
containing 3 girls and 2 boys. . J

pcy= 2O 2

n(S) 5
A, Band C are mdt:pt:ndcnt therefore, ,
P{AﬂBﬂC} P(A). pm) ecyd X 228
553 125

(1) Multip Iicntion l-.aw for Nnt'lndnpendcnt Events
: If A.and B arc two cvents with probabilitics P(A) and P(B)
respectively, then the P(AnB) is equal to the prul'mblhty of A multiplied by
the conditional probability of B.or the prnhahlhty of A muluplled by the
conditional probability of A i.e.
' P{nnﬂl P(A).P(B/A)
or I’{ B). P{A}'B)
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EXAMPLE 5.55 -

Referto example 5.50. assume that the first ball i i§ not returned to the
bag when the second ball is drawn. Find thc probability’ tim both balls of the
two drawings are whﬂc

-SOLUTTON
Let A n:pn:sent the event of the first draw that will have a white hl"

n{A} 5
A) =3, A
n(A) P(A)= S) R W

LeatB represent the event of the second draw that will have a white
ball also. Event B depends on the occurrence of event A. If the first ball is

whlte. the probability ufthc second draw thanrll have a white ball.is
F AlB = - '
( ) 7 N
. {Smr:.e there are only fbur white balls lcﬂ'. in the bl.g uf sw:n balls

after the white ball is drawn). '

'I11c probability that both balls of the two drlwmgs are whltc is
54 20 5 - ;
P(AUB)=PA).P(B)L.P(B/A)==—==—=— 7
(U}(}{J( }3?5612
. " EXAMPLE 5.56 :
: ] A card is drawn from a well shuffled pa:lc of 52 cards and it is not
replaced. Now, a second card is drawn. What is the probability that both
cards are aces. .
; _S{]ILUT[DN .
Let A reprcsent the event that first draw is an ace.
4
A e
_ == .
Let B represent the event of the second draw that will have an ace
alsp. Event B depends on the occurrence of event A, so ;

23
P(B/A)==
Now ;
L - P(ANB) = P(A).P(B).P(B/A) = 2 . X S
- b s2°51 221

5 13 DISTRIBUTION OF A DECK OF FLAY]NG CARI}S .

An urdma.r}r deck of playing cards contains 52 cards arringed in 4

suits of 13/ cards in each. The four suits are called diamonds, hearts, clubs
- and spades. The diamonds and spades are black card. The face values of the
13 cards in each suit are ace, 2, 3, 4, ...... , 10, jack, queen and king. There are
12 pictured cards and 16 face cards. Face cards are comprising of 12 pictured
cards and 4 ‘aces. The tabular from of distribution of 52 cards. is given below:
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P ‘"."h""mf I’fa"j_'ﬁ" m'{fﬁiﬁﬁﬂ' ErRR gt
Suit-1 o Suwit-II. | Suite- 11T Suit - TV
Diamond Heart Club Spade
Raoe . PR B As
¥ - P 2,
34 S * % 3
10 T 10, 10,
Jd : T E ..]1. k : .ln ],
Qu Q. Q. Q,
Ka Ky L K. : K,
3 3 13 13
Red |  Red Black . Black

£ s o oty o iV
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s w*-— CLE TR = mcm” wh#mm
-

5.1:- bnlvc the-following: g

) I ¥ ¢ . (i) 101" , “") 12
- , b 8101
vt 128 h o wiy 13
TR 915 15121

(viiy  1013% iy 134 '

: 13t ' 103!
5.2:- Evaluate the following: - ;

C (i) Py Gid) PPy Gii) P Giv) P, (v) TP
5.3:-  How may numbers of 3 digits can bc formed with the digits :}I"ﬂfc set

(1.2,3.4,6).

54:- Ihmu. travelers arrive at Faisalabad city where there arc four hmels
How many ways can they take up their quarters each at a different
hotel?

5.5:- Four Sludl;"l'll'i enter thc Iahuramry in which there are six doors. In
. how many ways can they enter from dlfferﬂlll doors?
§5.6:- In.how many ways can 8 seats be occupied by 4 students?
 87:- In how many ways can the letters of the word SfA FISHCS be

arrangcd?

