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Unit — 8: Conics - 1:

Circle : The set of points in which the distance of each point

from a fixed point is same is called circle.

The fixed point is called centre of the circle and the
distance between the centre and the point of circle is called
radius of the circle .

Let C(k, k) be the centre of a circle . p(x,y)

Let P(x,y) is point on the circle,
Then |[CP|=r
= (x—hf +-8) =~

= (x=-hY +(y-k) =r* ....0)
Eq(i) is the equation of the circle with centre (%, k) and

radius »r.
Note: If centre at (0, 0) ,put 2=0, k=0 in (i)
2249 =1 oia (i)

Eq(ii) is the circle equation centre at origin.
Example .1: Determine the equation of a circle with centre
at (-2 ,1) and radius r=3.
Solution: The equation of the circle is given by
(x=hf +(y-kf =7 ....()
Put h=-2 , k=1 and r=3 in(i)
(x-2F +(y-1f = @)
= x'-6x+4+y*-2y+1=9
= x +y*~6x-2y-5=0 Ans.
General equation of the circle :
General equation of the circle is
x*+y*+2gx+2fp+c=0 , with centre is C(-g, -f)

and radius is r=4g’+f*-c .

Note: (i) If g?+ f*—c>0 ,then the circle is real and
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different from zero.
(ii) If g?+ f*—c=0, then the circle is reduced to a single
point is called point circle.
(iii) If g?+ f?>—c<0 , then the circle is imaginary or virtunal .
(iv) The coefficients of x> and y’ are same and there is
no term containing xy .
Example .2: Find the centre and radius of a circle
45x* +45y* —60x+36y+19=0
Solution: 45x* +45y* —60x+36y+19=0

Both sides divided by 45.
60 36 19
2yt ——x+ =0
45" " 457 45
4 4 19
= X +y ——x+=p+—=0 ...(i
Vo3I 0
General equation of the circle is
X +y'+2gx+2fH+c=0.eeee. (ii)

Comparing (i) and (ii)

The centre is C(-g, — f)= C{—- -_)
2 3
and radius is r=-./g2+f2—c=J[_§) +[%] __1;5.

J4 4 19 ‘,100+36-95 41
= r= =

9 25 45 225 V225
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Example 3: Find the equation of the circle which passes
through the points 4(1,0), B(0 ,-6)and C(3, 4).
Solution: Let the equation of the required circle is
2+ +2ex+2f+¢c=0 ... (a)
Since (a) passes through the points A(1,0) , B(0 , -6) and
C(3,4). Put x=1, y=0 in(a)
(1) +0+2g(1)+0+c=0
= 2g+c=-1 ....(i) ,
Take B(0 ,-6): put x=0, y=-6 in(a)
0+(-6)+0+2f(-6)+c=0
= —12f+c=-36 ....(ii)
Take C(3, 4): Put x=3, y=4 in(a)
B) +(4) +22)3)+ 2NH#)+c =0
= 9+16+6g+12f+c=0
=> 6g+8f+c=-25 ....../(ii)

Now we can solve the eq(i) , eq (i) and eq(iii) by simple
addition or subtraction or by matrix method to find
the values of g ,f and c.

The system of linear equations (i) , (ii), (iii) in the matrix

form is AX =b

2 0 1][g] -1
0 -12 1|{f|=]|-36
6 8 1llc]| |-25

Now the augmented matrix is
2 0 1 -1

A/b={0 =12 1 =36 | wechangeitinto echelon form
6 8 1 =25
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R0 ~-12 1 =36 (R -3R
9 8 =2 =22
2 0 1 =l
RO -12 1 -36 R3+§J‘i’2 Which is in echelon form
0 0 2 -46
s 3 J
- 46 %3

From R, = —§c=—46 => ¢= =-6—29- ...(iv)

From R, = -12f+c=-36 ....(V)
From R, =>2g+c=-1 ....... (vi)

Put ¢= %2 in (v)

69 69
-12f +—=-36 => -12f =-36——
! 2 / 2
—T72-69 141 47
:)—12 = = = = —
4 2 / 12x2 8
Put ¢c=— in(vi)
2g+§2=—1 = 2g=—1—2—9
sa\vd . .7
&g 5 g 4

Put values of f ,g and ¢ in (a)
71 47 69

x> +y 42 ———)x+2[—) +—=
4 4 5/ 2

S Pafailpe iy,
FEeP R 2

=> 4x* +4y* —142x+47y +138 =0 is the required circle
equation .
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Example. 4: Find the equation of a circle which passes
through the point 4(3,1), B(2,2) and has
its centre on theline x+y-3=0
Solution: Let A4(3,1), B(2,2) and
x+y=3=0 .ccceu (i)
Let C(h,k) be the centre of the required circle .
Then IAC' . ]BC| is radius of the circle.

So |4C|=|BC]|

= J(h-—B)z +(k-1) =\/(h—2)2 +(k-2) squaring
=> K —6h+9+k —2k+1=h"—dh+4+k* -4k +4
=> —6h+4h-2k+4k=8-10
= -2h+2k=-2 divided by -2
= h—k=1 ...
Since the centre C(h ,k) is lie on the line (i),
then put x=h, and y=4% in (i)
h+k-3=0 = h+k=3.... (#i1)

Now adding (ii) and (iii)
h-—k=1
bt de=3
2h=4
=> h=2, Put h=2 in (iii)
2+k=3 = k=3-2=1

Thus centreis C(2, 1).Now radius is
r=laci=y@=-3F +(1-1F =y +(0F =1
=Ssrel

Now equation of the circle is
(x-nY +(y-k) =r* put values A=2 , k=1
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= (x-2) +(y-1)' =
= x'-4x+4+)y’ -2y+1=1
=> x’+y?—4x-2y+4=0 Ans.
Example.5: Find the equation of the circle which passes
through the two points 4(0, —1) and B(3, —3) and
3x=2y-2=0 istangent line to the circle
at apoint (0, -1) .
Solution: Let A(0, —1) and B(3, —3) and
I =29 =2 =0 curessl)
Let C(h,k) be the centre of the required circle .
Then [AC| ; ]BC| is radius of the circle.

So |AC|=|BC]

= =0 + (= (D) =(h-3) +(—(-I)
= J(h—O)z +(k+1)?' =\/(h-—3)2 +(k +3)2 squaring
= M +k*+2k+1=h —6h+9+k*>+6k+9
=> 6h+2k—-6k=18-1 => 6h—-4k=17 ...... (ii)

Now slope of ‘E‘E:ml 22270
¥ =N
k(D) _k+1 g
h-0 h
Now from (i) => 3x-2=2y
2

3 2
=> = — X —— eIV
=¥ (iv)

Then the slope of line (i) is m, =-:;—

Since the line (i) is tangent to the circle at B(0 ,— 1)

then the radius 4C is perpendicular to line (i) .
As m.m,=-1 put values

=> ml=
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["_’fl](i] =-1 => 3(k+1)=-2h
n \2

= 3k+3=-2h => 2h+3k=-3...0v)
Eq (v) is multiplied by 3
=> 6h+9%k =-9 ...(vi)
Subtract (ii) from (vi)
6h+9k =-9
+6h F4k==%17
13k =-26

Put £=-2 in(v)
2h+3(-2)=-3 => 2h-6=-3

=> 2h=-3+6 =>h=%

Thus the centre is C[%- a —2].

Now radius is r=|4C] =‘/[%—0]2 +(2=(=1)f

S D

Now equation of the circle is

(x=h) +(y-k)Y =r® put values h=§ , k=-2

= (x-2) sty %) 2
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2 9 2 13
=>X"=3x+—+y +4y+4=—
4 v # 4

9 15

2 2

= x"+y* -3x+4y+—-+4-—=0
y b 4 4

9+16—]3=0

= x*+y'=3x+4y+

= :c2+y2—3x+4y+%2=0

=> x’+3y*-3x+4y+3=0 Ans.

Exercise 8.1:
Q.1: In each case, find an equation of a circle, when the
centre and radius are the following :

(@ (0,0) , r=4
Solution: The equation of the circle is given by
(x—hY +(y=k)Er)....0)
Put A=0, k=0 and r=4 in(i)
(x=0) +(y-0) =(a)
= x?+y>=16_ Ans.
®) (3., 2), K1
Solution: The equation of the circle is given by
(x—h) +(y—-k) =r? ....()
bat A=3 , k=2 and r=1 in(i)
(=3 +(y-2) =1
= (x—3)2+(y—2)2=1 Apns.
() (-4,-3), r=4
Solution: The equation of the circle is given by

(x=n)f +(y-k) =r* ....()
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Put h=-4 , k=-3 and =4 in (i)
(=) +-3) =)
= (x+4)+(y+3)’' =16  Ans.
(d (~a,-b),r=a+b
Solution: The equation of the circle is given by
(x=h) +(y—k) =r* ....(D)
Put h=-a , k=-b and r=a+b in(i)
(= a) +()-B)) =(a+b)
= (x+a) +(y+bf =(a+b) Ans.
Q.2: In each case, determine the equation of a circle using the
given information .
(@ C(0,0), tangent to the line x= -5
Not: Tangent to the circle : The straight line which
touch a circle at only one point is called tangent to the
circle at that point.The distance of the centre from
tangent to the circle is the radius of the circle.
Solution: The equation of the circle is given by
(x=h) +(y-k) =12 ..u()
Since the radius of the circle is equal the distance of centre
C(0,0) from the tangent x=-5.
As the distance from origin to x=-5 on the x- axis is
equal to 5. Then r=5 and A=0 ,k=0 putin (i)

(x=0) +(»-0) =(5)
=> A a ¥ 2925 Ans.
(b) C(0, 0), tangent to the line y=6
Solution: The equation of the circle is given by
(x=n)Y +(y—=kf =r? ....(0)

Since the radius of the circle is equal the distance of centre

C(0,0) from the tangent y=6.
As the distance from origin to y=6 on the y- axis is equal

to 6. Then r=6 and 7=0 ,k=0 putin (i)
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(x-0)+(y-0) =(6)
= x’+y*=36 Ans.
(¢) C(6, —6), circumference passes through the origin .

