KPK MORE BOOKS, NOTES VIST NOW: PERFECT24U.COM

Unit—9: Conics —I1.
Conic: The set of all points in the plane in such away that
its distances from a fixed point bears a constant ratio to
its distance from a fixed straight line is called conic.
The fixed point is called focus point and fixed straight
line is called directrix.
The constant ratio is called eccentricity.
(i) If e=1 , theconic is called is parabola.
(ii) If e<1 ,the conic is called ellipse.
(iii) If e>1 , the conic is called hyperbola.
Parabola:
It is a conic in which the distance of each of
point from the fixed point is equal to its distance from
the fixed straight line. In parabola, e =1,
Standard equation of parabola: (a) y* =4ax
Proof : Let F(a,0) is a fixed point.
Then equation of directrix is x = —a
=> x+a=0 ....(0)
Let P(x, y)is any point X=-aA
on the parabola. Let M M
be any point on the directrix.
Thea by definition of parabola
[PF] _
[PM|
Now |PF|=\(x—a) +(y—0) ...Gii)
And iPMI is the perpendicular distance of the point P(x ; y)
from the directrix (i). Then

1 => |PF|=|PM| ...(ii)

[PM{:EC—'%;Q put x, =x,y,=y,a=1,b=0,c=a
a+

[x+0+d [x+4d .
=> |PM|= Frrpy = =|x+al ....(v)
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Put (iii) and (iv) in (ii) .
\/(x —al+y* = ]x + al squaring both sides

= (x—a)f +3*=(x+a)

= x'-2ax+a’+y’=x*+2ax+a’

= Yy =x'-x'+2ax+2ax+a’ -a’

=> y'=4ax is the required equation of parabola
Some important points :
(i) Fixed point is called Focus point in this case Focus
point is x=a,y=0 => F(a,0)
(ii) The fixed straight line is called dirctrix.
In this case its equation is x=-a or x+a=0
(iii) The line through the focus and perpendicular to
directrix is called symmetry axis of parabola.
In this case x - axis is the symmetry axis of parabola
and its equation is y =0
(iv) vertex: The mid point of the line from the focus
point to directrix is called vertex.In this case origin
is the vertex i-e x=0,y=0 =>v(0,0)
(v) The double ordinates through the focus point and
parallel to directrix is called focal length.
The coordinates of the end points of focal chord
(latus rectum ) are A4(a,2a), Bla ,-2a) .
Its equation is x=-a or x+a=0
its length=4a

(b) y* =—4ax
(i) Focus point : ‘=-a, y=0 => F(-a,0)
(i) Equation of Directrix is x=a2a xX=a

(iii) Equation of axis of parabola is y=0
(iv) Vertex: x=0, y=0 =>V(0,0)
(v) Length of Focal length =4a
The coordinates of the end points of
focal chord (latus rectum ) are
A(—a,2a), B(—a ,—2a) "
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Its equation is x=a or x-a=0
(¢) x*=4ay
(i) Focuse point : y=a,x=0 => F(0,q) N

(ii) Equation of Directrix : y=-a
(iii) Equation of axis of parabola,x=20 :
(iv) Vertex: x=0,y=0 =>v(0,0)

(v) Length of Focal length =4a b ol R |
The coordinates of the end points of v
focal chord (latus rectum) are

AQa,a), B(-2a ,a) .
Its equation is y=—-a or y+a =0

(D) x! = —4ay Ya
(i) Focuse: x=0,y=-a => F(0,-a) «——+t+—w=2a
(ii) Equation of Directrix: y=a X

(iii) Vertex: x=0,y=0 =>v(0,0)
(iv) Equation of axis of parabola is x=0
(v) Length of Focal length=4a.
The coordinates of the end points of focal chord
(latus rectum ) are A(2a,-a), B2a ,~a) .
Its equation 8 y=a or y—-a=0
Translation of parabola: y*=4ax: It is the standard form
with vertexis 7(0,0) and focus is F(a,0). If we
translate the vertex to V(k, k) , then focus is F(a+4 ,k)
Then equation of parabola becomes
(v = k)’ =4a(x - k) , with directrix is x=h-a.
The curve is toward right if a>0 and
the curve is toward left if a<0.
The equation of symmetry of axis is y-%k=0
Translation of parabola: x*=4ay: It is the standard form
with vertexis ¥(0,0) and focus is F(0, a). If we
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translate the vertex to V(% , k) ,then focus is F(h ,a+k)
Then equation of parabola becomes

(x—h) =4da(y k), with directrixis y=k-a.
The curve is toward up if >0 and

the curve is toward down if a<0.
The equation of symmetry of axis is x-A=0

Equation of tangent line in slope form :
(a) If m is theslope of tangent line to the parabola

y? =4dax ....(>i)
Then tangent line of the form y=mx+c ...... (ii)
The line (ii) touch the parabola (i) at only one point if

i e (iii) put (iii) in (ii)
m
y=mx+3 ...(iv).
m

Then eq(iv) is tangent equation to the parabola y* =4ax.
Eq(iii) is the condition of tangency .
(b) If parabola of the form x* =4ay , then the line (ii)
is tangent to the parabola if ¢=-am’ ....(iv)
then y =mx—am’ is tangent line to the parabola.
Eq (iv) is the condition of tangency .
(c) The equation of tangent line to the parabola y* =d4ax
at point P(JcI ; yl) is
Wy = 2a(x + xl) svsal Q)

The contact point is given by P(x,, y1)=P[-9;-, -2_-‘1),
m m

(d) The equation of tangent line to the parabola x? =4ay
at point Plx, , y) is
xx =2a(y+3)

The contact point is given by P(x, , y,):P(Zam , am’ )
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Equation of normal line to_parabola at a point :
The equation of normal line to parabola y” =4ax at a

point P(xl s yl) is y—y *_%(x_xl)'

Exercise 9.1:
Q.1: In each case, sketch the parabola represented by the
equation , indicate the vertex , the focus, the end points
of the focal chord (latus rectum) and axis of symmetry.
s
Solution: x* =2y ....»J)
" The standard equation of
parabolais x’ =4ay ....(iJ)
comparing (i) and (ii) B F A

Then 4a=2 => a=l .
2 ¥
(i) vertex: x=0, y=0 v
= ¥(0 , 0).

(ii) Focus: As x=0 and y=—]2—

Then F [0 4 -1—]
2

(iif) The end points of latus rectum:

Put y=% N =>x2=2[—:12—]=1

e \r =11
A[l - %) and B(—-l : %) are the end points of
latus rectum .
(iv) Axis of symmetry is y—axis . Then its equation is
=0

®) y* =-3(x+1)
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Solution: »* —J(x +1)ueus(®)
Comparing with parabola 4
(y— k) =4a(x-h) ...(i) A

comparing (i) and (ii)

da=-3 => a= ¥ <
4
(i) Vertex: V(n,k)=V(-1,0)
(iiy Focus: Fla+h, k)= F[—-%—l ,oJ
{28
4
(iii) The end points of focal chard: Put x= X in (i)
fe) o2
4 4

3} 9 3
== y2=—3[—ZJ=Z === y:j:—z-

Thus the end points are A[—% ; EJ : B(Z 3]

h
L)
<
o
w

A 4

2 4’ 2)

(iv) The equation of symmetry of axis is y—-k=0
=> y=0 A
© (-3y=x A
Solution: (y - 3) =% i) —_ /IF/ .
Comparing with parabola e
(y—k) =4a(x - h)....(ii) " i e

da=1 => n:1'=l

k=3 and h=0
(i) vertex: V(k, k)=v(0 , 3)
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(i) Focus:
Fla+h, k)=F(l+0, 3)=F[l, 3]
4 4

(iii) End points of focal chord: Put x ='¢1¥ in (i)

1 1
Pas = pefads
(y-3) T =

=> y=% and _y=-;-

Thus end points are A4 i i Z] : B(-—l- ] —5-) Ans.
4 2 4.7 2

(iv) Equation of axis of symmetry is y—-k=0
y=3=0 => y=3
Q.2: In each case , determined the equation of graphed

parabola. 4
a b
®_ () .
x=2
\ VO, 0 LM
- II‘I‘-‘---‘-‘_--—-—-._
[2,1\ F(2 ,1 ) | (6—17.’-)__’
\4) v

Solution: (a) Since parabolais toward up.
Then equation of parabola is (x—h) =4a(y—k)*....(0)
vertex : V(Z ,—1 )=V(h, kY = h=2 and k=-1
Focus: F(2,1)=F(h ,a+k)
=>h=2 and a+k=1 put k=-1
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= a-l=1 = a=1+1=2
Put values in (i)
(x-2) =4(2)y-(-1)) = (x-2) =8(y+1) Ans.
(b) Since parabolais toward up.
Then equation of parabola is (x—h) =4a(y-£) ....(0)
vertex: V(=1,0)=V(h, k) = h=-1 and k=0

Focus : F[—-l B -:—]z-F(h ,a+k)

W

=>h=-1 and a+k=z put k=0

=> a:1+{)=E => |::t=E
4 4

Put values in (i)
(=) =4 3J0-0) = 417 =3
=> x*+2x-3y+1=0 Ans.
0.3: Ineach case, write the equation of parabola through
the given information.
(a) Focus at F (0 , 3), directrix y=-3
Solution : As F(0,a)=F(0,3) , then a=3
The parabola towards up ,then its equation is
xX*=day == xN=4Q2)y
=> x*=8y Ans.
(b) Focus at F(4,0) and directrix x=-4
Solution: As F(4, 0)=F(a,0) ,then a=4
The parabola is open toward right ,then its equation is
Yi=dax = y'=4(4x
= y'=16x Ans.
(c) Vertex at ¥(0, 0), x—axis is the line of symmetry,
passes through (3, 6).
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Solution: Since x—axis is the line of symmetry , then the
focus point is on the x —axis.
Let F(a,0) is the focus point.