5.8:- In how many ways can lhc letters of the word I‘MSALABAD h-::
arranged

5.9:-  find out the number of ways in whlch ﬁ Tags can be amm;,ed in a
row if 3 are red, "En.vnandiyellnw" '

5.10:- Solve the F-.}Hnwmg
() "Cs (i) "Candiii) Cy (iv) "'c, (v) 2Cy» (vi) ™C,.,

S.11:-  In how many ways 6 persons can be chosen out of 8?7

5.12:- One of 12 books in how many ways a selection of 5 be madc when

- one specified book i is almy:. included? ,
5.13:- In how many ways can two balls be drawn from a ba;, L]unlammg 4
~ white and 6 black balls?

5.14:- In how many ways can d commiftee consmtmg nf 3 men and 2
‘women be formed out of 6 men and 4 women.

5.15:- A bag contains 9 balls. 5 of which arc yellow and 4 are black. In h{)w
many was 3 yellow balls and 2 black balls can be drawn?

5.16:- Expand (x+y) " §47:- Expand (x-2y)'
- 5.18:- Expand (x-3y)’ 5.19:- Expand (2x-y)’
5.20:- [Iixpand (l-3a’)" 5.21:- Expand (a-1/a)"

5.22:- " Find the 4th térm of (x-5)'" 5.23:- Find the 5th term of (a+3x)"’
I L
524:  Find the middlc term of [a *] :

S —

X a
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5.25:- Find the 7th torm in the expansion of (x-2)"* -

5.26:- Find an apprnxlmatc value of V1.07 by usmg the first four terms .in
the expansion of (1+0.07)'*

5.27:- Find thc value of Y23 cdrrect to 3 places of de::lmals using hmomlaf
expansmn ;

5.28:- Evaluate V097 10 6 places of‘ decimals. :
5.29:- By the binomial f'nrmula f'nd the vaiuc of (1 2} correct o four
decimal places, taking (1 2) = (1+0.2) '

5.30:- Use € or ¢ to indicate whether the given object is an clement of the -
gwcn set in the following problems.

¥

(1) - x {x.y, z a}

(2) 3. {1,2,4.5,6) s

3) 12 1,23.4.5) -

(4)- 5 {x/x is a natural number greater than 5}
.(8) 6 {x/x is a natural number less than 6}

(6) 3 ¢ ;

5.31:- If A is the set of all counting numbers less than or equal to 16,
. indicate which of the following are true and which are false.
a) lle A b) 16e A. ¢)100eA -
: d) 5eA ¢) 1BeA NBleA
5.32:- Whichof the following sets is finite and infinite:
: " i) The set of existing colleges in Punjab. .
ii)  The set of natural numbers between 100 and 210.
iii) . The set of sand pa.mc!cs in the desert.
- iv) The set of students in a class.
v) The set of stars in the sky.
- vi) . -~ The set of natural numbers.
5.33:- Write the following sets in tabular form.
- 1) A={x/x is a natural number less than 8}
2) B={x/x is a natural number greater than 6 and less than 12}
3) C={x/x is an even number} S
5.34:- IfA={1,2,3,4}) and B={1, 2, 3.4, 5, 6} is A subset of B.:
535:- IsAcB,ifA={ab,c.d}and B={a,b,d}
5.36:- [sAcB,ifA={6.810,12} and B = {6, 8, 10, 14, 18}
5.37:- Use notation to indicate which set is a subset of the other in the
following problems.
a) . C={a;b,1.2,3},-- D={ab.l}
b) A={l,xe 3} - D={l.m3}.
v Y sigy A=1{6,8,7,4) B = {8,7,6,4)
5.38:- Indicate whether the following pairs of sets are equal or not..
). _A={abnl3} B={a n[3 b}
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if‘]' " A={x.gab} | B'il.a.hr} ; ;
i) D={x/x is a.natural number less than 4}, E= {l 2,, 3 4}
iv) F = {x/x is a natural uumhur.gmlu’lhm 6}

Gl 89, i} o,
5.39:- From ‘the follawmg list. of “sets, mdlcale which pairs uf sets are
: dlSjmnt z
T A={1,2,3,4) | A8

= {x/x is a natural number gl'camrmaq 4}
; .{456 wods - D=4{1,2,3F .
5.40:- Find the union of sets A and B.
i) A = {x/x is a natural number greater than 6} and
" B = {¥/x is a natural number less than 7}
ii) "A={a e i,ou}, B = {a,b,c, d}
5.41:- Find the intersection of set A and B. : _
i) " A=1{2,3,4,5,6)} B=1{4,6,8,10,12, 14}
i), A={ab.c,d,e} B={a,d.ef,gh}
5.42:- If U is the universal set as )
3 U={I,213, ... 25} :
" A={2,4,6,...18},B='{1,3.5, ..., 21} then find
a) A' b) B‘ c) (AvB) d) A'nB’
5.43:- What is me.ant by-random expenment. Also def' ine sampie space and