Solution: The equation of the circle is given by

(x—h) +(y—k) =r? ....(0)
Since the circle passes through the origin O(O : 0)
Then r=|0Cl=+/(6-0) +(-6+0)
=> r=+36+36 =>r’=72
Put h=6 , k=—6 and r*=72 in(i)
(e-6F +(r- (6 =72
=> (x-6y+(y+6f =72  A4ns.
(d) C(-— 9, - 6), circumference passes through the point
P(-20 ,8).
Solution: The equation of the circle is given by
=R =k) =)
Since the circle passes through the point P(-— 20 , 8)

Then r =|CP|=+/(-20-(-9)) + (8 -(-6))"
=> r=/(-20+9) + (8 + 6)° =+/(~11)* + (14)
= r=y1214196 =217 = r*=317
Put h=-9 , k=-6 and r?>=317 in(i)

(x=(9) +(y-(-6))* =317
= (x+9) +(y+6) =317 Ans.
Note: If a circle has tangent to o

the x — axis.

Since the equation of x —axis is CcOh,
y =0, 11
Then the radius of the circle

is the distance from C(# , k) °

[= ]

Y
™
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and tangent to thecircle is r= |k| .
() C(-5 , 4), tangent to the x — axis.
Solution: The equation of the circle is given by
(x=hY +(y=k) =r* ....(0)
Then the radius of the circle is the distance from centre
C(~5 , 4)and tangent to thecircle is r=|k|=4.
Put h=-5,k=4, r=4 in(i)
(x=(=5) + -4y =(4)
= (x+5V +(y—4) =16 Ans.
Note: If a circle has tangent to y
the y - axis.
Since the equation of y -axis is {4 (h.\c)
x=0.
Then the radius of the circle
is the distance from C(h , k) ~p ¥ :

v

and tangent to thecircle is »=|A .
(® Cc(5, 3), tangent tothe y-— axis.
Solution: The equation of the circle is given by
(x=hY +(y—k) =r? ....(i)
Then the radius of the circle is the distance from C(5 , 3)
and tangent to the circle is
r= |h| =5.
Put h=5,k=3, r=5 in(j)
(e<8) +(y-3) =)
= (x-5V +(y-3) =25 4ns.
Q.3: In each case, find the centre C(~g , — f) and radius

r=+g’+f>—c of the following :
@ x*+3p*-8x-6y+9=0 ...... (i)
Solution: General equation of the circle is
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X+ Y +2gx+ 2 +c=0.urennnnn (ii)
Comparing (i) and (ii)
2g=-8 = g=-4
2f==6 => f=-3 and c=9
Now centre is C(-g,-f)=C(-(-4),-(-3))=C(4, 3)
Radius: r=V’E2+f:—c=\/’(—4)2+{~3)2—9
= r=416+9-9=416=4 Ans.
(b) 4x* +4y? +16x-12y-7=0
Solution: 4x* +4y° +16x~12y~7=0 ,divided by 4

=> x2+y2+4x—3y——-£-=0 ...... (i)

General equation of the circle is
X+ 428 +2H+6=0ururnnns (ii)
Comparing (i) and (i)
28‘ =4 = g= 2

3 7
2f=-3 => f=—-—(andc=——
4 7= T

Now centre is C(-g,—f)= c[_z , _(_%D= C(_z, i]

2
Radius: r=,/g2 +f2—c=\](2]3+(_%] _[_Ei.]
\/ 9 7 ‘j16+9+7 32
=> r= 4+Z+“= =

4 4 2
= r=”16"2=4‘5=2ﬁ Ans.
2 2
(© x*+y"+4x—6y+13=0 ...... (i)
Solution: General equation of the circle is
X+ 42+ 2+ =0nieninnn (id)
Comparing (i) and (ii)
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2f=—6 = f=-3 and e=13
Now centre is C(-g,-f)=C(-2,-(-3))=c(-2,3)

Radius: r = WZ\[@)Z +(—3)2 =19
= r=+4+9-13=J0=0 Ans.
@ x*+3'—x-8y+18=0 ....(J)
Solution: General equation of the circle is
22+ 3 428842040 =0 cneseses (ii)
Comparing (i) and (ii)

2g=-1 = g=—;1:-

2f=-8 => f=—4 and c=18

Now centreis C(—g , —f)=C[—(—-é—) , —(~4jjzc[l 4)

2 *

2
Radius:r =+/g° + 2 —c =\/[-—%J +(=4))-18 =1’—i-+16~—18

s ,z\]l_g: E=J_Z
4 4 4

The circle is imaginary . Ans.
Note : The book answer is wrong.
Q.4 Ineach case, find an equation of a circle which passes
through the three points :
(a) 4(-3,0), B(5,4), c(6,-3)
Solution: Let the equation of the required circle is
x*+32 +2ge+2f/+c=0 ....(a)
Since (a) passes through the points 4(-3,0) , B(5 , 4)
and C(6,-3).
Take A(—B 5 0): Put x=-3 , y=0 in(a)
(-3V +0+2g(-3)+0+c=0
=>-6g+c+9=0 = -6g+c=-9 ...... (i)
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Take B(5 ,4): Put x=5,  y=4 i
(5 + () +22)(5)+(2/X4)+¢c=0
=> 10g+8f+c+25+16=0
=> 10g+8f +c=-41....(ii)
Take C(6,-3): Put x=6, y=-3 in(a)
(6) +(=3) +(2gX6)+ (2 =3)+c=0
= 12g-6f+c+36+9=0
=> 12g—-6f+c=-45 ... (iif)

The system of linear equations (i) , (ii), (iii) in the matrix
form is AX =b

-6 0 1flg =
10 8 1|lf]|=|-41
12 -6 1f|c —45

~6 0 1 -9
Now the augmented matrix 4/b=| 10 8§ 1 -—4]

2 -6 1 —45
we change it into echelon form

1 3
1 o -2 02
5 (T2
Ao 8 1 .-4|-=R
12 -6V M5
o 1 3-..
AR 2
6 2
A\ & s [F10A
3 3 R,-12R,
A <6 3 -&
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1 8 =2 2
6 2
Bo 1 L+ 5 |2z
- 3 8
0 -6 3 -63
1 o -+ 2]
6 2
RO 1 % ~F | B 6E
o 0 5 -105

From R, => f+%c = =7 Puests (v)

From R, => g—%c =% ........ (vi)
Put ¢=-21 in(v)
f+(-é-](—21)=—7 = f-7=-7

= f==-7+7=0
Put ¢=-21 in(vi)

1 3 7 3 3 7

N = o)< = LA S .

8[6]()2 > 87373 T E&8=373
=> g=i=—2

2
Put valuesof g,f and c in (a)
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X +y? =22k +0y-21=0
= x’+y*—d4x-21=0 dns.
(b)y A(7,-1), B(5,3), D(-4,6)
Note: This question we can solve by another method.

The above method is very long.
Solution: Let C(h.k) be the centre of the required circle.

Then |AC|, |BC] and fDC'] is radius of the circle.
So |4C|=|BC|

=> N/(h—?)E +(k+1) = /(h—5)2+(k-3)2 squaring
= KB -14h+49+k* +2k+1=h*—10h+25+k* -6k +9
=> — 14k +10h + 2k + 6k = 34— 50
=> —4h+8k=-16 Divided by —4
= h-2k=4 ... (i)
Also  |4C|=|DC]|
=> (h=7) +(k+1] =(h=(=4)) + (k-6)
= \/(h—’?)z +(k+1) =\[(h+4)2 +(k-6) squaring
=> I —14h+49+ Kk’ +2k+1=h" +8h+16+k* —12k +36
=> —14h—8h+2k +12k = 52-50
=> —22h+14k=2  Divided by -2
= 1lh=Tk==1 ... (i)
Eq(i) is multiplied by 11 => 11h-22k =44 ....(iii)
Now (iii) — (ii)

11h-22k = 44
1A+ 7k =%1
—15k =45

= k=-3 put k=-3 in (i)
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h-2(-3)=4 = h+6=4
=> h=4-6=-2
Thus the centre is C(—2 i —-3).
Now radius is av'=]AC}=\/(—2—'/)2 +(=3=(=1)f
=> r=\/(—9): +(-3—e~1)2 =\/§1+(—2)2 =/81+4
= r=+/85

Now equation of the circle is
(x-hF +(y-k) =r* put values h=-2, k==3

= (r-(-2)f + (- (-3)) = (V&5
= (x+2f +(y+3) =85
=> x*+dx+4+y' +6y+9=85

= xX*+y +4x+6y-72=0 Ans.
() A(1,2) , B3,-4) , D5, —6)
Solution: Let C(k,k) be the centre of the required circle .
Then [AC|, |BC| and |DC| is radius of the circle.

|AC[-|BC|
._>J (h=1) + (k-2 =J(h-3) + (k- (- 4)}

->Jh 1) (k2 ) \f(h 3 +(k+4) squaring
= W -2h+1+k>-dk+4=0" -6h+9+k* +8k+16
=> ~2h+6h—-4k -8k =25-5

=> 4h-12k =20  Divided by 4

=N =T ... 63)

Also |4C|=|DC]

=> J(i=1F + (k-2F =(h -5} + (k- (~6)f

=> J (A=1F +(k~2) =\f(h—-5)2 + (k+652 squaring
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=> R -2h+1+k*—4k+4=h*-10h+25+k* +12k +36
=> -2h+10h-4k-12k=61-5

=> 8h-16k=56 Divided by 8

= h-2k=T7 ... (ii)

Subtract (i) from (ii)
h-2k=17

Put k=2 in (ii)
h-22)=7 => h=7+4=11
Thus the centre is C(11, 2)

Now radius is r=[AC'|=\/(11-—1)2+(2—-2)2

= r=4(10f +0 = ,/(10) =10

Now equation of the circle is
(x-h)Y +(y-k) =r* put values h=11 , k=2
= (x-11) +(y-2) =(10)
= x’-22x+121+y? -4y +4=100
=> x*+3y*-22x-4y+125-100=0
=> x'+y'-22x-4y+25=0 Ans.