Then the required equation of parabola is
y? =4ax ...(J) , Since (i) passes through (3, 6).
Put x=3 and y==6 in(i)
= (6) =4a(3) = 36=12a
36

=" a:-———:.3

12
Put a=3 in(i)
= y'=4(3x = y'=12x Ans.
(d) Vertex at V(O . 0) , y—axis is the line of symmetry ,
passes through (-12 =3}
Solution: Since y — axis is the line of symmetry , then the

focus point is on the y -axis.
Let F(0, a) is the focus point.

Then the required equation of parabola is
x*=4ay ...() , Since (i) passes through (-12, -3).
Put x=-12 and y=-3 in(i)

=> (-12)f =4a(-3) = 144=-12a

=5 guA T £

12
Put a=-12 in (i)
= y*=4(-12)x => »*=-48x Ans.
(e) Line of symmetry is vertical , passes through (-—3 , 4),
vertex at V(5,1).
Solution: As vertex is V(5,1)=V(h, k)
=> h=5 and k=1
and the line of symmetry is vertical then equation of
parabola is (x—4) =4a(y—k) ....()
put hA=5 , k=1 in(i)
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Since (ii) passes through the point (-—3 ,4).
Put x=-3 and y=4 in(ii)
= (-3-5V=4a(4-1) = (-8) =4a(-3)

Put a =-1-32 in (ii)

(x-5) =13lE ~1) Ans.

(f) Line of symmetry is horizontal , passes through (7 / 9),
vertex at (3,-7).
Solution: As V(3 ,-7)=V(h, k)
=>h=3 and k=-7
and the line of symmetry is horizontal then equation of
parabola is (y—k) =4a(x—h) ....(0)
put A=3 and k=-7 in(i)
(=D =4ax-3)
= (y+7) =4a(x-3) ....... (ii)
Since (i) is passes through the point (7, 9) ;
Put x=7, y=9 in (i)
(9+7) =4a(7-3) = (16) =4a(4)
=> 16a =256 = a=16
Put a=16 in(i) = (y+7) =4(6)x-3)
= (y+7) =64(x-3) Ans.
Q.4: Find the equation of the set of all points with distances
from (4, 3)that equal their distances from (-2, 1).
Solution : Let A (4,3) and B(~2,1).
Let P(::,y) be the set of all points such that

a7 = o7
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= Jx 47 +(y-3) —Jx (-2)) +(y-1)* squaring
= (x- 4)2 +(y-3) =(x+2) +(y 1)

=> x?-8x+16+1*—6y+9=x*+4x+4+)y* -2y +1
=> —8x—4x—-6y+2y+25-5=0
=> —12x-4y+20=0 Divided by —4
=> 3x+4y-5=0
=> 3x+4y=5  Ans.

Q.5: Find an equation for a parabola whose focal length has
length 6, if it is known that parabola has focus (4 ,-2)

and its directrix is parallel to the y- axis.
Solution: Given focal length is 4a=6
= gd=—= -31
4 2
Focus F(4,-2) and directrix is parallel toy —axis.
Then equation of parabola is (y—k)’ =4a(x-h) ....(J)
with focus is Fla+h , k)
Then F(a+h,k)=F(4,-2)

=> a+h=4 => %+h=4
== h=4—é=—8_3=£
2 2N 2
and k=-2 put values In (i)

0Q.6: In each case ,ﬁnd the points of intersection in
between the line and the parabola.

@.)y +3x=-8 , x-y+2=0
Solution: *+3x=-8 ....(i) and x-y+2=0 ....... (i)
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From (i) = x=y-2 veena(iii)
Put (iii) in (i)
Y +3(y-2)=-8 => y*+3y-6+8=0
= y'+3y+2=0
=> y' +y+2y+2=0
= y(y+1)+2(y+1)=0
= (y+1){y+2)=0
= y+1=90 and y+2=0
=> y=-1 and y=-2
Put y=-1 in (i) = x=-1-2=-3
Put y=-2in(iii) = x=-2-2=-4
Thus intersection points are A(—3 ,—1) and B(-4 ,-2)
®b)x*=2y , x-y-2=0
Solution: x*=2y ...([)) and x-y—-2=0 .....(ii)
From (i) => x-2=y or y=x-2....(iii)
Put (iii) in (i) = x*=2(x-2)

= x'=2x-4 = x*-2x+4=0

Now by quadratic formula
Bkl B
x= SEv0 N puta=1,b6=-2, c=4
2a
o oo mE2)Ey(2F ~4()4) _2444-16
2(1) 2
_ x=2tx/2—12=2ii«/§i=1iiﬁ

Which is imaginary . Then line (ii) does not intersect (i).
Q.7: For what value of c,

(a) Theline x—y+c=0 will touch the parabela y*=05x
Solution: y* =9x ....(J)) and x-y+c=0 ...... (ii)

As we know that line (ii) touch the parabola (i)
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m
From (i) => 4a=9 = a= %
From (ii) => y=x~c then m=1

Put value of m and a in (A)

c=&=2 Ans.
1 4

(b) Theline x—y+c=0 will touch theparabola x* = %y
Solution: x* = %y ..... (i) and x-y+c=0 ...... (ii)

As we know that line (ii) touch the parabola (i)
il Ce=om e (A)

From (i) => 4a:g = = D, |
3 4x3 6
From (ii) => y=x+c then m=1
Put value of m and a in(A)

c= (—3(1) = % Ans.

Q.8: In each case, find the tangent equation and normal
equation .

(a) At a point (3, 6) to parabola y*=12x
Solution: y* =12x ....(i) and (3, 6)
The equation of tangent line to the parabola y* =4ax

at point P(x, , y,) is
yy=2a(x+x) ...(a)
Here 4a=12 => a=3 and x,=3, y, =6 put in (a)
6y=2B3)x+3) = y=x+3....(4) d4ns

Eq(A) is the equation of tangent to parabola (i)

The equation of normal is y-—y, = ; ”
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Put values in (b)
6

—b=——=(x-3) = y-6=-(x-3

Yy 2(3) (x ) ¥ (x )

= x+y-6-3=0 = x+y-9=0 ... (B)
Eq(B) is the equation of normal to parabola (i).

(b) At a point [%, --;-] to parabola x2 =_.il y

3 1 1
Solution: x> =-=>y ....() and |-, ——
Solution: x 4y (i) an [ 5 3)
The equation of tangent line to the parabola x’ =4ay
at point P(x, , y,) is

xx=2a(y+y,) ....a)

Here 4a=—é => a=—i and x1=l, J”1=""_::‘
put in (a)

lx=2 __é.][y_l) == lx=_§(3y_1]
2 16 3 2 8 3
1 1 8

= —x=-—3y-1) =>—-x=—{3y-1
x=-z0r-1) Pgraly-1)

=> 4x+3y-1=0 ....... (A)

Eq(A) is the equation of tangent to parabola (i)

The equation of normal is y-y = ——;-i(x - X ) .+.+(D)
a

Put values in (b)
1

Ayt = e

16
Iy 3y+1=§(2x—lJ = M:‘i@x—ﬂ
3 9y 2 3

= 3By+1)=8c-4 = 9y+3=8x-4
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=> 0=8x-9y-4-3
= 8x-9y-7=0 ......(B)

Eq(B) is the equation of normal to parabola (i).
Q.9: Find the tangent equation :

(a) To a parabola y*=x , which make an angle 135°
with x-axis.
Solution: y*=x ..eeeee (i) and 6=135°

As equation of tangent line is y = mx+— .....(i)
m
Comparing (i) with y’=4ax ,then
da=1 = c:r=l
4

Also m=tan135" =—1 , put values in (ii)
2
4 1
=—]x+— => =—-x-— Ans.
y 1 ¥ 2

(b) To a parabola y® =x , which make an angle 60°
with x-axis.
Solution: y?>=x ........(i) and &=60°

As equation of tangent line is y=mx+£ venw(il)
m
Comparing (i) with y*=4ax ,then
4g=1 =2 a=-1—
4

Also m=tan60° =+/3 , put values in (i)
1
y=\/§x+iﬂ => y=J3—’x+—~1— Ans.
23

NE) 43

Ellipse: It is a conic in which the distance of each point
from the focus point bears a constant ratio less then
“1” to its distance from the fixed straight line.