. event.
5.44:- Explain the following terms. ‘ '
" (a) Multually exclusive events.
' (b) Equally likely events. _ '
- - (¢) Independent and deper'ldent events.
5.45:- Find the probability of each of the following.
i) An odd number appears in a single throw of a fair die. , g 2

i) Ace appear in‘a single throw of the fair die.

iii) A five appears in a throw of a fair die
w}m,&umﬁappm's.mummfapmrofdm

v) A head appears in tossing a faircoin

vi) At least one head appears in three tosses of a fair coin

viii) A king, ace, jack of clubs -or queen of diamonds appears in
drawing a single card from a well-shuffled erdinary deck of 52 cards.
\fii.ij An even number appears in a throw of a fair die. . :
5.46:- A card is drawn from a well-shuffled pack of 52 playing cards. What |,

is the probability lhlt tt is K
“. ) An ace (ii) A card of heart
(m] A red card ; (iv) A pictured card .
(v) A king of heart {\ri} Black card i

- — - - —_— - - B L L e
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fvii) A card bt‘di'amnn_d (viii) A facccard
~ (Faisalabad Board, 2010; Lahore Board 2008, 2009 & 2010)

5.47:- (a) If two dice are thrown. what arc the various total number of dots

that may turn up

(b) Find the probability of throwing a sum H'_'.I with 2 dice.

(c) Find the probability of throwing a sum 11 with 2 dice

(d) Two fair dice arc thrown. Show that the probability of throwing
more than-7 is equal to that of throwing less than 7.

(¢) Two good dice are rolled. Let A denote the event “The sum
shown is 87 and B the .cvent “The two shows the same
‘number”, Find P(A) and P(B). : :

5.48:- (a) Onec student is chosen by lot from a class of 15 bﬂys and 20 girls.
What is the probability that a girl is chosen?
(b) Onc card is drawn from a deck of 52 cards. What is the
probability of drawing a spade?
(¢) One chip is drawn from a bag containing five black_chips and
four pink chips. What is the probability (i) 1t is a black chip (ii) It is a
pink chip.

5.49:- Three fair dice are thrown. Find the probability ﬂi !hmwlng (a] 7 (b)
9(c)15(d) 13 (e)9or I 1

5.50:- In a single throw of two fair dice. find the pmbablhty that the
: - product of the numbers on the dice is (1} between 8 and 15 (both
inclusive) (ii) divisible by 4.

5.51:- From a pack of 52 cards.two arc drawn at random. Find the
- probability that one is a king and the other a dueen.

5.52:- From a bag containing 4 white and 5 black balls” a man draws 3
~balls at random, What is the probability of drawing 3 black balls,

5.53:- From a bag containing 5 white and 8 black balls, a man draws 4 .
balls. Find the probability of 4 black balls.

5.54:- A sct of eight cards contains one joker. A and B are two players and
A chooses 5 cards at random, B taking the mmammg 3 cards. What
is the probability that A had the joker?

5.55:- four persons are chosen at random from a grodp containing 3 men, 2
- women and 4 children. What s thc pmhahrhty that exactly 2 of them
will be children. -

5.56:- A bag contains 5 white 6 red and 4 black balls. 3 balls are drawn at
random. What is the probability that (i) all the three balls are white
(ii) balls are cither white or rcd (iii) one is red and 2 are black (iv)
‘one ball of each colour.

- 5.87:- A bag contains 4 white, 5 red and 6 black balls. 3 balls are drawn at
random: Find the probability (i) No ball drawn is-black (n) Exnctly 2
e RIBGK (1D Sl ace.0fhe same calour. . i
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5.58:- A batch of 50 lamps is known to have 6% defective. If 5 lamps

- ¢hosen at random arc tested (a) what is the probability ‘that non of
them will be defective (b) “.hal is the chancc that cxacll} 2 will be
defective. :

559 A bag contains ﬁ white, 4 red and 4 black bails Fmd the pmbahlhl.}-
8 of getting at lcast two red balls if four balls are drawn.

5:60:- A bag contains 5 white and 7 black balls, If 3 -balls are drawn, what .
is the probability that (i) All are white (ii) 2 white and | black l’m}
All arc of the same colour.

5.61:- A bag contains 14 identical balls, 4 of which are red, 5 black and 5
white. Six balls arc drawn at random from:the bag. Find the chance _
that (i) 3 are red (!:} at lcast two are white. .