Q.5: In each case, find an equation of a circle which
(2) contains the point (2 : 6) s (6 . 4) and has its centre

on theline 3x+2y-1=0
Solution: Let A(2,6) , B(6, 4) and
3x+2y—=1=0 .eeuee @)
Let C(h,k) be t:ecentreof the required circle.
Then |4C|, [BC| is radi.s of the circle.

So |4C|=|BC]|
=> \](?— 2)2 + {cf - 6)2 =.\f|(h - 6)2 + (k - 4)2 squaring_
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=> h'—4h+4+k ~12k+36=h" -12h+36+k> -8k +16
=> —4h+12h—-12k +8k =52 -40
=> 8h—-4k=12 divided by 4
=> 2h-k=3 ... €2))
Since the centre C(k ,k) is lie on the line (i)
thenput x=~h, and y=k in (i)
3h+2k-1=0 = 3h+2k=1 .....(ii)
Eq (ii) is multiplied by 2 = 4h-2k=6 ....... (iv)
Adding (ii) and (iii)

3h+2k=1

4h-2k=6

e
=> h=1, Put h=1 in (i)

2()-k=3 => 2-3=k
= k=-1

Thus centreis C(l,-1).Now radius is

r=AC| =@~ 1) +(6+1) = (1) +(7) =1+49
=>r=4+/50

Now equation of the circle is
(x—h) +(y—kf =r* put values h=1 , k=-1

= (@1 + (- (-) = (V50]
= (x=1+(y+1) =50
=> x*-2x+1+y*+2y+1=50

e ¥24 9P =204+ 2942~-50=0
= x*+y'-2x+2y-48=0 Ans.
(b) contains the point (4,1), (6,5) and has its centre
on theline 4x+y-16=0
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Solution: Let A(4,1) , B(6, 5) and
4x+y-16=0 ...... (i)
Let C (h ,k) be the centre of the required circle.
Then |AC|, |BC| is radius of the circle.

So |AC|=|BC]|

=> J(h—4)2 +(k-1) =\mz—6)2 +(k-5) squaring
=> N -8h+16+k> —2k+1=h"-12A+36+k*>-10k + 25
=> -8h+12h-2k +10k=61-17
=> 4h+8k =44 divided by 4
= h+2k=11 ... (i)
Since the centre C(/ ,k) is lie on the line (i) ,
thenput x=#4, and y=k in(i)
dh+k-16=0 => 4dh+k=16 ... (i)
Eq (iii) is multiplied by 2 => 84+2k =32 ....... (iv)
Now (iv) — (ii)
8h+2k =32
tht2k==x+11
Th=21
=> h=3, Put h=3 in (ii
3+2k=11 = 2k=11-3
= 3f =3 = =i
Thus centreis C(3, 4) . Now radius is

r=|AC|=y(B-4f +(4-17 = (-1 + Bf =+1+9
=>r=410

Now equation of the circle is
(x“h)z +(y—k)2 =r? put values h=3 , k=4
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= (x-—3)2+(y—4)2=(wf13)]
= x’-6x+9+y*-16y+16=10
= x*+y'-6x-16y+25-10=0
= . x*+y*-6x-16y+15=0 Ans.
Q.6: Find an equation of a circle which passes through the
points :
(@ (0,0), (0,3) and theline 4x~5y =0 is tangent to

at (0, 0) .
Solution: Let 4(0, 0) , B(0,3) and
4x -5y =0 ...... (D
Let C(h ,k) be the centre of the required circle.
Then [AC|, |BC| is radius of the circle.
So |4C|=|BC]

=> \/(h—O)2 +(k-0) =“/(h—-0)2 +(k-3) squaring
= R +k=h +k*-6k+9

Gl s B "
6
= k:é-
2
Now slope of AC =m, =22=% [}
o
= ml=-if——-9-=—]£....(ii) 2 P
h-0 h e
put k=§- in (ii) 4x-5y=0
= ml=—;’-; o (i)
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Now from (i) => 5y=4x Or — —:ix cenns(iV)

Then the slope of line is m, =-§-

Since the line (i) is tangent to the circle at 4(0, 0) then the
radius AC is perpendicular to line (i) .
As m.m,=~-1 put values

(—-%—)[i]=—l > 12=-10k
&
6

i 3 h=-1—2~=—-
10 -
; 6 3
Thus the centre is C “5* 5

6 G&TY/.Y
Now radius is r=|AC|=\/[—~5-—OJ +[5—0]

36 9 J144+225 JSGQ
= P —_t - = =
25 4 100 100
Now equation of the circle is

(x—h) +(y—k)Y =r* put values h=.-_§. , k:_;.

- (b

= x‘+—=x+—=+y ' -3y+—="—""=-
25 4 100
(b) (0 ; —1) ; (3 ,0) and theline 3x+y =9 is tangent to
at 3,0).

Solution: Let 4(0, -1) , B(3,0) and
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IEP=9 e (i)
Let C(h,k) be the centre of the required circle.
Then [AC|, |BC| is radius of the circle.
So |4c|=|Bc|
=> J(h=0F + (k- (D) =/(a-3) +(k-0)
= \f(h ~0f +(k+1) = J(h ~3¥ +(k-0) squaring
= h*+k*+2k+1=h*-6h+9+k*
=> 6h+2k=8 = 3h+k=4 ... (i)

Y5 — MW
X, =X

Now slope of BC = m, =
k-0 k

== m =-;-:—:-3- -;I-:‘j ....(iii)

Now from (i) = y=-3x+9 .....(iv)

Then the slope ofline is m, =-3

Since the line (i) is tangent to the circle at B(0, 3) then the
radius BC is perpendicular to line (i) .

As m.m,=-1 put values
(&)
-3)=-1 => 3k=h-3
Uz-?:)( )
=> -h+3k=-3 ...(v)
Eq (v) is multiplied by 3 = -3h+9 =-9 ...(vi)
Adding (ii) and (vi)

3h +k=4
-3h+9% =-9
10k =-5
=3 k-—--—5—=—l.
10 2

Put kz—% in (v)
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—h+3(——1-]=-3 => —h-g==—3
2 2
P U TS ST W o
2 2
3

Thus the centre is C(% - —l)

3
Now radius is r:]AC[:J@——OT +[—l-(—1))2
) 6

Now equation of the circle is

{.?—h)2+(y—k)z=r2 put values h=§- ,k=-%

> (L))

o

1_10
4 4
1 10
= x'+y =3x+y+—t—=—=0
> x'+y'=3x+y T

N x2+y2—3x+y+10; =0

=> x*+y'=3x+y=0 Ans.
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Note: Concentric circle: If one circle having a
common centre with another circle is called concentric
circle .

Q.7: Find an equation of a circle that is concentric to circle

(a) 2x*+2y?+16x—7y=0 and is tangent to y —axis.
Solution: 2x?+2y*+16x-7y=0 divided by 2
=> x* + y* +8x-—£—y=0 servanell)

As we know that the general equation of the circle is
X+ +22x+2/H+c=0 .cerene. (ii)
Comparing (i) and (ii) ,
2g=8 = g=4

7 7
W =cs = fo-t
des N -

Now the centreis C(-g, —f):C[_:;, Z]
Then the centre of the given circle (i) as well as required circle

7
is Cl—-4 ,—|.
= ( 4)

Since y —axis is the tangent to the required circle
Then the radius of the circle is the distance from centre

C(—4 . -Z—J and tangent to the circle is
r=|n=|-4=4.

The equation of the circle is given by
(e~ +(y—kF =7 ...(i)

Put h=—4,k=%, red G
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o)+ (1) -y

7
. 4
7 2
=> (x+4)2+[y-——4-] =16 A4ns.