In ellipse "e<™
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Standard Equation of Ellipse: Ys

2 2
(a) -"T+i’?=1 ,a>bh o

a
The Following points _ A‘/— \,\ <
Should be remember. - \(( b, 2) >
(i) x-axis is called
major axis. Its equation
is y=0and its length is 2a.
(ii) y-axis is called minor axis.
Its equation is x=0,
its Length =2b
(iii) Center:x=0,y=0 =>¢(0,0)
(iv) Vertices: The extremities of major axis is called
vertices. i.e. x==a, y=0
=> A(a, 0) ,A'(-a ,0)
(v) Extremities or end points of minor axis is
x=0,y=%b => B(0,b) , B'(0, -b)
(vi) Foci points: x=2c , y=0

=> F(c ,0), F'(-c ,0). Where c=+a’-b°

h 4

(vii) Equation of Directries are x=+—

2

xX y
(b) b—2+a—2=1, a>b

(i) x-axis is minor axis.
its equation is x=0,
its length =2a

(ii) y-axis is called major
axis. Its equation is x =0,
its length=2b

(iii) Center: x=0, y=0 => ¢(0,0)

(iv) Vertices: x=0, y=za

=>A(0,a), A'(0,—a)
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(v) extremities or end points of minor axis are
x=%b,y=0 =>B( ,0), B'(-b ,0)
(vi) Foci point: x=0, y=%c
= F(0, ¢), F'(0, —¢)

(vii) Equation of Directrices: y=:tE
e

Translation of Ellipse horizontal and vertical :
(x-r) G-k :
(a) = + 2 s pe——" (i)
Let X=x-h and Y=y-k
with centre C(h , k)
2 2
ST
b a
Let X=x-h and Y=y-k
with centre C(h , k)
Equation of tangent line to the ellipse:
2 2
¥

(a) Equation of tangent line to the ellipse —z—f+——=l is

bl
y=mx+tyalm*+b* ..... (a)

Note: The tangent line y=mx+~ touch the ellipse
2 2

(b)

f—z-+€.—-:1 if ©=2va’m®+b® Ans.
o z
b) Equation of tangent line at point Plx, , y,) to the
q g P 1 1
2 2
. & ¥ . X Ny
ellipse —+=—==1 4= =]
P oy -

(c) Equation of normal at point P(x, , ».) to the

2 2 2 _ 2 _
ellipse %—-ﬁ-y_z =1 i 2 (x xl).___ b’y - )
a b Xy B4

Orientation of ellipse to centre C(#, k):
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(a) il +(y_k)z =1 (i) centre is C(hr, k)

(ii) equation of major axis is y=+4%

(iii) equation of minor axisis x=#

(iv) Foci points F(h+c , k), F(h-c , k)
Where c=+a’-b?

(v) vertices are A(h+a , k), A'(h-a , k)

(vi) End points of minor axis are
B(h, b+k), B(h, b-k)

2
(b) (x bzh)z + (yazk) =1 (i) centre is C(h, k)
(ii) equation of major axis is x=h
(iii) equation of minor axisis y=%
(iv) Foci points F(h ,k+c), F'(h , k-c)

Where c=+/a’-5b?
(v) vertices are A(h , k+a), A(h, k-a)
(vi) End points of minor axis are
B(h+b, k), B(h-b, k)
Exercise 9.2:
Q.1: In each case, sketch the ellipse represented by the

equation . Indicate the centre , foci , endpoints of the major

axis and end points of minor axis.
2 2

x . ¥
=1
(a) 3 +g
x2 yZ
Solution: —+=—=1 .....(J) AY
9 4

Comparing (i) with
N 3 1 b

— — =

P * / C
Then a’=9 => a=3 \_/

B’

X

And b*=4 = bpH=2
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(i) centre: x=0, y=0
= C(0, 0)
(ii) Focipoints: As c=+a’*-b> =49-4 =5
Then F(c, 0)=F(5, 0)
and F'(-c, 0)=F(-+5 ,0)
Thus foci points are F (x/_S- : 0) and F {—«E ; 0)

(iii) End points of major axis: The end points of major

axis are A(a,0)=4(3, 0) and
A(~a,0)=4(-3, 0)

(iv) End points of minor axis : The end points of minor axis
are B0, 5)=B(0, 2) and B(0,-3)=B(0,-2).
2y

b) —+=—=

®) 16 25 4

2 2
Solution: ——+2—=1 .....(J) A
16 25
Comparing (i) with
xz yz & = 5 B~
g e . "
Then =25 =>a=35

And 5*=16 => b=4 A
(i) centre: x=0, y=0 Y
= C(0, 0)

(ii) Focipoints: As c=+a’—b? =/25-16 =49 =3
Then F(c, 0)=F(3, 0)
and F(—, 0)=F(-3,0)
Thus foci points are F(3, 0) and F'(-3,0)
(iii) End points of major axis: The end points of major
axis are A(0,a)=4(0, 5) and
A(-a,0)=4(0, 5)
(iv)End points of minor axis : The end points of minor axis
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are B(b, 0)=B(@ , 0) and
B(-b,0)=B(-4,0).
© & 0-2F
16 9

(c+1)  -2) _, (i)

Solution:

- 16 9

Let x+1=X and y-2=Y put in (i)
2 2
X—+-Y—= , Then
16 9

b = b=3
(i) Centre: As X =0 =x+1=0
=> x=-1
and Y=0 = y-2=0 = y=2 Y4
Thus centre is C(-1 , 2).

(i) Focipoint: As c=+a’-b’ £
= c=416-9=47 . A'/, A X
X =% and Y=0 1 E 7 7
= x+1=+J7 and y—-2=0 \w—/
y

= x=-1+7 and 2
Thus foci points are F (—I+ﬁ 3 2) 3
and F(-1-47 ,0)
(iii) The end points of major axis are
X=%2a and Y=0
= x+1=44 and y-2=0
> x=114 and y=2
= x=1+4 and x=1-4

= x=95 and x=-3
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Thus the end points of major axis are A(S ; 2) and
A(-3,2).
(iv) The end points of minor axis are
X=0 and Y==b
=> x+1=0 and y—-2=%3
= x=-1 and y=2%3
=» y=243 and y=2-3
=> y=5 and y=-1
Thus end points of minor axis are B(-1, —1) and
B(-1, 5).

Q.2: In each case, determine the equation of graphed
eI]ipse . & 6,2)

(a) (b)

(c)

Solution: (i) From figure (i) Centre C(O , 0)
and major axis is along x - axis .
Extremities of major axis 4(a , 0)= 4(6 , 0)
Then a=6
Extremities of minor axis is B(O , b)=B(0 . 3)
=> bh=3
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______________________________________ x- 2-_;;_________-----_______
Now equation of required ellipse is — +=—=1
a
Put values
2 2
X_ _]_y_ =1
6 GF
xI yZ
=> —+-—=1 Ans.
36 9

(b) From figure (ii) the centre is C(k, k)= C'(6 g —2).
= h=6 and k=-2
and major axis is along x- axis .
From figure a=13-6=7
and b=2-(-2)=2+2=4

(x=n) G-k _,

Now equation of ellipse is

a* b’
Put values => (x-— 6)2 - (y _(H 2))2 =3
49 4
2
(- 6) + +2) =1 Ans.
49 4

(c) From figure (iii)) = C(n,k)=C(2, 0)
= h=2 and =0
and major axis is along y - axis .
Here a=5-0=5 and b/=5-2=3

2
Now equation of ellipse is & _zh) + (y;zk)z =1
a

(2P, b=0F _,

Put values =>

@ bF
=2 Q-_'z)z + Zi =1 Ans.
9 25

Q.3: In each case, write the equation of ellipse through the
given information .
(a) Centre is at C(-3,2) and a=2,b=1,major
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axis is horizontal.
Solution: Since the major axis on the x - axis. Then
2 2
(x';zh) 4 (y;-zk) |
put a=2, b=1,h=-3 and k=2

-3, 6-2F _,

the equation of ellipse is

(2) 1y
=> (x+3)2 +(’V“2)2 =] Ans.
4 1

(b) Vertices are A4(4, 2) and A(12, 2) , b=2
Solution: 4'(4, 2) and A4(12, 2)
Since centre is the mid point of the vertices . Then

ch, k)=c[4+12 , z+2)
2 2

=C{—1-§, iJ=C(8, 2)
2 " 2
Since vertex is A(h+a, k)=A4(12, 2)
h+a=12 = 8+a=12
=> a=12-8=4

2 2
The equation of ellipse is (x azh) + (’Vbzk) =1

put a=4, b=2,h=8 and k=2

(-8  »-2) _,
@ @

2 2
=> (x«—8) +(y_2) =1 Ans.
16 4

(¢) A focus is at (—2 ; 3), a vertex is at (6 . 3), length of
minor axis is 6.
Solution: Here focusis F(-2,3) and vertex is
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Length of minor axis is 26=6 => b=3
As vertex is A(h+a ,k)=A4(6, 3)
h+a=6 ....(i and k=3
Also focus point is F(h—c ,k)=F(-3, 3) ”
=>h-c==3 ....(ii)
Subtract (ii) from (i)
h+a=6

+thFec=F3
a+c=9
= ¢=9-a ... (iii)
But c¢=+a’-5® putin (jii)
9-a=+a’-b* squaring both sides
= (9-af =a®-b’ put b=3
=> a*-18a+81=4a*-9
= -18a=-9-81 = -18a=-90
= =35 put a=5 infi)
h+5=6 = h=]
As required equation of ellipse is