5.62:- A bag contains 3 white, 2 red; 5 green and 4 yellow balls, I 4 balls
- are selected at random. find the prubablllty that balls of all colu-urs
are sclcctf:d

' 5.63:- Onc bag contains 4 white and 2 black balls, another bag contains 3
white and 5 black balls. If one ball is drawn from each bag. Find the
pmbablllt‘y that (i) both are white (ii) bol:h are black {m} one is white -
and one is black.

-5.64:- A bag contains 5 white. 7 black, B bag c_untairls 4 white, 6 black
balls and C bag contains 2 white and 4 black balls. A ball is drawn
from.a bag sclected at random, Find the probability that it is white.

5.65:- Two drawings cach of 3 balls are made from a bag containing 5
: white and 8 black balls. The balls are not being replaced before the
next trail. What are the probabilities that the first drawing will give 3

white balls and the second 3 black balls.

5.66:- Two cards are drawn from a well-shuffled pack of 52 cards. Find the
probability that they are both aces; if the first card is (i) replaced (ii)
not replaced.

5.67:- In a certain collegc the stu-dcnts l:ngage in various sports in the
' following proportions.
" Football (F) : 60% of all students.
Basketball (B) : 50% of all students.
Both football and basketball : 30% of all students.
If a student is sclected at random what is the probability that he will
(i) play footbal| or basketball (ii) play neither sport

5.68:- A bag contains twa red and three white balls. One ball is drawn me
the bag and is replaced for the next. Find the probability that two
:Irlwmgs are red balls. :

o - — ..
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5.69:- Refer to p'mhlelm 5.68, if the first ball is not returned to the bag fnr.
secend draw, what is the prubabnllty that the two drawmgs are red
balls.

~ £.70:- 'If two balanced dice are rolled, find out lhe conditional prob&hlllty
thatmesumnfdotsmllhe‘? given that it is odd. ; ;

5.71:- In a firm 20 pament of the anluyees have amunlmg backgmund
) while 5 percent of the employces are executives and havmg
' accounting bal:kgmund If an employee has an acccrun’tmg
background, what is the ﬁmbablhty that the employee is an -
~ executive,

5.72:- A man tosses two lair dice what is the cmjdilional probability that
the sum of the two dice will be 7, given that (i) the sum is odd (ii)the
sum is greater that 6 (iii) the two dice had the same outcome.
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ANSWERS EXERCISE NO. 5

S0 (i) 39916800 (ii) 3628800 (iii) 11880 (iv)73920 (v) 3360
(vi) 2/35 (vii) 1/286 (viii) 286
5.2:- (i) 720 (32024 (iii) 151200 (iv) 40320 (v) 6375600

5.3:- 120 _ 5.4:- 24

5.5:-- 360 5.6: 1680

5.7:- 15000 5.8:- 151200

'5.9:- 60 ' N
- §.10:- - (i) 56 (iii)35 (i) 10626 (iv)3876 (v) 1326

(vi) 2n! - :
: : (c+1)2n-r-1)! ‘

S.11:- 28 ' 512:- 330

5.13:- - 45 : 5.14:- 120

5.15:- 60 :

5.16:- x’+?x";,r+21x’y]+35x Yy 35y +21x f+?xy"+y :
5.17:-  x'-8x’y+24x7y-32xy +16y" ;

5,18 x’-15x'y+90x’y z?ﬂx”y’wuﬁxy =243y
5.19:- 32x°- S{Irx‘yﬁﬂﬂx 2.270xy +405xy* 243y’

520:-  1-18a’+134a"-5402"+1214a%1458a""+729a"
S 0 et 41507 20+ l—?-~£.+lﬁ

a a a
5.22:- -35750x"° 523 38080a'’x"
Sl 2527 5.25:-  320320x"
5.26:- 1.0356339 N 527 4,796
5.28:-  0.984886 y 5.29:-  3.5832

530:- 1) e 2)e 3)e 4)e 5) e 6)e
5.31:- (a) true (b) true (c) false (d) true (¢) false (f) false _ "
5.32:- (i) finite (ii) finite (iii) infinite (iv) finite (v) infinite (vi) infinite
5.33:- 1) A={1,2.3.4.5.6.7} 2) B={7,8,9,10, 11}