(b) x*+y*-8x+4=0 andis tangent to the line
x+2y+6=0
Solution: x*+y? -8x+4=0 ...(J)
X+2Y+6=0 .oease (ii)
As we know that the general equation of the circle is
X+ +2gx +2f+c=0 uennn. (iii)
Comparing (1) and (iii),
20=-8 => g=-4
2f=0 => f=0
Now the centreis C(-g .- f)=C(4, 0)
Then the centre of given circle (i) as well as required circle is
C(4 ,0).
Since line (ii) is the tangent to the required circle
Then the radius of the circle is the perpendicular distance
from centre C(4 ,0) and tangent line x+2y+6=0.

r_d_|ax1+byl+c|
ol gl '\
Put x, =@} N0V, a=1,b=2, c=6 in(iv)
e |(1)(4r)+ (2Y0)+6| |4+0+6
Jr+@F i
10

= y=—
V5

The equation of the circle is given by
(x=h) +(y—k) =r* ....00)
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Put h=4,k=0, r=*l—(-)— in (i)

75
(x-4)2+(y—0)1=[i-%J2

3 » 100
= (x-4)' +(y-0) = i

= (x—4P +(y-0f =20  Ans.
(¢) x*+3»*+6x—-10y+33=0 and touching the x —axis .
Solution: x* + y* +6x—-10y+33=0 ....(J)

As we know that the general equation of the circle is
X+ +28x 42 +¢c=0 .ureeen (i)
Comparing (i) and (ii),
2g=6 = g=3

2f==10 =% f=-5
Now the centreis C(-g, - f)=C(-3, 5)
Then the centre of given circle (i) as well as required circle is

(=3 , 5)

Since the required circle touching the x-— axis
then x -axis is the tangent to the required circle
Then the radius of the circle is the distance from centre
C(-3 ,5) and tangent to the circle is

r='[k|=i5|=5 a
The equation of the circle is given by

(k=B +(p-k) =r* ....0)
Put h=-3,k=5, r=>5 in (i)
(e= (3 + (-5 =6F

= (x+3) +(y-5)\ =25

Tangent and normal : If a line touch a circle at only one

point is called tangent line. The point where tangent meets
the circle is called point of contact.
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The hine which is perpendicular to the tangent line is called
normal .

tangent line

Normal line
Example 7: Find the points of intersection of the line
3x~4y+20=0 and thecircle x*>+y* =25
Solution: 3x—-4y+20=0 .....(1) and
4y =25 i)
4y-20
3

From (i) => 3x=4y-20 => x= oue- (1)

2
Put (iif) in () = [43’ ;20] P
2
_ 16y +4gO—160y+
=> 16y* —160y +400 +9y* = 225
=>25y? —160y +400-225=0
=> 25y’ -160y+175=0 , divided by 5
=> 5y? =32y +35=0
5y -25y—-7y+35=0
=> 5y(y—5)-7(y-5)=0

= (y-5)5y-7)=0
=> y=-5=0 and 5y-7=0

7
= p=35 and y=-5'-

yt=25

Put y=>5 in (i)
L _4(5)-20 _20-20
3 3

=0 Put y=% in (iii)

www.perfect24u.com


https://www.perfect24u.com/
https://www.perfect24u.com/
https://www.perfect24u.com/

KPK MORE BOOKS, NOTES VIST NOW: PERFECT24U.COM

7
4 —1-20
s [5) _28-100 72 24
3 s¥¢3 1B 5
. . , 24 7
Thus the point of intersections are (O 3 5) and (-—5— s E]

Condition of tangency : The line y =mx+c...(i) touch the

circle x2+y? =a? ..(ii) if c=z%aVl+m® ...
Eq(iii) is the condition for a line which touch the given circle .
Put (iii) in (i) = y=mxtaJl+m? ....(iv)
Eq (iv) shows the equation of tangent line in slope form .
Example 9: Find the coordinates of the middle point of the
chord which the circle x*>+y*+4x~2y—-3=0 cuts off on
the line x-y+2=0
Solution: x?+y?+4x-2y-3=0 ....(i)
x=y+2=0 .i0ece (i)
As from (i) then 2g=4 = g=2
and 2f=-2 = f=-1
Then the centreis C(-g ,- f)=C(-2, 1).
Let the line (ii) cuts the circle (i) P_——0Q
at points P and Q. | Line(ii) 1
Z

Let M(x,, y,) is the middle point of the chord PQ.

Join C and M .
Then line CM is perpendicular to the chord PQ.

Since M(x,, y,) lie on line (ii) . Then eq(ii) becomes
X -y +2=0 ...(ii)

Now from (ii) = y=x+2

Then the slope line (ii) is =, =1.
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» -1
x+2
Since CM is perpendicular to the chord PQ , then

g sl B
m.m, =—1 >[I]+2)(1) 1

= y-l=-x -2

Now slopeof CM is m, =

= X+ +1=0 ......(iv)
Now adding (iii) and (iv)

-y +2=0
x5+ +1=0
2x,-3=0
~ 2

=> X =-': , put x =-% in(iv)

-
3

=>"“.:+_1r|‘rl:0 = y =

~p :
2

W o w

3=2
7z

Thus the middle point is M(—— g l) Ans.
W2) 2

Point of contact: If y=mx*ayl+m® be a tangent line

to thecircle x> +y’ =4”, then the point of contact is
\

given by A(x ,y,):A[ — = J

Viem®  f1+m?
Equation of tangent and normal to a circle at a point :
The equation of circleis x*+y* +2gx+2/+c=0 ...(0)
Then the equation of tangent to the circle (i) at the point

Alx, yl) is
xx, +yy, + glx+x)+ fy+3)+c=0 ...... (a)
The equation of normal to the circle (i) at the point
Axon) s y-n=2 ) )
n+g
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The equation of tangent to the circle x* + y* =4’ at the point

Az p) BB oxx s =a e ()
The equation of normal to the circle x’+ y® =4’ at the point
Alx , y) is  xy,-yx =0 ....... (d)

Example .11: Find the equations of the tangent and normal
to the circle x” +3? =25 at apoint (3, 4).
Solution: As we know that the equation of tangent to the circle
x* + y* =a? at the point A(x, . ) is

xXx +y, = & sendll
Here put a* =25, x,=3 , y, =4 in (i)
3x+4y =25 istherequired tangent equation .
The equation of normal to the circle x*+ 3’ =4’ at the point
Az, . 7)) 8 2,-1%=0 cvene (ii)
Put x, =3 , y, =4 in (ii)
=> 4x -3y =0 is the required normal equation .
Two tangents to the given circle: As y=mx+ al+m? -..(A)
is any tangent to the circle x’ +»’ = a’.Then the tangent

line passes through the point A(x, , y,) is

y, =mx, +avl+m’

=> y,—mx=avl+m’ squaring both sides

= (J"t __mxl)z =(am)7

= yl+m’xl =2xym= az(l +m?)
= [xf —c:.'z)m2 -2x,ym+yl —a* =0 ....(B)
Eq(B) is the quadratic equation of m , from eq(B) we find
two values of m , then put these values in (A) ,we get
two tangent lines .
Length of tangent to a circle from a given external point:
Let x>+ 3y°+2gx+2fy+c=0 ....() is the equation of circle
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Let P(x,, y,) is external point.

Let PT be the one of two

tangents drawn from point P ¢ S

to the circle (i) .

Then the length of tangent
PT is ¥

|PT|= X+ 42gx 42, +€ enn(@)

The length of tangent drawn from the point P(x,, ) to the

circle x*+y*=a’is |PT|=y/x] +y] -a’
Example :13: Find the length of the tangent drawn from
the point P(3 , 4) on the circles
(@) x*+y*=9
(b) x*+y*-2x-y-3=0
Solution: (a) x> +3* =9 ....%0)
The length of tangent drawn from the point P(x,, y,) to the
circle x?+y*=a’is

lPT)=1/xf +yi—a® ..(@) ,Putx, =3,y =4,a*=9 in (ii)
=> |PT|=y() +(4) =9 =/9+16-9 =16 =4
b) x*+y*-2x-y=3=0 .....(0)
The length of tangent drawn from the point P(x,, y,) to the
Circle x> +y? +2gx +2fy+c=0 is
|PT!=fo+yf+2gx,+2ﬁl+c (1))

Put 2g=-2,2f=-1,¢c=-3, x,=3, y, =4 in (i)

PT| = /(3) +(4) +(-2)3) + (-1)4)-3

=J9+16—-6-4-3 =12 Ans.
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Exercise 8.2:
Q.1: In each case, find the tangent and normal equations

(a) Atapoint (1,2) to thecircle x*+y* =5
(b) Atapoint (-3, -2) tothecircle x*+3? =13
(c) At a point (4, 1) to the circle x* + 3> —4x+2y-3=0
Solution: (a) x* +»* =5 ....(}) and (1,2).
As we know that the equation of tangent to the circle
x? +y? =a’ atthe point A(x, , y,) is
XX+, =a" ....(3)
Here put a’=5, x, =1, y,=2 in(a)
x+2y=3 is the required tangent equation .
The equation of normal to the circle x* + y* =a?® at the point
Alx , ) is  x—-yx =0 ....... (b)
Put x, =1 , y, =2 in(b)
=> x—2y=0 is the required normal equation .
(b) x*+y*=13 ....()) and (-3 ,-2).
As we know that the equation of tangent to the circle
x? + y* = a* at the point A(x] ; yl) is
XX+, =a" ....(a)
Here put a°=13 , x,=-3 , y,=-2 in(a)
-3x-2y=13
=> 3x+2y=-13 is the required tangent equation .
The equation of normal to the circle x* +)* =a’ at

the point A(x, , »,) is  xy,—yx, =0 ....... (b)
Put x, =-3 , y,=-2 in(b)
=>-3x+2y=0 is the required normal equation .
(¢) x*+y* —4x+2y~3=0....(3) and (4, 1)
Here 2g=-4 =>g=-2 , 2f=2, f=1, ¢=-3
Then the equation of tangent to the circle (i) at the point
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Put g=-2, f=1,c=-3,x,=4, y,=1in(a)
=>4x+1.y-2(x+4)+1{y +1)-3=0
=> 4x+y—-2x-8+y+1-3=0
=> 2x+2y-10=0 => 2(x+y-5)=0
=> x+y—5=0  both sidesdivided by 2
is the required equation of tan gent.
The equation of normal to the circle (i) at the point
2+f(x_x1)
Put g=-2, f=1,c=-3,x,=4, y,=1inin (b)