(x- hY Lo afc)’_1
(x 1)’ (y 3)z

(d) Vert:ces are at (O ,8) and (0, 2) , c=A5
Solution : Here 4(0,8) and 4(0,2)
Let C(h, k) be thecentre.Then C(4, k) be the mid point
of the vertices.
Then C(h, k)= C[OZO 8;’2) ©,s).
=>h=0 and k=5

put values
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As the vertex is A(h, a+k)=A(0,8)
= a+k=8 => a+5=8
=> g=8=5=3
Since ¢’ =g*-b*
= b2=a2—02=(3)1—-(\/§)’=9~5
= b'=4 = b=2
CE NS

The equation of ellipse is =
a

put a=3,b=2,h=0 and k=5
2 2
(x(z)?) o
- x—l + —(‘l:éi)i =1 Ans.
Q.4: The shape of an ellipse depends on the eccentricity of

the ellipse e= € . Determine
a

2 2
(a) The eccentricity of the ellipse %:4—-}{-6—:1

D
2 2
Solution: - +2— =1 .....(i)
25 16

2 2
x_z+y_=1 , then

Comparing (i) with %

a
a*=25 => a=5
And b’=16 = b=4

Since c=+a’-b*=+25-16=/9=3
Now e=<= % Ans.
a 5
(b) The equation of the ellipse with vertices are at
A(-5,0) and A(5, 0) and eccentricity
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; 3
IS e=—
5

Solution: Let C(k, k) be the centre of the ellipse . Then
C(h, k) is themid point of A(~5, 0) and A(5, 0).

c(n ,k)-—C(_52+5, °;°J=c(0, 0)

Also vertices V(+a, 0)=V(x5, 0)

= @=3
Now e=£=§ = c=§a put a=5
a 5 5
=% c=-3-><5=3
5

Also b =a’-c*=(5) -(@3)
= p?=25-9=16 => b=4
Now equation of ellipse is

X Y
—_t—=] ut values
a® b £
2 2
=> x—, Y -1 Ans
25

(c) The eccentricity of the ellipse, if the length of the
semi major axis is a=4 and the length of
semi major axis is b=2
Solution: As ¢’ =a’~b*=(4) - (2)
= ¢’=16-4=12

= =412
Now e=f-=—\{l_% Ans.
a 4

Q.5: For what value of ¢ ,

2 2

(a) The line x-y+c=0 will touch the ellipse %— + 11— =
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Solution: "T+—-=1 wofi)  and x—y+c=0 ....(0)

Now we know that the line (ii) touch the ellipse (i)
if c=xvalm® +b? ....(iii)
From (ii) => y=x+c¢
Then the slope of line (ii) is m=1
Also from (i) => a*=4 => a=2
and b'=1 =>b=1
put values in (iii)

c=x(a)1) +1= J5 Ans.
=3

(b)The line 2x—y+c=0 will touch the ellipse 1‘3— + -J;— =1

2 2
Solution: i‘{ + ZZ =1 ...(0) and 2x—-y+c=0 ....(i)
Now we know that thc line (ii) touch the ellipse (i)
if c=+Jva’m’+5’ ... (iii)

From (i) => y=2x+c
Then the slope of line (i) is m=2
Also from (i) => a’=4 => a=2
and b'=3 =>b=43
put values in (iii)

c=+J(@)2f +3=+/16+3 =419 Auns.

2 2

(¢) The line x+ y+c=0 will touch the ellipse %+J1’—1-=1
x2 yZ 0

Solution: —+=—=1 ....(i) and x+y+c=0 ....(i

olution e 11 (i) and x+y (ii)

Now we know that the line (ii) touch the ellipse (i)

if c=*+valm®+b> ....(iii)
From (ii) => y=-x-c
Then the slope of line (ii) is m=-1
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Also from (i) => a’=25 => a=5
and 5 =11 = b=411
put values in (iii) '
c=1J(25X-1F +11 =+y25+11 =+36 =46 Ans.

Q.6: In each case, find the tangent equation and normal
equation

2 2

(a) at a point (1, 2) to ellipse %+%=1

¥y ¥ "
Solution: T+"§'=l .....(i) and point (1, 2).
x! y2
Comparing (i) with B-z—+-—i-=1
a

Then a*=9 => ag=3 and
=4 => p=2

Equation of tangent line at point P(x, , ¥,) to the
3

' x y . yy .
ellipse E—;+E—2-=1 Is bz 7 =lil®
put x, =1, y,=2, @R, >=2 m(ii)
> A NM\GLF 21 ailfiplied By 36
@ Br * @
=> 9x+8y=36.

Equation of normal at point P(x, , y,) to the
xz yZ 1 i bz(x_xl)zaz(y_yl)."(iii)
B4

ellipse B-z—+-a—z= is

|
put values in (iii)
4x-1)_90r~-2)
1 2
=> 8x-8=9y-18

= 8x-9y+10=0  Ans.
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(b) at a point (3, 6) to ellipse JC7+—=1

Comparing (i) with x7+—,, esi)
& 2

Then a’=7 and b’ =4

Equation of tangent line at point P(x, , y,) to the
2 2

: XY .. XEMNY =
ellipse -2—+B—2—~—1 is ;1T+b;:_1 ..... (ii)
put x, =3, y,=6, a’=7, b*=4 in (i)
37x+§4)_z=1 multiplied by 28

=> 12x+42y=28 ,Divided by 2
=> 6x+2ly=14 Ans.
Equation of normal at point P(x, , y,) to the
i ; az(x-xl):bz(y—yl)-“(iii)

ellipse 3"T+2}-,—=1 is
a b % b2

put values in (iii)

1x-3)_4bp=6) . 7(x-3)_20-6)
3 _\A\% 3 3
= Tx--21=2y-12

= Tx-2y-21+12=0
=> Tx=2y-9=0 Ans.

7 2

(c) at a point (l ,1) to ellipse x?+yT=1
x2 2
Solution: T+!1_=1 .....(i) and point (1, 1) .
x! yl
Comparing (i) with —2+-£-,_,-=1
a
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Then a’=4 and b=

Equation of tangent line at point P(x, , y,) to the

2 2
ellipse = +2-=1is 2+20X_1....(i)

a® b a b
put x, =1,y =1, a*=4, b*=1 in(i)
2.1V 1 maltiplied by 4

4 1
= x+4y=4 Ans.

Equation of normal at point P(x, , y,) to the

2 2 Y >
ellipse ——+2 =1 is Z G-x) b y‘)...(iii)
a b X, b

put values in (iii)

4x-1) _1y-1)
1 1
= 4x—4=y-1

= 4x-y-3=0 Ans.

Q.7: Find the tangent equation

2 2

(a) at a point (1 , 2) to ellipse 54—4»%-:1 which is

perpendicular to theline 9x+8y~36=0
2 2

Solution: "?+%=1 wo(i) and 9x+8y—36=0....(ii)
From (ii) => 8y =-9x+36
= = ——X e —_-
*=% 2

9

Then the slope of line (ii) is m, =

Let y—y, =m(x—x,) .....(iii) is the equation of
required tangent. As (ii) is perpendicular to (iii)
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then mm=-1 = m=-—=———=—

put m=-g-,x1=1 , ¥, =2 in (iii)

y-2=-§—(x-—1) => 9y—-18=8x-8

=> 0=8x-9y-8+18
=> 8x—-9y+10=0 Ans.

2 2
(b) at a point (3, 6) to ellipse i?-+14-=1 which is

perpendicular to theline 6x+21y~-14=0

2 2
Solution: "‘? +l;— =1...)) and 6x+21y—14=0....(ii)

From (ii) => 21y =-6x+14 , Divided by 7
AT

Then the slope of line (ii) is m, =~%

Let y—y, =m(x—2x,) ....(iii) is the equation of

required tangent. As (ii) is perpendicular to (iii)

1 1 21

th m=—1 => m=——=—-—— =

en mlm ml _6 6
21

put m=26-1~,x,=3 » ¥, =6 in(iii)

y-6=%(x—3) => 6y—36=21x-63

=> 0=21x-6y—-63+36
=> 2lx-6y—-27=0 Ans.
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Hyperbola: It is a conic in which the distance of
each point from the fixed point bears a constant
ratio greater than “1” to its distance from the fixed
straight line.