3 C={2.4.6.8. ...} i
534:- Yes 5.35:- Yos 5.36:- No
537:- a)  DcC b) D= A ¢) AcBurBo A
538:- i) Yes i) No i) No  iv) Yes
5.39:- AandB.Band D.Cand D
 5.40:-. i) AuB=1{1,2,3.4,56,7.809....}

i) AuB={ab,cde,io u}
541:- 1) (4.6} ii) {a.d, e}
5.42:- a) A'={1,3,5,7,9, 11,13, 15.17,19; 20, 21, ...... 25}

b) . B'={2,4,6,8,10, 12, 14, 16, 18, 20, 22, 24}

c) (A w B) ={22,23, 24,25}

.d) A'nB ={2223,24}
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5.45:-
5.46:-

5.47:-

S5.48:-
5.49:-
5.53-:-
5.51:-
5.53:-
5.55:-
5.57:-

5.58:-
5.59:-

5.61:-

5.63:-

5.65:-

5.67:-
5.69:-

5.71:-

5 S il |
(1) 5 (i1) P (iii) = (iv) = (v) 5

i) % (vii) ESE iy L -

2
i g aviii o B = 3 1
(1) E (ii) i [m_) > (w}. T ) 5
Ci | R L TN
+ (wi) rv3 (vii) rl (vul}. 3
(a)2,3.4,5.6,7,8,9,10,11, 12 :
< 2 15 . I )
. (b) 36 (c) 36 (d) 36 (e) P(A) 13 and ?{B} o
4 1 w S e &
(a) 5 (b) 3 (c) (i) 5 (ii) 5 _
25 10 21 13
o i 1D -
(i) 3 (i) 36 4
8 e 5.52:- 10
663 : " 84
s _ , S8~ 9 5 .
143 8 -
10 5.56:- e B oo i o BB s O
1 (i) o1 {“}~91 (1ii) 255 (iv) Y
. 12 v NBD 34
(i) 6 (11) 51 {"_'] 255
(a) 0.724 (b) 0.023
3? 5.5“':- 5 l aa ? e 9 - . 9
91 y {I}E{II}EE{IH} v (iv) Y
o480 . 2289 5.62:- 120
Ci——{il) —— - e
3003 - 3003 1001
65 - 5.64:- B I e
76 . O 4.(u) 34 (iii) 24
7 5.66:- TEk g
429 : - W ige M35
(I) 0.8 (ii)0.2 , 5.68:- 4
' ; - 25
1 - 5.70:- 1
10 g _ 3
025 5.72:-

(i) % (ii) % (iii) 0
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PROBABILITY

QUESTION NO. 1

Possible answers are given to each statement. Tick ( v ) the correct one.

S# Questions Answers
1) An :quiment of - . Nond o
three coins are tossed 4 B 9 el
has sample points
: _ (Faisalabad Board, 2008)
2)  [The probability of an |
: - |event always lies ~land+1 | -land0 0 and +1 Oandw -

between

(Lahore Board, 2008 & 2010)

3) The probability is the | . - None of
measure of Un-certainty | Certainty . Chances . ik
" (Lahore Board, 2008)
" |4)  |When two coins are 3 l :
_{tossed, the possible . 6 4 12 . o3

outcomes are

(Gujranwala Board, 2009; Faisalabad Board, 2009 & 2010)
' (Lahore Board, 2009)

5)  |The probability of '
sure even is =

0 F 100 - o %

: (Lahore Board, 2009)|

6)  [IFP(A)=0.70, then

- 070 | 030 0 oo
P(A)=is 8
o * (Faisalabad Board, 2010)
7} |For two mutually
exclusive events A
and B: P(A) =0.70; . D 0.40 0.30 1
P(B) = 0.3 then
P(AUB) is , : ‘
b (Lahore Board, 2010)
L Four books can be B ways 2 ways 16 ways 24 ways

arranged in a shelf is

. 3 (Lahore Board, 2010)
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S# Questions Answers
black card from pack | — - — —
of 52 cards is 5_? 2 52 . 4
' A (Lahore Board, 2010)
10)  |The value of '
. probability can not be Zero Unity Sample Two
greater than ;
(Gujranwala Board, 2010)
11) |When two coins are
tossed I I | I
simultaneously, the o - o "oy
probability of one 2 - 3 4 ) -l
head is X b
(Rawalpindi Board, 2010)
12)  |If n coins are tossed, . ' ; ,
the possible n 2n 2" n
outcomes are
(Rawalpindi Board, 2010)
13) |[The complete sample : Impossible | Equally
space is called gy event |likely event Shrc eved

(Sargodha Board, 2010)

QUESTION NO. 2

S#

Quecstions

Answers

Possible answers are given to each statement. Tick ( ¥ ) the correct one.