1+1
e fx=]

=> y—1=%(x-—4) = y-1=1(x-4)

A(x1 =.V1) is y-y-=

= y-l=x-4

=> 0=x-y-4+1

=> x~y-3=0 Iis the required eqution of normal.
Q.2: Ineach case, find the tangent and normal equations
(a) At a point (cos 607, sin 60") to the circle 36(x* + y*) =13
(b) At a point (2c0s45°, 25in45°) to the circle x* + y* = 4
(c) Atapoint (00530" , Sin 30") to the circle x* +y* =1
Solution: (a) 36(x* +y*)=13

13
—3. x2+ 2=—— ------ 1
¥ =G ®
and point (cos 60°, sin 60")= [—;— , :/5_3“]
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As we know that the eg#fation  of tangent to the circle
x*+y* =a® at the point 4(x, . v,) is
XX+, =a° ..u(8)

Hiere pai & =os L, P in (2)
P 38 * Ty 2 T
1 J§ 13 13
SNy 2R e 2 _
2 ¥ 2 Y 3% x+3y = *36
e x-}.ﬁyE.—_

=> 18x+183y=2
is the required tangent equation .
The equation of mormal to the circle x?+ y* =a? at the point

Az ) B - =0 s (b)

1 3
put az=3—g,xl=—2—,y,=§ in (b)
=> —;-xﬁig—yﬂ)

= Xx- ﬁy =0 is the required normal equatiorr.
) x*+y’=4..() and

Pointis (2cos45®, 2sind5® )= ( oL J‘J (2, J2)

As we know fhat the equation of tangent to the circle
x* + y* = a® at the point A(x, , y,) is
XX+ =a" ....(a)
Here put a’ =4 , X, =2 s i =v2 in(a)

4
V2x+42y=4 => x+y=—r
F . >

=> X+ y= ﬁ
g the required tengent equation .
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The equation of normal to the circle x* + y> =a’ at the point

Alx, , ») is  xy,-1x,=0 ....... (b)
Put x, =v2 , », =42 in(b)
=> \Ex—ﬁy=0

=> x—y=_0is the required normal equation .
(¢) x*+yp*=1...(0)) and the point is

(cos 30° . sin30”)=[£ < -1—]
2 i

As we know that the equation of tangent to the circle
x* + y* =a® at the point A(x, , y,) is
XX+, =at .e(a)
V3

Here put o’ =1, X == , W " in (a)

Z 2
3ol
—_— e — =1 => 3x+ =2
) X 2)" y

is the required tangent equation .
The equation of normal to the circle x’ + y* =a” at the point

Alx, , 7)) is' =% =0 cover (b)

V31
= —x——y=0
2 2
=> +/3x—y=0 isthe required equation of normal.
0.3: For what value of n,
(a) The line [x +my+n=0 touches the circle x> + y> =a’
(b) The line x+y+n=0 touches the circie x*+3y*=9

(c) The line 2x+2y+n=0 touches the circle x* + y* =81
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Solution: (a) lx +my+n=0 ....(i) and x’ + )y =a’....(i)
As we know that the condition which the line y = mx+c..(a)
touch the circle x* + 3y’ =a" ....(b)

if c=zaVvl+m® ...(iii)

From (i) => my=-Ix—n

= p= —-—{—x . cenne(iV)
m m

Then the slope ofline (i) is m = -——E—.
m

Also from (iv) and (a) => et
m
And from (i) = a’=a’

i .as
Put m=——,c=- and a=a in (iii)

2 2 2
=> n_z = az[m t] J both sides multiplied by m*
m m

=% nZ = m2 +12
(b) x+y+n=0 ....(i) and x*+y*=9.....(ii)
As we know that the condition which the line y =mx+c..(a)
touch the circle x>+ y* =4’ ....(b)

if c=xaVl+m? ....(iiD)

From (i) =- y=—-x—n ...(iv)

, then the slope of line (i) is m =-1.
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Also from (iv) and (a) = c=-n
And from (ii) => a’=9 = a=3
Put m=-1,c=-n and a=3 in (iii)

~n=+@)1+(-1) = -n=%3J2

= (- n)’ =(13-J§)2

=> n’ =18 Ans.
(©) 2x+2y+n=0....(1) and x*+y® =81.....(ii)
As we know that the condition which the line y = mx+c...(a)
touch the circle x*+3p? =a’ ....(b)

if c=zxaVl+m® ....(ii)

From (i) =>2y=-2x-n divided by 2
n .
=> y=-x——..(iv
b ¢ 2 (iv),
then theslope ofline(i) is m =-1.
Also from (i) and () => c= --;3

And from (ii) = a*=81 => a=9

Put m=—1,c=——;- and a=9 in (iii)

%:i(9),/1+(-1)’ = —n=%18J2

= (-n) =(+18v2] = (324)2) = 648
=> n* =648 Ans.

0Q.4: For what value of ¢
(a) The line y=mx+c touches the circle x? + y2 =a’.

Solution: y=mx+c ....(i) and 2 4 =8 weiva (ii)
Put (i) in (ii)
X +{mx+c)f=a> = x*+m’x*+c* +2mex=a’

=> (1+m’)3c2-t-2r1mr::t:-i~c2—a’l =0 ......(JiK)
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Since eq(iii) is the quadratic equation of x . Then x has two
roots . Now line (i) touch the circle (ii) only if x has equal
roots (values) .
we know that the roots of quadratic equation are equal if

b* —4ac =0 .....(iv)
From (ii) a=1+m?,b=2mc ,c=c*-a’ putin (iv)
@me) - 4(1+m?)c? —=a?)=0

=> 4m’c?* —4c* +4a’ —4m’c* +4a’m* =0
= —4c’ +4a’ +4a’m* =0
= —c’=-a’-a’m* = ¢’ =a2(l+m2)

=> c=+a+1+m" is the required the required value of c.
(b) The line y=-x+c touches the circle x*+3°=9.
Solution: y=-x+c¢ ....(iJ) and x> +p2=9...... (ii)

Put (i) in (ii)
X +(~x+cf =9 =>x?+x?+c’ -2ex =9

C = 2% —2ex+ ¢t =-9=0.....(i)
Since eq(iii) is the quadratic equation of x . Then x has two
roots . Now line (i) touch the circle (ii) only if x has equal

roots (values).
we know that the roots of quadratic equation are equal if

b —4ac =0 ....(iv)
From (i) a@=2,b=-2c ,c=c*-9 putin (iv)
(~2¢) = 4(2)c* -9)=0
= 4c¢*-8c2+72=0
=> —4c¢*+72=0
= ~4¢'=-72 => ¢*=18

= c=+18 =432 is the required the required value of c.

(c) The line y=-x —-% touches the circle x? + y* =81.
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Solution: y=—x—%....(i) and x?+y? =81.......(i)

Put (i) in (i)
cY c?
x2+[—x-———] =81 => x> +x’+—+cx=81
2 4

2
= 2x? +cx+%—81=0 multiplied by 4

=> 8x* +4cx +c? -324 =0 ....(ii)
Since 2q(iii) is the quadratic equation of x . Then x has two
roots . Now line (i) touch the circle (ii) only if x has equal

roots (values) .
we know that the roots of quadratic equation are equal if

b* -4ac=0 .....(iv)
From (i) a=8,b=4c ,c=c’-324 putin (iv)
(4c) - 4(8)c* —324)=0
=> 15¢* =32¢* +10368 =0
B 10368

=> - 16¢2=-10368 => c'=——
16

= ¢?=648 => c=1648 =+/324x2

=> c=%182 is the required the required value of c.
Q.5: Find the condition at which the line x +my+n=0
touches the circle x* + y? +2gx+2f+c=0
Solution: Ix+my+n=0 ..... (i)
X+ yt+2gx+2f+c=0 ...(i0)
From (i) => my=-lx-n
Ix+n

m
Put (iii) in (ii) , we get

2
x2+(_£x+n) +2gx+(2f{-lx+n)+c=0 '
m

m

= y=- sosena(iil)
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9.5 .2
- x2+l x +n2+2nlx+2gx_2_x_g__£n+c=0
m m m

2 2
= x? +-l—2-x2 +—n—2~+z-n-£x+23x—3£—x-—2-ﬁ+c-—-0
m m o m m

Multiplied by m?
m*x? +1’x* +n* +2nl x+2gm*x =2 fImx -2 fum+m’c =0
(m2 - 12)::2 + Z(nl ~ flm+ gmz)x-i- (n* =2frm+m?c)=0...(iv)
Since eq(iv) is the quadratic equation of x . Then x has two
roots . Now line (i) touch the circle (ii) only if x has equal

roots (values) .
we know that the roots of quadratic equation are equal if

b* —dac =0 .....(v)
Here a=m*+1* b=2(nl~ﬂm+gm2) and
c=n*-2fmn+m’c in(v)
= [Z(nl—)'lnvwg‘mz)r—4(m2 +12Xﬂ2 —2ﬁnn+m2c)=0
=> 4(n212 + fiPm?® + g'm* -2 f1°nm -2 fgim® +2glnm2)

- 4(”'121'12 ~2fm’n+mic+1°n® -2 fmnl? +l:m2c)z 0
>4',}1212+f212mz-+-gzm'4--,'Zﬂznm--2fg1’m3+2‘s_zl.nm2 0o
\—m’n’ +2fm'n-m'c-I"n’ + 2 fmnl* - Pm’c

(F2Pm* + g%m® -2 fgim’® + 2g Inm’ e
\—m*n* +2 fm'n—m'c-1’m’c

2790 N2
. fif+g'm —-2fgim+2ghn =0

—n’ +2fmn-m’c-1c
= P +g'm? -2fglm+2gIn-n’ +2frm-m’c~1’c=0
= —cl’ + f21* -2 fgim-m’c+ g’m’ +2gIn+2 fmn—n> =0

Multiplied by -1
= cl’ = P +2fglm+m*c-g’m -2gIn-2fmn+n* =0

=>4

www.perfect24u.com


https://www.perfect24u.com/
https://www.perfect24u.com/
https://www.perfect24u.com/

KPK MORE BOOKS, NOTES VIST NOW: PERFECT24U.COM

=> (c -f’)?’ +2gflm + (c—gz)m2 —2n(gl + fm)+n* =0 ...(A)
Eq (A) is-the required condition .