Standerd Equation of Hyperbola:

x2 2
) =1
The following point should be rembered:
(i) x-axis is Ay
tranverse axis
its equation y=0
its length =2a
(ii) y-axis is conjugate
axis its equation, x =0 v
(iii) Centre: x=0, y=0
=>C(0,0)
(iv) Foci_points: x=*c, y=0

=> F(c , 0), F'(~c ,0) Where c=+a®+b5?
(v) Vertices: The extremities of Transverse axis is called
vertices. i.e. x=za, y=0
=>Vi(a ,0), V,(-a ,0)

(vi) Equation of Direcfrices: =22
e

() L-Z=i \&/

X
77
- a » ‘b. *_ _"_-'b
(1) y-axis is Transverse < { » X
«—

axis, its equation

is x=0, its length=2a
(i) x-axis is conjugate axis,

its equationis y=0
(iii) centre: v
x=0,y=0=>¢(0,0)

(iv) Foci points: x=0, y==%c
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=F(0, ¢), F'(~c , 0), where c=+va’+b*
(v) Vertices: ¥, (0, a),7,(0,-a)

F i : 5 a
(vi) Equation of Directrices: y=+—.
e

Orientation of hyperbola: Let C(h , k) be the centre of
hyperbola. Then
(a) (x"h)z_(y"k)z =
a’ b’
(i) Equation of transverseaxis is y=k
(ii) Equation of conjugate axis is x=h
(iii) Vertices are V,(h—a , k) and V,(h+a , k)
(iv) Foci points F'(h—c , k) and F(h+c, k)
2 2
(b) (yﬂzh) _(x*k) a
a b?
(i) Equation of transverse axis is x=nh
(i) Equation of conjugate axis is y=«%
(iii) Vertices are ¥ (h , k—a) and V,(h, k+a)
(iv) Foci points F'(h ,k-c¢)and F(h, k+c)
2 2
(a) Equation of tangent line to the hvperbola il-—z—-=1

bZ
in slope form is y=mx+va’m’ -b* ...... (a)
Note: The tangent line y=mx+c touch the hyperbola

2 2

f—;——y—=1 if c=xva’m®-b* Ans.
a

bZ
b) Equation of tangent line at point P(x, , y,) to the
q 2 P 12 N
7 .3
x " i y
Hyperbola ?_;_2=1 is —{;—1—%-11
(¢) Equation of normal at point P(x, , y,) to the
2 2 2, _ Bl
hyperbola %_yl =1 is bl yl):_a (x x‘) .
a b Y X,
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Definition: If a straight line cuts a hyperbola in two
points at an infinite distance from the origin and is
itself at a finite distance from the origin is then

called the asymptotes.
2 2

(a) For hyperbola t—z —Z—z =1 the asymptotes equation is
a
y=iéx
a
2 2
«b) For hyperbola -)-}-2- - -g-l— =1 the asymptotes equation is
a
y:i%x

2 P
(¢) For translating hyperbola (x—zh) —-(y;f) =] the
a

asymptotes equation is y—-k== g (x - h)
a

2 2
(d) For translating hyperbola -k) __(x-h) =1 the

a’ b’

(x=#)

asymptotes equation is y-k==

SR

Exercise 9.3:
Q.1: In each case, the hyperbola represented by the equation
indicate the centre, vertices, foci and the equation of the

asymptotes .
I2 y2
a) ———¢5]
() 4 9
2 2 2

2
Solution: %—2’9—:1 ernr(i) Compare (i) with %—-i—zzl

a*=4 => a=2 and b =9 => b=3
(i) As centre x=0 and y=0
Thus the centre is C(0, 0)
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(ii) Vertices: As V(-a, 0)=V%;(-2,0)
And V¥ (a,0)=7(2, 0)
(iii) Foci: As c=+va?+b? =4+9=413
Then F(-c,0)=F(-+13, 0)
Fyc, 0=F13, o) o

(iv) As equation of asymptote
is y= % \/’ /
3 \-’

-

e
®) 25 4
yZ xZ
Solution: ~— —-—=1 ....(i Comparing (i) with
25 4
2 xl
—Z;--—z--l then a’ =25 ' =R a=5
a b

And b*=4 => b=2
(i) As centre x=0 and y=0
Thus the centre is C(0, 0)
(ii) Vertices: As 7,(0, —a)=V¥;(0, -5)
And %(0, a)=%,(0, s)

(iii) Foci: As c_Ja +b’ V29
Then F(0,—c)= F :
E(©, c)=F 0 \0:
(iv) As equation of asymptote )
is =t x
X b . -

5
=> y—+-£x /},-5)
TF
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Solution:

(JC-S!)Z_(y—3)2 =1...() 4
9 16

Comparing with

2
(x _2h)2 - (y—zk) =1 ::2\*1'3) c(2l,3) ?’K_._

a b . 4
Then a*=9 =>a=3 / \\
And b'=16 = b=4 ) 2 X
(i) Centre C(h, k)=C(2, 3) v
(i) Vertices: V,(h—a, k)=V,(2-3,3)

1, 3)

And V,(h+a, k)=V,(2+3,3)=¥(, 3)

(i) Foci : As c=+a?+b* =4/9+16 =25 =5
F(h-c, k)=F(2-5, 3)=F(-3, 3)
E(h+c,k)=F,2+5, 3)=E(7, 3)

(iv) As equation of asymptote

is yziéx => y=i%x

a
@ (y-:—l)z_(:c+3)2=1 F,

16 25 \
Solution: (‘v;-;): - (e +3) =1 ...(0) V)

25
Comparing with < 5
-nf G-kf _,
a .\ b
Then @’ =16 => a=4

And b* =25 => b=5 Vi(=l1,-1)
h=-1 and k=-3 v
) F

(i) Centre C(h, k):C'(—-l ,—3

AY

QF

Y
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(i) Vertices: V,(h, k—a)=V,(-1, -3-4)
Vl(_-]' D _7)
And V,(h, k+a)=V,(-1,-3+4)=V¥(-1, 1)
(i) Foci : As c=+va®+b> =16+25 =+/41
E(h, k-c)=F(1,-3-al)
F(n, k+c)=Fl-1, -3+441)
(iv) As equation of asymptote

is y=i-§—x = y=%x—x

5
Q.2: In each case, determine the equation of graphed
hyperbola

(e (d)

F(-53) /

> X
K{-53) [0,0)
K, (=5,-5)

Solution: From figure Z;l) ,'.I'h_e transverse axis -al;mg
x- axis . Centre is C(0, 0).
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Vertex is V{a, 0)=V(4, 0)
= g=id
b__ b ;
As asymptotes equation is y=—x =Zx sesusfl)
a

From figure asymptotes equation is y = —;-x = -%x (i)

From (i) and (ii) b=2
2 2

Now equation of hyperbola is x_z = %;5- =
a
2 2
= -2 =1 Ans.
16 4

(b) From figure (b) the transverse axis along y — axis and
centre is C(0,0) and vertex is ¥(0 , a)=V(0 , 5)
then a=>5

Also we know the asymptotes equation is

y=§x=%x"m®

But from figure the asymptotes is y=i—x ..... (ii)

From (i) and (i) => h=4

2

6F @

Now equation of hyperbola is

—_————= Ans.

(c) From figure (c) the transverse axis is parallel to x — axis.
And vertices are V,(1,3) and V,(7, 3).

Let C(h, k) be thecentre then C(k, k) is the mid point
of ¥(1,3) and V,(7, 3).

clh, k)= 0(1;7 3;3]=C(4,3)
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=> h=4 and k=3
Now vertex is V(h+a, k)=V(7 , 3)
=> h+a=17 , put h=4

=>4+a=7
=> a=7-4=3

Ao we know the asymptotes equation is
y—k=-—-[x—h)=—{3’—:c ..... 0]

=% b=§—

b Gk _,
a? b?

Now equation of hyperbola is

L G- -3

v

=> (- 4y - 4y =3y =1 Ans.
9 9
(d) From figure (d) the transverse axis is parallel toy —axis.
Vertices are ¥,(-5,-5) and V,(-5,1)
Let C(, k) be thecentre then C(h, k) is the mid point
of ¥,(-5,-5) and V,(-5,1),Then
-5-5 =-5+1 10 4
c, k)—C[ S J'C[“?"E)
= C(r, k)=C(-5,-2)
=> h==-5 and k=-2
Now vertex is V(h, k+a)=V(-5, 1)
k+a=1 => -2+a=1 => a=3
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As from figure focus F(-5,3)=F(k, k+c)
= k+c=3 => -2+4¢=3
= ¢c=2+3=S5
Now we know that ¢ =a®+b?
0?' b! =02_a1=(5)2_(3)2
= b'=25-9=16 => b=4
Gokf _G-hf _
a’ b?

Now equation of hyperbola is

Put values
i o M )| O
Gy (4)
2 2
=5 (‘v+2) - (x-i-S) =1 Ans.
9 16
0.3:In each case,write the equation o1 hyperbola through the
given information .
(a) Fociare at (0, 3) and (0, -3), one vertex at
70, ~2)

Solution : Since foci and vertices on y —axis and the

centre is origin O(0, 0). Then the equation of hyperbola

y' x
§ S —F=1 . i
B IR (M)
As one vertex is ¥,(0,—2) then the other vertex is
%,(0 ,2)

Also ¥(0, a)=V(0,2) => a=2
As F(0, 3)=F0,c) =>c=3
Now we know that ¢? =g? +b°
= bl=c’"-a*=(3) -(2f =9-4=5
= b* =5
Put values of @’ and b° in (i)
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2 2
* Ewf ool Ans
4 5
(b) Vertices are at (5, 0) and (—5 , 0) , one focus is
at F(-7, 0).