1)

‘|games in:

The idea of '
probability was first |
applied in gambling

Pakistan

America

France

India

2)

Today the
application of the
theory of probability
is the most important
in making decisions
in:

Business

_Insurance

Management

All above

3)

n-factorial is denoted

by:

m!

r!

P!

.4}

(n+2)! =

n{n-1)!

(n-1)}n-2)!

(n+2}n+1)n!

(nx2)

3)

Tarranged in:

Three objects can be

3 ways

4 ways -

5 ways

6 ﬁrays
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Questions

Answers

6)

The total number of
possible )
combinations of a set
of a different

objects, takén rat a
time is denoted by:

H:Fr '

N_r::-ne of
these

7

"C, =

r!

n!

(n-r)!

r'(n-r)!

!
n!

8)

A set having zero as
its element is called:

Empty set

Infinite set

!
Singleton set

i MNull set

9)

Twe books are to be
selected at random

- |without replacement |-

out of four books.
The number of
possible selections
are: - - ¥

10)

Three books of
different colours are
to be arranged in
book-shelf. The
possible
arrangements are:

1)

A set consisting of

_|all the elements

under consideration
is called:

Empty set

_Disjoint set

Universal set

Sub set

12)

A set consisting of

-|all the elements
lunder consideration

is called:

13)

Sets having elements
in common are
called:

Overlapping
sets

Disjﬂint sets

Infinite sets

MNone of
these

14)

The set A is a subset
of the set B if every
element of A is an
elemient of B, We

- |use the symbol as:

A+B

15)

The union of two

- |sets in denoted by:

(AUB)

(AN B}

16)

The intersection of
two sets is denoted

AUB

-AﬂB
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S#

Questions

Answers

17)

An act or the process

. |of obtaining an

observation is called:

" Experiment

Sample space

Event

Set

18)

If an experiment
provides different
results under
essentially identical
conditions, it is
called:

Sample space

Simple event

Random
experiment

Sub set

19)

A set of all possible
outcomes of the
random experiment
is called:

Sample sﬁar.e

Impossible
event

Union of sets

Sub set

20)

Any subset of a
sample space is
called: 2

Finite'tset

- Ewvent

All of these

21)

An event that
contains more than
one sample point is
called:

Simple event

Compound
event

Impossible
event

MNone of
these

4

22)

When a die is rolled,
all possible out
comes are:

23)

When 2 dice are
roHed, all possible

out comes are:

22

36

24)

When n dice are
rolled, the possible
sample points in the
sample space are:

ﬁﬂ

6"

MNone of
: the:..-:c

25)

When two coins are
tossed, the possible
out comes are:

36

12

26)

If three coins are
tossed, the possible
outcomes are:

10

27

If n coins arc tossed,
the possible
outcomes are;

2n

L]

28)

If two events A and
I3 can not occur
together, then they

are:

Mutually
exclusive

Not mutually
exclusive

Independent

All nf these
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S# Questions ) Answers

29) |If two events A and .
B have same chance | Mutually Equally
to occur, then they exclusive likely
are:

30) |If A and B are

mutually exclusive . .
events, P{A)=0.25, .
P(B)=0.50, then 0.75 0.25 0.50 l
|P(AUB) =

Ex haust-ive None of

31) |The probability of ag -
|event always lies —1 and +1 -1 and 0 Oand 1
between: < ) :

32) |P(AUB)= Mutually
P(A)+P(B)if A and | exclusive
B are: : events

Maone of
these

Non mutually
exclusive
events

Mone of
these

Independent
events

33) |The probability of
appearing a tail i 0
when a fair coin s

1 4
j 2 4
tossed is: o

34) |The probability of
drawing a queen : '
from well-shuffled ij_ 2 3. 36
pack of 52 playing 5 52 52 52
' |cards is: . 23
35) |If two cards ar'i.f
drawn at random
from a standard deck
of cards, the number
"|of possible sample
points is: *
36) |The probability of por ;
drawing a jack from — . -
a deck of cards is: 13 4 52 52

52 i 52! 1326 . 2000

37) |The probability of 3 .
selecting a jack of 13 _ 4 1% - 2
¢lub from a deck of 52 52 & - J° &3
cards is: ‘

38) |The probability of

* |getting exactly one
head when two coins
are tossed: is:

Py

¥

oy
]

39) |Five cards are . .
selected at random 52 g e %
from a pack of 52

551
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................................................................................