Q.6: For what value of n ,

(a) The line 3x+4y+n=0 touches the circle
x4yt —4x-6y-12=0

(b) Theline x—-2y +n=0 touches the circle
X +y*+3x+6y-5=0

(c) Theline 2x+ y+n=0 touches the circle
x*+y?—2x-10y+21=0

Solution: (a) 3x+4y+n=0 .....(i) and

x2+yt-dx-6y-12=0 ....... (ii)
From (i) =>4y=-3x-n
== y= —3x:n ...... (iii)

Put (iii) in (i)
2
. _3x+n} -4x~6(—-3x+"J—-12=0
4 4

2 2
=> x’+9x edilonr -4x+1§—’5+6—"-12=0
16 4 4
Multiplied by 16
16x> +9x> +6nx+n* —64x+72x+24n-192=0

=> 25x% + (6n+8)x + (n’ +24n - 192)= 0 ....{iV)
It is quadratic equation of X,

Now line (i) touch the circle (ii) onlyif x has equal

roots (values) .
we know that the roots of quadratic equation are equal if

b*-4ac=0 ....(v)
Put a=25, b=6n+8 , c=n"+24n-192 in(v)

A
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[2(3n+4)F - 4(25)n* +24n-192)=0
=> 4{9n* +16 +24n)- 4(25n* + 600n ~ 4800)=0
=> 4(9n% +16 + 245 251 — 600n + 4800)= 0
=>—16n* =576n+4816=0 divided by - 16
=>n’ +36n-301=0

= n*-7n+43n-301=0

= n(n-7)+ 43(n-7)=0

=> (n-7)n+43)=0

= n-7=0 and n+43=0

=>n=7 and n=-43 Ans.
(b) x-2y+n=0 ....(0) and x*+y* +3x+6y—5=0....(ii)
From (i) => -2y=-x-n

= y=x+n veves(li)

2
Put (iii) in (i) .

2
x2+[x+n) +3x+6(x+n)—5=0
2 2
2 2
=s P +2:"+" +3x+3x+3n-5=0

Multiplied by 4.
= 4x’+x2+2xn+n’ +12x+12x+12n-20=0
= 522 +2(n+12)x+n* +12n-20=0 ......(iv)
It is quadratic equation of x , then
b*=4ac=0 ...... )
Put a=5, b=2(n+12), c=n*+12n-20 in(v)
@2(n+12) - 4(5)n* +12n-20)=0
=> 4(n* +24n+144)— 4(5)n* +127-20)=0
=> 4(n® +24n+144 - 5n% —60n+100)=0
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=> —4n* -36n+244=0 divided by -4
=> n’+9m-61=0
— -‘F 2_
Then by quadratic formula n= bk 2b A
a
o -9+ J(9) —4(1)-61) _ -9+ 81+244
2(1) 2
e s -9++4325 -9£18.02
2 2
-9+18.02 -9-18.02
==>p=—, n=—-—

2 2
=>n=?%2=4.52 and rz-—-&zoz-=-ﬁl3.52
Thus n=4.52 , -13.52 Ans.

(¢) 2x+y+n=0 ....(i) and
x*+y? =2x =10y +21=0 .....s (ii)
From (i) => y=-2x-n ...... (iii)

Put (iii) in (i)

x? +(-2x-n) —2x-10(-2x ~n)+21=0
=> x> +4x° +n* +4nmx-2x+20x+10n+21=0
=> 5% + (4n+18)x + (n? +107+21)=0 .....(iv)
It is quadratic equation of x,

Now line (i) touch the circle (ii) only if x has equal

roots (values) .
we know that the roots of quadratic equation are equal if

b>—dac =0 ....(v)
Put a=5, b=4n+18=2(2n+9) , c=n’+10n+21 in (v)
2271+ 9)F —4(5)n? +10n+21)=0
=> 4(4n* +81+36n)—4(5n* + 501 +105)=0
=> 4{4n* +81+36n~5n2 ~50n-105)=0 divided by 4
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= —-n"-14n-24=0
= —(n* +14n+24)=0
= n’+14n+24=0
= n*+2n+12n+24=0
= n(n+2)+12(n+2)=0
= (n+2Xn+12)=0
=>n+2=0 or n+12=0
= n=-2 or n=-12
Q.7:If the tangent length from the point P to the circle
x? +y* =a’ is equal to the perpendicular distance from
p to theline Ix+myv+n=0, then find the locus of P.
Solution: Let P(x, y) be a point on the locus.
Circle equationis x?+y* =4’ ...... (i)
And line is Ix+my+n=0 ...(ii)
The length of tangent drawn from the point P(x,, y,) to the
circle x> +y*=a’ is
|PT|=/x} + 3] —a® ...(ii) , Since the pointis P(x, y).
Putx,=x,y =y, d =a* inlid)
Length of tangent = {x* + y* —a’ .....(a)
Now perpendicular distance of point P{x, y) from line (ii) is
_ |Lr +my+ nl

..... b
VIt +m? -

Given that the length of tangent = perpendicular distance d

+my+n
= Jx +y’-a’ =—|I:‘:--——Z-—2——l sqauring both sides

d

= (I’ + m’Xx’ +y? —a2)= (x+my+n) Ans.
Q.8: (a) Find the locus of the point P,
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(a) if the length of the tangent line from the point P to
the circle x* + y* =9 is equal to the perpendicular distance
from P to theline 3x+4y+3=0.

(b) If the length of the tangent line from the point P to the
circle x> + y* =25 is equal to the perpendicular distance
from P to the line 4x+3y+3=0.

Solution: (a) Let P(x, y) be a point on the locus.

Circle equationis x’+3?=9 ...... (@)
And line is 3x+4y+3=0 ...(ii)

The length of tangent drawn from the point P(xl " y,) to the

circle x*+y*=a’is

|PT| =[x} + y} —a® ...(iii) , Since the pointis P(x, y).

Put x1=x,y1=y,a2=9 in (iii)

Length of tangent = /x> + 3’ -9 .....(a)

Now perpendicular distance of point P(x , y) from line (ii) is
P Bx+dy+3 Px+4y+3] Px+dy+3
= - = = = wssil D)
o<y e s
Given that the length of tangent = perpendicular distance d
=> sz +y'-9= Ej—:%ﬁil sqauring both sides
(Bx+4y+3)
25
=> 25(3:2 +y' - 9)= (3x+4y+3)" Ans.
(b) Let P(x, y) be a point on the locus.
Circle equationis x?+y* =25 ...... ()
And line is 4x+3y+3=0 ...(1)
The length of tangent drawn from the point P(x, , y,) to the

= x'+y'-9=
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circle x> +y*=a’is

IPT|=/x? + 2 =a* ...iil) , Since the pointis P(x, y).

Put x, =x, y, =y, a’ =25 in (iii)

Length of tangent = /x> +y* —25 .....(a)

Now perpendicular distance of point P(x , y)from line (ii) is
. [4x+3y+3 |4x+3y+3 [x+3y+3 ®)
Jor @ Pe s
Given that the length of tangent = perpendicular distance d
= Jx*+y?=25= E—ﬁ%ﬁ sqauring both sides
(4x+3y+3)
25
=> 25(x? + y* —25)=(4x+3y+3) Ans.
Q.9: (a) The length of the tangent from ( f, g) to the circle
x? +y* =6 is twice the length of the tangent to the circle
x*+y*+3x+3y=0 .Prove that f>+g’+4f+4g+2=0
(b) The length of the tangent from (f, g) to the circle
x*+y* =4 is 4 times the length of the tangent to the circle
%2 +y*+2x+2y=0.Prove that
152 +15g2 +32f+32g+4=0
Solution: (a) x>+y? =6 ....(i)
P+ +3x+3y=0 ....(i0)

The length of tangent from circle x>+ 3> =6:
As the length of tangent drawn from the point P(x,, y,) to the

circle x> +y*=a’is

|PT|=+/x +y? —a® ...(iii) , Since the point is P(f , g).