Solution: As ¥(a, 0)=V(5 0)
=> a=35 . Also centre is C(O, 0)
And F(c ,0)=F(-7,0) = c=-7
Now we know that ¢’ =a’ +4°
= b=c’-a*=(-7f -(5) =49-25

=> b*=24
x2 y2
As equation of hyperbola is ‘T_‘g&":l vrenel(l)
a
Put values of ¢° and b° in (i)
2 2
= Eoedsl Al
25 24

(¢) Transverse axis on the x- axis , asymptotes are the line
y=3x and y=-3x
Solution: As transverse axis on the x- axis then the

equation of required hyperbola is

x X
— == ], R, i
a® b 9
As we know that the asymptote equation is
y= i-é-x +~R[1)
a
But given asymptote equationis y=1+3x....(ii)

From (i) and (i) => f?.z.:li
a

=> a=3 and b=1, put values in (i)

www.perfect24u.com


https://www.perfect24u.com/
https://www.perfect24u.com/
https://www.perfect24u.com/

KPK MORE BOOKS, NOTES VIST NOW: PERFECT24U.COM

X . )

— = = x'====]

1 (3) YT
=> 9x* —y? =

<

(d) Fociareat (5, 0) and (-5, 0),eccentricity is
Solution: Here Foci lie on x —axis then transverse axis is

x-axis. As F(5, 0)=F(, 0) and e=

L |

-

c e 5
=> ¢=5 and e=— => —== putvalueof eand ¢
a

a
=> é :E =5 @F=3
a 3
Alse B? =c¢?*-a’=(5f -(3) =25-9
= b*=16

.

As required equation of hyperbola is —t—-—f—_]
" :

Put values => fﬁ——iv—--—-i
9 16

=>16x*=9y* =144 Ans.
(e) Vertices are (3 , —1) and (-1, —1) and asymptotes arc
9 )3 9 3
the li ==X —— d y=—=x+-—.
emesy4x4an y i
Solution : Centre is the mid point of vertices . Then
3-1 =1-1
Gt Ne)=Cl — , ——|=C1], -1
(o035, ==H)=cl. -0
Also vertex is V{k+a, k)=V(, 1)
=> h+c=3 ....(J) and k=-1
And V(h—a, k)=V(-1, -1)
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= h-a=-1 (ii} odding (i) and (ii)
h+a=3
h-a=-1
2h=2
=> h=1 ,put h=1 in (i)
l+a=3 = a=2
As we know that the asymptote equation is
_]-:'—‘k zié(xw};;
a
:>}—{—ﬂ:i?(x—n
' 2
b
=> yp+l=r—(x-1
y S (x=1)
b
= y=zt—{x—-1)-1
y=tz(x-1)
B,
=> y_TEx-E—l ...... (§11))
But given asymptote equation is
V 2 X L (iv) and 9‘( 1. (¥)
==X = carsas i = T T s e i
4 4 & 4 4
C
From (iii)) and (iv) => é: ! => bzg
2 4 2
Now equation of hyperbola is (> _zh). i ;f)h =1
/ a
i 2 {43
Put values => o IR i =1
TR
4

(x=1)F 4(v+1)’
4 81
Q.4: Determine the path of a point that moves so that the
difference of its distances from

(a) The points (-5, 0) and (5, 0) is 8.

=] Ans.
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Solution: Here foci are F(~5,0) and F(5, 0)
And difference is 8. i.e. distance between vertices are §
Then 2a=8 => a=4
And F(c, 0)=F(5,0 = c=5
Also b =c'—a® =(5) -(4)
=> b*=25-16=9 => b=3

-
£z

Now equation of hyperbola is — —2-=1

a* b
2 P L
O T
(b) The points (0, —13) and (0, 13) is 10.
Solution: Here foci are F(0,-13) and £ (0, 13)
And difference is 10. i.e. distance between vertices are 10
Then 2¢=10 = a=5
And F(0,13)=F(0,¢) .= ¢=13

Also b =c*-a* =(13) -(5F

2
il =] Ans.
9

= b’=169-25=144 = b=12
Now equation of hyperbola is 3’—-;-*:;—;=1
a
5 i == = Z::"‘f-—:l Ans
(57 (12) 25 144

Q.5: Write the equation of hyperbola

(a) With vertices at (2, -2), (-4, -2) and that passes
through the point with coordinates (3. 1).

Solution: As vertices are {2, -2),and V.(-4,-2)

Here we see from vertices that x — coordinates are

changes and y —coordinates is same. Thus the transverse
axis is parallel to x-—axis.

Let C(}: . r’f) be the centre then .C(h . k) is the mid
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pcint of vertices. Then
2~ e
(‘(h : ﬁ:):(,'(" % , 2 2J=C(_2 . _ij
\ 2 2
=> ((h. k)=C(-1,-2) => h=-1 and k=-2
Alse V(h+a, k)=V(2,-2) = h+a=2 ‘
-l+a=2 => a=3Now equation of hyperbola is
(x-n) (-k)
a b =
B o) O 2 O
(3)2 bl
2 2
- 1) —(y+22] =1 o)
9 b
Since (i) passes through the point (5, 1).
Put x=5 and y=1 in(i)

2 2
(s+1) (1+2) g AT
9

put values

9 b?
=>4—b%=1 =>4 - =%
9 2 9 2;' . aw
=5 -2—)-2—-3 = i =§=3Put value of 5" =3 in (il
2 2
=> (x—;l) _(_vi;2) = Ans.
=3

(b) With vertices at (-3, 1). (=3, 3) and that passes
through the point with coordinates (0, 4).

Solution: As vertices are V,(-3, 1), and V.(-3, 3)

Here we see from vertices that y— coordinates are

changes and x-coordinates is same. Thus the transverse

axis is parallel to y axis.
Let C(h, k) be the centrethen C(h, k) is thenud

point of vertices. Then

'
A
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C(h : k)=c(—3—3 , I+3)=C(—§, i]
2 2 2™ i
= Clh, k)=C(-3,2) = h=-3 and k=2
Also V(h, ¥ ra)=V(-3,3) = k+a=3
=> 2+4+a=3 => a=1 Now equation of hyperbola is

- G-,

= 5 put values

a
_ b-2f G-} i oy +3) -
=> 07 = =1=> (y-2) =L (i)

since (i) passes through the point (0, 4).
Put x=0 and y=4 in (i)
, (0+3) 9
(4-2) _{ b’) =1 = (2)2-53-=1
=55 4——?;:1 =>4*1=-?2—
b b

=> -9-=3 =5 b2=§-=3 Put value of b* =3 in (i)

b2
2 2
=5 (x+1] —OH_Z)-:I Ans.
9 3
Q.6: In each case, sketch the rectangular hyperbola and
identify the vertices, the foci and the asymptotes.

(@) (x+1f ~(y=2) =1
Note: A hyperbola is called rectangular hyperbola if a=5
Solution: (x+1) —(y - 2)2 =1 ....0i) y &
Comparing (i) with .

ech) k)

Pren A=—-1 aond k=2 <

a’ B2 \ /
o N\ ¢ W p >
L V’ l— Es 2 L
The centreis Clh, k)=C(-1.2}
And o =]l=b ) 5 -
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(i) Vertices:
As Vi(h-a, k)=V(-1-1,2)
> V(h-a, K)=W(-2,2)
And V,(h+a, k)=V,(-1+1 ,2)
=7,(0, 2)
Thus vertices are V(-2 , 2) and 7,0, 2).
(i) Foci: As c*=a*+b*=1+1=2
=> c=42
Now F(h-c,k)=FE[-1-+2,2)
F(h+c,k)=Fl-1+42 ,2)

(iii) The asymptotes equation is y—k = T (x~h)
a

= y—2=:t%(x—(-—l)) = y-2=%(x+1)

= y=x+1+2 and y=-x-1+2
=> y=x+3 and y=-x+1

(b) (x_3): _(y+1)2 =
4 4

(x=3) G+ _, o)
4 4

Solution:

Comparing (i) with v
G-hf (=R
2 i bE B

a

Then h=3 and k=-1

A
The centreis C(k, k)= C(3, -1
And @’ =4=p 2 V7 =
= a=2=b gt e

Fy ) 2
(1) Vertices:

As Vi(h-a,k)=V,(3-2,-1)
= Vi(h—a,k)=W(, 1)
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And V,(h+a, k)=V,(3+2 ,-1)
=16, -1)
Thus vertices are V(1, -1) and V,(5, -1).
(ii) Foci: As ¢’ =a’ +b* =4+4=8
= c=22
Now F(h—c,k)=F(3-2v2,-1)
Fn+c,k)=RB+2v2 ,-1)

(iii) The asymptotes equation is y—k == ] (x - h)

o

i y-—(-—-l)zi%(x—-s) => y+l=+(x~3)

= y=x-3-1 and y=-x+3-1
= y=x-4 and y=-x+2
Q.7: In each case, find the point of intersection in between
the line and the hyperbola :
(a) xy=4 and y=x-3
Solution: xy=4 ....(i) and y=x-3 ...... (ii)
Put (ii) in(i)) = x(x-3)=4
= x*-3x-4=0
= X +x-4x-4=0
= x(x+1)-4(x+1)=0 = (x+1)x-4)=0
=> x+1=0" and x=4=0
== x=q and x=4
Put x=-1 in(ii) y=-1-3=-4
Put x=4 in(ii) y=4-3=1
Thus intersection points are (-1, —4) , (:, 1).