-----------------

S# | Questions Answers
cards. The possible
v oulcomes are: r
40) |A fair coin is tossed
. |200 times, the -
expected number of 100 7 S0 =
heads is:
41) |When two dice arc
rolled, the maximum , :
total on the two ¢ 6 36 12 10
faces of the dice will
be:
42) :fé'* “":dﬂn:"ﬂ . |PAUB)= P(ANB)= | FANB) = | None of
e EYEMS | p(A)+ P(B) | P(A) + P(B) | P(A).(P(B) | these
43) [IfP(A/B) = P(A) and| i :
P(B/A) = P(B), then Mutually -
the evenis A and B pdgondink | LRpEIROR exclusive pempie
are-said to be:
44) |IfFP(A) = 0.4, PF(B) =
it S - Equall M 1l
P(ANB) =0.12, . b UIUATY | Independent | Exhaustive
likely exclusive ;
then events A and B | . ; -
are said to be:
45)  |Probability of an : 7 s
P ST One Negative Positive Zero
46) |The conditional ANB) | P(ANB ANB P(A N B)
probability P(A/B) AR d - . ) :
g (B) (A) P(B) P(A)
: QUESTION NO. 3
Write the short answer to the following questions in the space _nmﬂ ed

Q.1: What is difference between permutation and combination?

Ans: A permutation of a number of objects is an_arrangement of these
objects in_some order. A selection of distinet objects without some
arder is called a combination. symbolically

3 ! :
P = is a formula for permutatio n and
(n—r)!
_ . nl - e
"C, = ——— s a formula for combinatio n
_ v fn=)l '
Q.2: What do you mean by n!?
Amns: The product of first “n” natural numbers is called n factorial denoted
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Q.3: Definc the E'm experiment. :

Ans: An_act or_the process _of obtaining an_observation_is_called
experiment, .

Q.4 ¢ the term trail.

Ans: Performing of an experiment is called a trail.

Q.5: Define the term random experiment.
: ; ' (Lahore Board, 2009 & 2010

(Rawalpindi Boar, 2010)
(Sargodha Board, 2010)
Ans:  An experiment is said to be random, if it provides different results. if
Q.6: What is a sample space?
Ans: A set of all possible outcomes. of a random._experiment is called a
: sample space. It is denoted by S. = '
Q.7: Give two examples of a random experiment.

Ans: The tossing of a_fair _coin_and_ throwing of a balanced die_are
. examples of random experiment, 2
Q.8: Whatis an event? . 7
; N . (Gujranwala Board, 2010)
Ans: Any subset of the sample space is called an_event. It is denoted by A,
- B.G Dete, . :
Q.9: Makecasamples when a ¢ | die i 4
Y, (Gujranwala Board, 2010)
o - (Sargodha Board, 2010)
Ans; ,'5. .-_:..{.].a..z.t.3.1..4:.§1..ﬁ.l. . ®

Q. 10: Define sample points. :

Ans: The elements of the sample space are called sample points.

Q. 11: What are the properties of a random experiment?
Ans: A random experimen( has three properties. -
' (1) The experiment can be repeated

(i) The experiment always_has at lcast two outcomes

(iii)  The outcome of each trail is unpredictable : b, St

Q. 12: Define simple event.
' (Lahore Board, 2010)

(Rawalpindi Board, 2010)
.Ans: A simple event is one which contains only one sample point of the
sample space. ‘
Q. 13: Define [y
Ans: Compound event contains two or more_sample points_of the sample

space.
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Q. 14: What is impossible event?
Ams:  An event consisting of the empty set is called impossible event,

" Q. 15: Define sure event or certain event.
Amns: An_event that consists_of the sample space_itself is_called sure_or

-------------------

Q. 16: Define mutually exclusive events with example.

Ams: - Two events A and B are said to be mutually exclusive if thc.j,: can_not

coin are mutually exclusive events. ’

: Q. 17: Define not mutually exclusive events with exam ple.
Ans:

____________________________________________________________________________________________

___________________________________________________________________

Q. 18: Define equally likely events with example.
Ams: Two or more events are said to _be equally likely events if they have

_______________________________________________________________________________________

same chance to be oceur, gib

Q. 19: Define independént events with example.
: g ) . (Lahore Board, 2008 & 2009)
(Sargodha Board, 2010)

Ams:  Two events A and B are said 10 be independents if the events in_no
way affect each other. For example, suppose event A is the drawing

...................................................................................................