Putxlz.—.f,yl-.:g,az-_-ﬁill(iii)

Length of tangent =/ /> +g? =6 .....(a)

= x'+y'-25=
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The length of tangent from circle x*+ 3y’ +3x+3y=0:

Now the Iength of tangent drawn from the point P(Jcl ) yl) to
the circle x’ +y> +2gx+2/ +c=0 is
IPT| = x2 + y2 +2g%, + 2/, +¢ una(iv)
Since the point is P(f , g).
Put x, =,y =g,2¢g=3, 2f=3,c=0in(iv)
Length of tangent = sz +g*+3f+3g ..un )
According to the given condition
JfP+gt—6 =2(\/f2 +gt +3f+3g) squaring both sides
=> f2+g3—-6=4(f2+g:+3f+3g)
=>0=4f+4g* +12f+12g— f* -~ g* +6
=> 3f2+3g" +12f +12g +6=0 divided by 3
=> fr+g*+4f+4g+2=0 proved.
(b) x*+y?=4...3)
X2+ y? +2x 42y =0 .....(iD)

The length of tancent from circle x’ +y2 = .
As the length of tangent drawn from the point P(x,, y, ) to

the circle x*+yv =a’ is
|PT|=/x} + y} —a® ...(iii) , Since the point is P(f , g).
Put x, = f , y, =g, a* =4 in (iii)

Length of tangent =/ /> +g> -4 ....(3)

The length of tangent from circle x* +y* +2x+2y=0:
Now the length of tangent drawn from the point P(x,, ,) to

the circle x>+ y? +2gx+2fy+c=0 is
[PT|=x2 + y2 +2gx, + 2/, 4~ wuliV)
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Put x, =f,y=g,2g=2, 2f=2,c=0in(iv)
Length of tangent= /1% + g* +2f +2g .....{b)
According to the given condition

Ji+gt -4 :4(\/f2 +g° +2f+2g) squaring both sides
= fl+g*—-4=16(1*+g* +2f +2g)
= 0=16f"+16g" +32f +32g— [ —g* +4
=> 1572 +15g*+32f +32g+4=0 proved.
Q.10: Find the equations of two tangents to the
(b) circle x’ + y® =4 , which are parallel to the
straight line x+2y+3=0.

(b) circle x*+y® =25, which are parallel to the
straight line 3x+4y+3=0.
Note : Two lines ax+by+c¢, =0
and ax+by+c,=0 are

parallel lines because both
lines have same slopes.

Solution: (a) x>+’ =4 ....()
x+2y+3=0 ....(i0)

Now the line which is parallel to (ii) is

x+2y+t =0 ...(iii)
Centre of circle (i) is C(0, 0).
As the line (iii) is tangent to the circle (i) , then the
perpendicular distance d from the centre c(, 0) is
o |ax, +by, + c!

m L P

Put a=1,b=2,c=t, x,=0, » =0 in(iv)

d
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L0001 _
[ +@F v 35

= 4= +—

NG

But the perpendicular distance from the centre to the tangent
line is equal to radius of the circle.
From (i) the radius of the circle is r =2

Theh d=t = dew=D @ t=22fb

7
Put =25 and t=-2+5 in (iii
x+2y+2J5=0..(a) and x+2y-2/5=0...(b)
Eq (3) and (b) are the required tangent lines .
(b) x*+y*=25....0)
3x+4y+3=0 ..... (ii)
Now the line which is parallel to (ii) is
3x+4y+t=0 ....(iii)

Centre of circle (i) is C(0, 0).
As the line (iii) is tangent to the circle (i) , then the
perpendicular distance d from the centre C’(O : 0) is

P |ax, + By, +¢|

—_‘J-a—z__:—bz_ ........ (iV) [}

Put a=3)b=4 <t , x,=0, y, =0 in(iv)
=|(3)(0)+(4)(O)+r|= |:| =__|;L
Joy +lay Vo162

2 d=i-£

But the perpendicular distance from the centre to the tangent
line is equal to radius of the circle.
From (i) the radius of the circle is r=35
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Then d=r = *—-=5 or t=+25

Put t=25 and t=-25 in (iii)
3x+4y+25=0...(a) and 3x+4y-25=0....(b)
Eq (a) and (b) are the required tangent lines .

Q.11:(a) Prove that the lines x =8 and y =7 touch the circle

x*+y*—6x—-4y—12=0 . Find also the contact point.

Solution : Given x=8 => x-8=0 .....(1)

y=T7 = y—T=0 .. (ii)
And circle x> +)? —-6x-4y-12=0 .....(iii)

We know that a line touch a circle only if the perpendicular
distance of the line from the centre is equal to the radius of
the circle.
first we find the centre of the given circle (iii)

2g=-6 => g=-3
2f=—4 => f=-2 and c=-12
Now centre of the circle C(-g, — f)=C(3, 2).

Radius of the circleis »=+/g° + f* —c¢
"= r=y(-3P +(-2P - (-12) =P +4+12 =25
=5 F=] e (a)
Now the perpendicular distance of theline x+0.y-8=0
From centre C(3,2) is |
|ax, + by, +¢|
va® +b?
[(1)3)+(0X2)-8 _p-8 _|-5 _ 3
Jap <y V1
From(a) and (b) d=r.
Hence the line (i) touch the circle .

Now we find the points of contact (i) and (iii):
put x=8 in (iii)

d= sput a=1, b=0,¢c=-8,x=3 ,y,=2

eeus(D)
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(8) +y*-6(8)-4y-12=0
=> 64+ y? -48-4y-12=0

= y'—4y+4=0
= (y-2)\=0 = y-2=0

Thus the point of contact of (i) and (iii) is (8, 2).
Now the perpendicular distance of theline Ox+y-7=0
From centre C (3 ,2) is
. lax, + by, +¢|
va® +b?
0)3)+W2)-7 _R-7_|-3_
Vay +©y o
From(a) and (b) d=r.
Hence the line (ii) touch the circle .
Now we find the points of contact (ii) and (iii):
Put y=7 in (iii)
x*+(7) -6x-4(7)-12=0
=> x* +49-6x-28-12=0
= x*-6x+9=0 => (x-3)=0
= x—3=0 - =73
Thus the point of contact of (ii) and (iii) is (3 2 7) s
(b) x+y—-1=0 and x—y+1=0 touch the circle
x*+y*—4x-2y+3=0 .Find also the contact point.
Solution : Given x+y-1=0 .....>i)
x=y+1=0 ..
And circle x> +3)* ~4x-2y+3=0 .....(iii)
We know that a line touch a circle only if the perpendicular

distance of the line from the centre is equal to the radius of
the circle.

sput a=0, b=1,c=-7,x,=3 ,y, =2
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first we find the centre of the given circle (iii)

2f=-2 = f=-=1 and ¢=3
Now centre of the circle C(-g, - f)=C(2, 1).

Radius of the circleis r=+/g? + f? —¢
= r=y(2P+(1F-3=v4+1-3
=> r=ﬁ......(a)

Now the perpendicular distance of theline x+y—-1=0
From centre C(2,1) is

+b
w sput a=1, b=1,c=-1,x=2 ,y, =1
Va® +b?
12)+())-1] 2+1-1 [2
o g R0~y _R+1-1_ P _ 2 _ 5 il
(F+f V2 2 V2
From (a) and (b) d=r.
Hence the line (i) touch the circle.
Now we find the points of contact of (i) and (iii) :
From (i) = y=-x+1 ...... (iv) put(iv) in (iii)
2 +(1-x)f —4x-2(1-x)+3=0
=>x? +14+x?~2x-4x-2+2x+3=0
= 2x?—4x+2=0 => x?-2x+1=0
= (x-1f=0 = x-1=0

=> x:l

d=

Put x=1in(ivy = y=-1+1=0
Thus the point of contact of (i) and (iii) is (1, 0).
Now the perpendicular distance of theline x—y+1=0
from centre C(2,1) is

+
PO 4. QPRI S e S
va? +b? 1 |
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D2+ (-1XD)+1 R-1+1 |2
;000 pote) B 2 s
<y 2R

From(a) and (b) d=r.
Hence the line (ii) touch the circle.
Now we find the points of contact of (ii) and (iii) :
From (ii) => x=y-1 ....(v)
Put (v) in (iii)
(y-1F +y*—4(y-1)-2y+3=0
= P -2y+1+y* ~4y+4-2y+3=0
=> 2y’ -8y +8=0
= y'—4dy+4=0 = (y-2)=
= p=2=0 = y=2
Put y=2 in(v) => x=2-1=1
Thus the point of contact of (ii) and (iii) is (1, 2) .
Q.12: Find the equations of the tangents
(a) to the circle x’ +y? =2 , which make an angle

45° with x —axis .
(b) to the circle 3x*+3y" =1, which make an angle
30° with x —axis .
(c) to the circle x*+ y*> =4, which make an angle
60° with x —axis .
Solution: (a) x* +3* =2 ....>J0)
As we know that the equation of tangent line is

y=mxtavl+m?® ... (if)

Since the tangent line makes an angle 45° with x —axis,
then the slope of tangent line is

m=tan45’ =1
and from (i) => a’=2 => a=4+2
put values in (ii)
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y=xz% ﬁ(M);}:i(ﬁIﬁ)

== y=xx2 dns.
1

) 3x*+3y*=1 => x*+)° =3— veens(i)

As we know that the equation of tangent line is
y=mxtaVvl+m® ..... (ii)
Since the tangent line makes an angle 30° with x —axis,
then the slope of tangent line is

1
m=1tan30° = —=
V3

and from (i) => a’:% = g=-—=

put values in (ii)

(© x*+y*=4 ....(%0)
As we know that the equation of tangent line is

y=mxtaJl+m® ...... (ii)
Since the tangent line makes an angle 60° with x —axis,
then the slope of tangent line is
m = tan 60° =+/3
and from (i) => a’°=4 => a=2
put values in (ii)
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y=-\f§ S s 2[1/1+(ﬁ)2)=~f§xi2 (\/Z)

=> y=+3 x4 Ars.
Example .15: If 4(-3, 4) and B(l, 5) are the end points of
The chord AB of the circle x> +)* +x-5y—-2=0 , then

show that
(a) The line from the centre of the circle is perpendicular
to AB, also bisects the chord AB.
(b) The line from the centre of the circle to the mid point of
the chord AB is perpendicular to the chord AB.
(¢) The perpendicular bisector CD of the chord AB passes
through the centre of the given circle.