2
2 *

(b) Zl-—'?=1 , x+4y—4=0
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Solution:

And x+4y-4=0 ....(i0)
From (i) => x=4-4y ....(iii
Put (i) in (i)
4y~ (4-4yf =4
=> 4y’ - (16 +16y* —32y)-4=0
=> 4y* -16-16y* +32y-4=0
=> -12y* +32y-20=0 => —4(3)* -8y +5)=0
=> 3y*-8y+5=0
=> 3y" =3y-5y+5=0 => 3y(y-1)-5(y-1)=0
=> (y-1f3y-5)=0
= y-1=0 and 3y-5=0
5
3
Put y=1 in(iii) = x=4-4(1)=4-4=0

= y=1 and y=

= X =—-——
-
J

8 5
Thus intersection points are (0, 1) and [~§ y ]

2 2

(U I

Q.8: For what value of ¢,

(a) The line y=x+c will touch the hyperbola T—G -—% =1
3 3 x oy -

Solution: y=x+¢ ....(i1) aml ———=1 ..., (i1

Solution: y=x+c ....(I) e A )

As we know that the tangent line y = my+c¢ touch the
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hyperbola -2 =1
a b
if c=xvalm* -b? ...(A)
From (i) => m=1 and from (ii)
a*=16 and b’ =4 , Put valuesin (A).
c=%(16)1) -4 =16 -4 = +J12
=% o= iZﬁ
74 2

b

I 1

(b) The line y=-x+c will touch the hyperbola TR G
Solution: y=-x+c¢ ....Ji) and ——=—=1
16 9

As we know that the tangent line y=mx+¢ touch the
2 2
X ¥
hyperbola —-—-=—=1
yp 2B
if c==Jm? =h? ...(A)
From (i) = m=-I
and from (ii) a” =16
¢ 206X N =5 V16-9

=> 0= 4 Ans {
Q.9: In each case , find the tangent equation and normal
equation .
( . 9\ ; x 2
(n) At a point l V13 = | to hyperbola %——‘Vg—:l.

and b5 =9 , Put valuesin (A).

— - =l and VI3, EJ

Solution: — - —=1 ...
_uiation: 5

From (i) « 4+ and 9° =9

As vquation of tangent line at roint P(.‘ci . }':) to the
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Hyperbola —?-1— -
a~ b

xX .
-&'—1-—%=1 o one(i)
Put a®=4,52=9,x=—13 , 3 = gvalues in (i)
L vﬁ)x 9y b \[Gx y
4 (9) 4 7 2
=> J13x+2y=-4 multiplied by -4
=> vi13x+2y+4=0 Ans.
Now equation of normal at point P(x, , ) to the
hyperbola i;——y—, =1 is
a” b
b (y-») :ua'(""xi \.....(iii)
8 X
Put values in (iii)

[y__) (r*»lo)

2 ~/13
2 I
_>2( hg)_4(x+\/ﬁ gy_go 4 4
2 J13 - J137 0 V13
=% T L +4+9
13%
RNy = ,2_:c-l-l-’1 Ans
Ji37 2
2 2
(b) At u point [l—f : 5] to hyperbola %-%:1.

Solution: = - L =] ....{i) and [-1;6— x SJ
9 Lo 3
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From (i) ¢’ =9 and b* =16

As equation of tangent line at point P(x, y J":) to the
2 2

Hyperbola x——y—2=1 is
a b

2

xl" _nr
p b2 (i)
16

Put ¢’ =9,5 =16, x, =—§— . ¥, =Svalues in (ii)

)
wAg P¥ s N0 OF

9 16 2, 16
16 5 16
=> —x—=1=—y multinlied by —
27‘: 16y 3 + 5

Now equation of normal at point P(x, , y,) to the
2 2

hyperbola i,——-”—’,-=1 is
a b

2. 2(x~ I
b (.V 3’1):_a (x x‘) oo 111)
Y J
Put values in (iii)

16
16@-5)__9("'?]

5 AR\
3
16
27(::———]
3 16 27 (9)16)
A+ T, W S R ICTNE P,
Q) (y 16 1 16" 16
- iﬁy..-gzx+9+1s
577716
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s e J20)  29%5 smiftipliad iy -
256 16 16
135 125
= y=—-——x+— Ans.
256 16

X F =]

Note: The book answer is corroct for if T

As equation of tangent line at point P(x, , y,) to the
2 2

do =] i

Hyperbola -
yp a2 b..

AF e 4 ii

a’® b’ (i)
16
3

Put a*=9,b> =16, x, ="~ , y, =Svalues in (ii)

5)
¥ A3 = =>-§y—£=l

9 16 9 3

=> 2 =241 = ’—-3ix+~9— Ans
M TReNs5 )
Now equation of normal at point P(x, , y,) to the

5

= 27

v
hyperbola — - "—=1
yp 0 aI b!

17 A My —
Bv=x)_ @G=%) i Put values in (i)

X, b1
16
16[1’——-)
3)_ 9-5) __ . _16)__9
g » : => 3 x 3 )= 5)"*'9
3
9 o 5
=> —y=-3x+16+9 multiiplied by 5
5 12
u et g s
>y 3x 9 n
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Transformation of axes : Let O(0, 0) be the origin of

the rectangular coordinate axes ¥ia Y
Xy -system.

If we change the origin

to a point C(h, k) we get

< > X

new rectangular coordinate din w0
axes XY — system which is <— d >
parallel to xy —system.
The rclation between them is v
x=X+h and y=Y+k ¥

(a) Rotation_of axes about old origin :
Let X,Y coordinate

system is obtained from the Y

xy coordinate system by B
rotating through an angle &
with origin. (8) o) X

Then the relation between xy and XY —systems is given
by the following equations.
x=Xcos8-Ysin@%>(a)
and y=Xsin@+Ycosd — (b)
Eq (a) and eq (b) are the equation of rotations of
X,y in terms of X and Y.
Now equations of X and Y in terms of x and y
X =xcos@+ ysinf = (c)
Y=ycosf-xsinf — (d)
Eq (c) and (d) are the equation of X and Y in terms of

x and y.
(b) New origin and new axes about old origin and old

axes.
Let 00, 0) be the origin of rectangular coordinate axes
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ox and oy. Let O(kh, k) be theorigin of rectangular
coordinate axes OX and QY .New rectangular coordinates
axes OX and OY are obtained by rotating of
rectangular coordinateaxes OX and OY through an

angle &, where 0<&<90”. Then

x=h+X cos@-Y sin@ ...... (a) and
y=k+X sinf+Y¥ cosb ....... (b)

Angle through which the axes be rotated about the origin
to that the product term xv is removed from the
transformed equation :

If ax®+2hey+by? =0 ....(i), Then xy term will be

remove from (i) if f9=-1-tan'!£ 2h J
2 a-b

i

Exercise 9.4:
Q.1: Translate to parallel axes through the
(a) point (0. 2), theequation 2x-y+2=0
Solution: 2x-y+2=0 ..... (V)
Here h=0 and k=2
Since x=X+h=X+0 = x=X ...(ii)
And y=Y+ky, [FEP=%+2 ses- (iii)
Put (ii) and (iii) in (1)
2X-(Y+2)+2=0 =>2X-Y-2+2=0
=> 2X-Y =0 Adns.
(b) point (-1, 2), the equation x’+y>+2x—4y+1=0
Solution: x* + 3y’ +2x—-4y+1=0.....(i)
Here h=-1 and k=2
Since x=X+h => x=X-1...(i)
And y=Y+k = y=Y+2 o (iii)
Put (ii) and (iii) in (i)
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(X =1P+(+2f +2(X -1)-4(r +2)+1=0
= X2 DX 21+ 2 +4¥ 344 2X -2-4Y —B+1=0 .
= X2+Y? =4 Ans.
(¢) point (3, —4), the equation
x?+2y* —6x+16y+39=0
Solution: x? +2y? —6x+16y+39 =0.....(1)
Here h=3 and k=-4
Since x=X+h = x=X+3 ...(i)
And y=Y+k = y=Y-4...... (iii)
Put (i) and (ii)) in (i)
(X +3)+2(r-4) -6(X +3)+16(Y -4)+39=0
=> X2 +6X +9+2V* -167 +32-6X —18.+16Y - 64+39=0
=> X*+2Y* -2=0 Ans.
(d) point (-2,2), the equation
x4+ 3% =3xy+10x-10y+21=0
Solution: x?+y? =3xy+10x-10y +21=0....(0)
Here Ah=-2 and k=2
Since x=X+h = x=X-2 ..(i)
And y=Y+k => y=Y+2 ....(ii)
Put (i) and (iii) in (i)
(X -2) +(r +2) -3(xX-2)¥ +2)+10(X -=2)—10(Y +2)+21 =(
=> X -4X+4+Y* +4Y +4-3XY -6X +6Y
+10X —20-10Y —20+21=0
=> X2 +Y?=3XY -11=0 Ans.
Q.2: Transform to axes inclined at angle
(a) 45° to the original axes of the conic x’ - y* = a?