Q. 20: fi t even .

Ans: Two events are said to be dependent when the happening of any one

-----------------------------------------------

Q. 21: Define the exhaustive events.

Ans: Two or_more events are said to be cn]lect'ivelr exhaustive if their

Q. 22: !Eﬂnﬁ- favourable cases. ¥ :
Ans: - The cases which entail the occurrence of an event are said to be

Q.23: Are '!ndgﬁndeﬁt events also mutually exclusive?
Ans: No, mutually exclusive events are always independent. -

_________________________________________________________________

Q.24: What are two approaches to define probability?
Ans: Two approaches to define probability are: -
(a) Subjective approach '
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(b) Objective approach

Q. 25: Give the classical priori definition of probability.
: ' N (Gujranwala Board, 2010) -
Ans: If there are “n” equally likely, mutually exclusive and exhaustive

~ sample points in a sample space and “m” out of them are favourable
to an event A, then : :

PpA)=2

Q.26: Give the relative frequi r fori. definition
= ,

Ans: Jf.ﬂ..[&!!!!}!!‘!‘l._E}EB‘?!’.i.'}l?.'!L.ii.".‘FEEE‘.'?-Q-.4..';%"3;?..D.U!i'!]?ﬁ!h!}.f._!imﬁﬁ..ﬁﬂt-.!!'
' under uniform conditions and the event A is obsexved m times, then

PA=Lim— %
Q.27 Give l-liﬂ ic (mathematical ] yabili
Ans:  The probability that an‘event A will occur is the number P(A). The
number P(A) satisfy the following axioms. = '
(. .0=PA)=1 ;
(i) PS)=1
(iii)  If A and B are mutually gxclusive events, then
' P(AUB) = P(A) + P(B)

Q. 28: When does probability become negative?
Ans: . Probability can never be negative,

 Q.29: State the addition law of probability for two mutually exclusive

; events. ' - : . -

Ans: [If A and B are two mutually exclusive events then the probability
that_anyone_of ..ttu;m..s:os:.'auz..is..si:-:f;;.l..bx..ﬁum._of_mﬁj[_mnmiixﬁ

Q. 30: State the addition law of probability for two not mutually
exclusive events. y :

- Ams: If A and B are not mutually exclusive events then the probability that
at_least one_of them occur, is _given by the sum_of their respective

_____________________________________________________________________________________

P(AUB) = P(A)+P(B)—P(ANB)

Q.31 State the multiplication law of probability for two independent
Ans: I A and B are two independent evens, then the probability that both
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PANE) = FMNS)

Q. 32: State multiplication law of probability for two dependent events.
Ans: “If A and B are two dependents events, then

.............................................................

P(ANB) = P(A).P(B/ A) provided P(A)#0OR
P(AN B) = P(B).P(A/B) provided P(B)= 0 |

Q. 33: What is conditional probability?
Ans: If A and B are two events, and P(B) £ 0, then conditional probability

is defined as '
y P(ANB)

AR == ey

Q. 34: Define set.
. ' -(Lahore Board, 2010) ;

_ﬁns: Well defined collection of distinct objects is called set. It is denoted

------------------------------------------------------------------------------------

(Lahore Board, 2010)
. Anms: . A set consisting no clement is called a null or émpty set. It is denoted -

byd ori} W
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45) Negative 46)

P(B)

'ANSWERS
QUESTION NO. 1

R ©.. ©2) Oand+l 1)
L) ST ST - | e S 6)
_ N 1 8) 24 ways 9)

10)  Unity 1) 5 - 12)

13) Sure event

QUESTION NO. 2

j} France 2)  All above 3)

4)  (n+2)n+D)n! 5)  6ways i
n! - :
7 | i
) e 8)  Singleton set 9)

10) 6 11)  Universal set °12)

13) Owerlappingset  14) AcCB 15)

16) ANB I7)  Experiment 18)
- experiment 1

19) Sample space 20) Ewvent 21)
event _

22) 6 23) 36 ' 24)
‘25) 4 : 26) 8 20
28) Mutually exclusive  29) Equality likely - '30)
31) Oandl 32) Mutually exclusive events
33) 34) Y5y 35)
A TR M 38)
39) “cs : 40) 100 41) -
42) P(ANB)=P(A)P(B)  43)Independent. =~ 44)

; P(ANB)

Un-certainty

0.30

2
211

n!

I'I{':r
6 g
P

AUB
Random

Compound

ﬁl‘l
2I‘l
0.75

1326

'Z.III‘

12
Independent
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