Solution: x? -y’ =a* ...... (i) and 6=45°
As we know that equation of rotation are
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x=Xcos@—-Ysinf — (a)
and y=Xsinf+Ycosé — (b)

1
Since cosé=cos45" =—
42

" 1
And sin@=sn45’ =—
2

put these values in (a) and (b)

X Y 1 -
x=7_2-———ﬁ => x=ﬁ(}(—]’) ...... (ii)

And

Put (iii)) and (iv) in (i)

(o) (yoen]
= %(x2 L 2,1.'}’)—%(3'2 +¥?+2XY)=a’

=> X2+ Y - 2XY SX*¥222XY =24
=> —4XY=2a> => 2XY=-a’
=> 2XY+a’=0  Ans.
(b) 90° to the original axes of the conic y* =2px
Solution: y’=2px ....(i) and 6=45°
As we know that equation of rotation are
x=Xcos@-Ysin@ — (a)
and y=Xsinf+Ycosf — (b)
Since cosf=c0s90° =0
And sinf=sin90° =1 put these values in (a) and (b)
x==Y ...(i) and y=X ... (iii)
Put (ii) and (iii) in (i)
X?=-2pY Ans.
(c) 45° to the original axes of the conic x’ +y” +4xy—1=0
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Solution: x? + y* +4xy-1=0...... (i) and @=45°

As we know that equation of rotation are
x=Xcos@-Ysinf — (a)
and y=Xsinf+Ycosf - (b)

Since cos@ =cos45’ = A

And sin@=sin45° = 71= put these values in (2) and (b)
X ¥

x=7_a--7_5 = x_T(X = ¢ o (ii)

And y*-—.J—_-+J_ = x=E(X+Y),....(iii)

Put (iii) and (iv) in (i)

0r-n) « (g5t - g txem)
—(X-Y)| +| =(X+Y)| +4 =(X-Y X+Y
(-0 +(5lr+n)] +{0e-n| Hx+n)
~1=0
= %(Xz+Y’—2XY)+%(X’+Y’+2X}’)+%(X’—Y2)-1=0
multiiplied by 2
=> X2 +Y? - 2XY + X?+ Y +2XY +4X* -4Y? -2=0
=> 6X*=2Y*-2=0
= 3X2-F¥?-1=0 Ans.
(d) 45° to the original axes of the conic

y? =222 -10v2y +2=0

Solution: x? — y? -22x-10/2y +2=0..... -.(i)-
and &=45° .

As we know that equation of rotation are
x=Xcosf@-Ysinf — (a)
and y=Xsinf@+Ycos@ — (b)
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Since cosd =cos45° =

m"&ll._.

And siné =sin45° = T put these values in (a) and (b)

V2 2 V2

X ¥ 1
And y=—4=+—= = =—
Y"ETRE OT TR

Put (iii) and (iv) in (i)

(56 (gt -2t
—10~/§(31-_2-{X + Y))+2 =0

= %(X’ Ly -—2XI’)-—%(X’ + 72 1 2XPR0(0AY)

-10(X +Y)+2=0 multiiplied by 2
=> X?+Y?-2XY-X*-Y*-2XY -4X +4Y
-20X -20Y+4=0
=> —24X-16Y+4=0 diivided by -4
=> 6X+4Y-1=0  Ans.
Q.3: Transform to new axes inclined at an angle

(a) tan'l(%] to the original axes of the conic

14x* +11y* —36x +48y —4xy+41=0 through (1, -2).
Solution: 14x?+11y* —36x+48y —4xy +41=0....(i)
Then equation of rotation- are

x=h+X cos@-Y sinf ...... (a) and
y=k+X sin@+Y cos ....... (b)

Let &=tan™ l =5 tanB:—I-
2 2
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secd =+/1+tan -1’1+ 1’l+—
=> secl = J:=_{

Now cosé@=
: secB -J_

Also sin@ =+/1-cos 9—]’1 1fl-——
=5 sin9=1‘-:—=J:=-——
5 5

Put values siné and cosé and h=1,k=-2 in(a)

Put (ii) and (iii) i
1

n
14(1+ix'- Y'T+11[—2+ : X'+iy')z
N R S
—36[1+ - X'——-I—Y'J+48(—2+—~!5—X'+—%§Y'J

—4(1+72_§X' —71_5—}")[—24-%}[' +—%Y'J+41=0

42 10 4 0 4 2 ]
Ny \ VEGE s L PN, 'y S,
[ 5 s BT NG
1o Vom & o B s B
+1144+-X" 4=V ——=X +=XY -—=Y
]( 57 5 oF 5 @ o8 ]
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P
—Y [+48 -2+—=X +—=Y
J NN ]

3 4 Do By B
| E, BRI, S S X4 XY =2 (+41l=D
4( N 5 5 )
1

f—'—*?
o
:><
SH

+[56 4 72 48 3) . (__l_ﬂ__j'ﬁ+£+ﬂs._l§_Jy'
N N R 5 N5 55 s

o]
+[-ﬁ+ﬁ-ls]xy +14444-36-96+8+41=0

59 _2 66 15 14 24
= =X ——Y —-—-—-XY -25=0
5 :f :?

(b) tan"[— -:—) to the original axes of the conic
11x* + 4y —20x- 40y + 24xy-5=0 through (2,-1).
Solution: 11x? +4y? =20x-40y +24xy—5=0 .....(>1)
Then equation of rotation are
x=h+X cos@~Y sinf ...... (a) and
y=k+X sinf+Y cosb ....... (b)

Let €=tan'1[—--4-] = tanf= —i

=> sec@-—\)1+ 9-1‘1+ ———
=> sechH= 1’1+— f

=> sechd =—
3
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Th f=— =2
€n COS secg 5

sin @ = v1-cos? 9—1!1 1‘1———
: ’25— 16
=> siné= —-2—5"—‘/?'5—'—

Since & lie in the fourth quadrant

Then siné =—-;:

Putcosé’:%, sin€=-%,h=2 and k=-1in{(a) and%p)
suBs S X £ 2F .00
& '3
s s
=1-3x .3y . .
y o e (fii)

Put (ii) and (iii) in (i)

2 2
11(2+§X'+i}"] +4(—1-—iX'+EY') —20(2+§X'+iY')
5 5 5 S : 5 5
-40(—1-ix'+3Y‘)+2{2+§-X'+51" '—1—ix'+§Y‘J
5 5 5 5 5 5

-5
0 ... 165 L1024 16

W4+ X 4 P 2 X+ XY 42

[ 357 T Vg 5 J

&\.*8 6. A
1+ 8 2 N2 By Sy M
4[‘”25‘7" 'S Tndii- sl L 25XYJ

-20[2+3X'+3Y'J-4 —1-3X'+3Y'
5 5 5

+24( 2-——X Ayl g -lxr+£}'2')-5=0
e T
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i(99 +64-288)X7 + % (176 +36 + 288)r
132 32 60 160 264 176 24 80 120 48)..
X+ + ¥

55 55 3 5 58 5 3
+§1—(264—96—168)X'Y'+44+4—40+40—48—5=0
125

= s i ¥ 5001” ox'—ﬁr'—5=o
25 25 5

=> -5X7+20Y? -12.8Y -5=0 Ans.
(¢) tan™ (%} to the original axes of the conic
3x? +10y% +6x + 52y — 24xy =0 , through (3 , 1).
Solution : 3x* +10y* +6x+52y —24xy =0 ...... (i)
Then equation of rotation are

x=h+X cosf@-Y sinb ...... (a) and
y=k+X sind+Y cosf .......{b)

Let 6= tan"[sJ => taumfo‘-2
secfd =+/1+tan’ @ = 1’1-&- —.J —-J_
=> sec9——— => 0059——

sm@—wfl cos’ @ = 1’ 1’1———
’25 16 _ ’
9_ .__
=> sin 55

Put h=3, k=1, smf;:«_g i cosa=i;- in (i)
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Put (ii) and (iii) in (i)

2 2
3(3+14—X'—§—Y'J +10[1+§X'+EY'] 6(3+ X—EY]
5 5 5 5 5
3 . 4. 4 . 3_. 3 . A
+52(1+=-X +=Y |-24[3+=X ==Y [[3+=-X +=Y |=
(s oo rfassr g

=> 9+EX"+1 4 —X ——XY —1—81’)
25 25 5 25 5

+10(1+1X'2 16 —X -—X'Y'+iY'J

25 25 5

+6(3+5X'—%Y']+52[1+%X'+iy')

—24[9+21X+i' 12X2 7XY—1—2-Y]=0
5 25 25 25 25

215(43 #90- 288X %+ L 274160+ 288)r*
+%(72+60+24+156—504)X'+§(—54+40-—18+208-72)Y'

+2—15—(-72+ 240-168)X'Y +27+10+18+52-216=0

oW + 2y B2y M 1090
B 5 s

S 6X'2+19Y‘—1—?5—2-X lgiy ~109=0 Ans.
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Q.4:At what angle the axes are rotated about the origin so
that the transformed equation of the conic

(a) 11x*+4y*-20x-40y+24xy—5=0 does not contain
the term involving XY .
Solution: 11x? +4y?-20x—-40y +24xy—5=0 .....(J)
We know thatif ax® +2hxy +by® =0 .....(ii),
Then xy term will be remove from (i) if
6= 1 tan"[-—z-i—J ....... (iii)
2 a-b
Comparing (i) and (i) a=11, b=4 , 2h=24
Put these values in (iii)

1 24 1, (24
6=—tan™| —— => f=—tan” ——)
2 (11-4) ” 2 (7

= 6 =%(73.74)= 36.87°

Or approximately §=37" Auns.

(b) 5x*+7y* +243xy-16=0 does not contain
the term involving X7 .

Solution: 5x* + 7y +2v/3xy =16 =0 .....(})

We know thatif ax® +2hxy +by* =0 .....(ii) ,
Then xy term will be remove from (i) if

9=lm*‘( 2! ) ....... (iii)

2 a-b
Comparing (i) and (i) a=5, b=7 , 2h=243
Put these values in (iii)
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