Solution: x*+y* +x—5y—2=0 .....(J)
The general equation of the circle is
2+ +2gx+2/+c=0 ....... (ii)
Comparing (i) and (ii), then

1

2 =1 = =—

g > 8=

5

if > f 5

Then the centre of circle (i) is C(— g, - f ) = C[—% 3 'S‘)

Let D(x, y) is the mid point of chord AB.

NS ER
i
+

: =3k =% = 21
Now slope of AB is ml_xz—x, _1_(_3) e
2.5
The slope of CD is m2=y2_y1 .
e
2

www.perfect24u.com


https://www.perfect24u.com/
https://www.perfect24u.com/
https://www.perfect24u.com/

KPK MORE BOOKS, NOTES VIST NOW: PERFECT24U.COM

9~3
> e B B
=~ MTT24 2 -..1__4
2
Now m,.m, =G:](—-4)=—1

Hence CD is perpendicular to chord AB.

As CD is the line from the centre of the circle to the mid

point D of the chord AB and perpendicular to AB.
Hence (a) ,(b) and (c) are proved.

Example 16: Show that the chords AB and DE are

equidistance from the centre C(0 , 0) of the circle

x?+y? =4 ., The coordinates of the end points of the two
chords are 4(0,2), B(~2,0), D(0,-2)and E(2, 0).

Sclution: The given circle x’+y* =4 ....(i), with centre is
c(, o).
Now the equation of the chord AB is
y-y = Ey 2= ‘;(x—x,) ....... (a) put values
2

(0-2)

= y-2=y5——>=
R SR
= y—=2=x t0or " Qat=y+2 = x—y+2=0.... (@)

Now the perpend:cular distance of the chord AB from the
centre C(0,0) is

(x 0) => y-2=-_—2-x

|ax, + by, +¢|
d='\{a2+b2' ..... (b)
From (ii) a=1, b=-1,c=2 and x, =0, y,=0 putin(b)
00+ e+ P2 g

R T B A AR

Now equation of DE : As D(0,-2), E(2, 0) putin(a)
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(0-(-2)
( 2)= -0
= 0=x-y-2 => x-y-2=0 ....(i)
The perpendicular distance of the chord DE from
centre C (0,0): From (iii)
Put a=1,b=-1,c=-2 and x, =0, y, =0 putin (b)
1X0)+{-1)0)-2 —2
00+ e0-2 42 5 s
JOp +1p el A2
Hence from eq(c) and (d) both chords AB and CD have

equal distance from the centre.
Example 17: Show that the angle subtended by the

minor arc BC of the circle x> +y*=9 is two times the
angle subtended in the major arc. The coordinates of the
minor arc are 3(2 —45 ) Cl2 (

Solution: x*+y*=9,
The centre of circle (1) ?
is 0(0, 0). s Q)N

L (x-0) = y+2=~§—x

A 4

The end points of minor
arc BC are

C
<
>/B

Note : Since B(.’Z N5 ) is a point on the circle and O(0 , 0)
is the centre of the circle. Then the radius of the circle is

r=|0B|={2-0f +(-+5-0f =4a%5=+5=3

Also C lie in the first quadrant and B lie in 4™ quadrant
Then the major arc contains 2™ 3" and some parts of
Ist and 4™ quadrant. Then take point A on major arc.

Here we take A(-3 ,0) because IOA|=

B2, —+5) A EBNE).
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Let A4(-3, 0)is a point on the major arc.Then join

point A to B and C.
Let < BAC =6 is the angle subtended by major arc.

Then slope of BA is m1=y1—y'=0+£=— 5=__.1__
: X, =% =3-2 5 J5

Then slope of CA is m2=yz—y, =0_J§.—_‘/§_—. 1
x,-x, =-3-2 S5 .5

.1 .2 _2

Then tand=-2—"2 _ 5 V5 ‘/§= V5
ity 1 _ L ]_l 21

5 5 3 5

Let <BOC =28 .

_Ya—N 0""‘/5 '\/g
2

Theun slope of BO is m, ==2 = s

k9 0-2
Then slope of CO is m, =222 =0_‘/§=£
% —-x% 0-2 2
;/_5__[_!_5_) 25
m, —m 2 2 5
Then tan2f=——— = =2 -
1+ mym, JE Y 5 5 4-5
2 o e ol e SR
2 |2 4 4

—> tan20 :-5—1@ =45 ....(b)

2tan @

e «er(€) . Put (a) in(c)

Since tan26 =
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Thus proving (a) with result (b).
Hence <BOC =2< BAC.
Example 18: Show that the angle in the semicircle of the

circle (x—h)’ +y* =a® is right angle.
Solution: The circle equation is (x—4) +y* = a* ...(i)
The centre of (i) is C(k, 0) and radius of circle is a .
Since centre on the x- axis then AB is the diameter of the
semi circle on the x—axis. Let P(x, , »,) is any point on
the semi circle.
Since C(h, 0) then OC=h ,*
And AC =radiuc=a P

The coordinates of Ais
OA=0C-AC=h-a
Then A(h-a, 0). o] A\ ¢thoy/®
Also AB =2radius =2a U
The coordinates of B is
OB =0A+ AB
=h-a+2a=h+a

Then B(h+a, 0).
Join P to A and B . we will show that < APB is

H"

right angle.
. »n-0 2
Now sl of AP = =
N s xl—-(h-a) x,—h+a
P 0. _ b4

Now slope of BP is m, = =
P ' x,-(h+a) x-h-a
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2
" 34! B4 - N .
R _[x, —h+aJ [x, Hh—aJ (x, -hY -a®> 40

Since point P(x, , y,) is the point on the circle (i)
Put P(x, ? yl) in (i)

(x, -hf +yt =a® => (x —h)f —a® =—y? ....{iii)
Put (iii) in (ii)
- )"12

-3
Hence the product of slopes of AP and BP is equal to-1.
Thus AP is perpendicular to BP.

Then < APB=90°.
Example 19: Show that the perpendicular at the outer end
point P(1, 1) of the radial segment is tangent to the circle

x2+y*-13x-5y+16=0.

=-1

m.m,

Solution: x* +y?-13x-5y+16=0 ...... (i)
Here 2g=-13 = g=—-~!-2~3—

3
2f=-5 = f=-—=
f=-5 = f=-3
; o 13 §
Then the centre of circle (i) is C(-g , - f)=C ags
The equation of tangent line at point P(x,, y,)to the circle
x*+y +2gx+2fy+c=0 is

xx+yy+ex+x)+ f(y+y)+ec=0 ....(i0)

Baw\ T 7 =1 , g=--1§,f=—% . =16 in (i)

x+y—%(x+1)—%(y+1)+16=0 multiplied by 2
=> 2x+2y-13x-13-5y-5+32=0
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=> -1lx-3y+14=0
=> llx+3y-14=0 .....(70)
Eq(iii) is the equation of the tangent line to the circle (i) at
Point (1, 1).
From (iii) => 3y=-1lx+14
S et gt
SR
Then the slope of (iii) is m, = --IE}

Since CP is the radial segment .Then slopeof CP is

S 32
N . P00 O, _3.2_3
n-x 13_, 13-2 2°11 1

2 2

Now my.m, = (— 131](%] =-1

Then the product of slopes of tangent to the circle and
radial segment CP is equal to - 1.
Thus the perpendicular at the outer end point P(1, 1) of the

radial segment is tangent to the given circle at point P.

Exercise 8.3:
Q.1: If A(2, 2) and B(3,1) are the end points of
the chord AB of thecircle x* +)?—4x-2y+4=0,then
show that
(a) The line from the centre of the circle is perpendicular
to AB,also bisects the chord AB.
(b) The line from the centre of the circle to the mid point of
the chord AB is perpendicular to the chord AB.
Solution: x* + y? —4x -2y +4=0.....()
The general equation of the circle is
P+ ¥ +2gx+2/+c=0 .....n. (ii)
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Comparing (i) and (ii) , then
2g=-4 = g=-2
2f=-2 = f=-1
Then the centre of circle (i) is C(-g, - f)=C(2, 1)
Let D(x y) is the mid point of chord AB.

Then D(x, y)= D[2+3 2"'1) D(E,é)
2 2

L

1

Now slope of AB is m,=y2_y‘ %0 =-1
Xy =% I=2
2_1 3-2
. M=h 2 2 1.2
The slope of CD is m, = = = == —=1
b Y oxex .5__2 2-ANZN

2 2
Now -m.m, =(-1)1)=-1 -
Hence CD is perpendicular to chord AB.
As CD is the line from the centre of the circle to the mid
point D of the chord AB and perpendicular to AB.
Hence (a) ,(b) are proved.

0Q.2: If A(0, 0) and B(0,5) are the end points of
the chord AB of thecircle x*+ y*+4x-5y =0, then
show that
(a) The line from the centre of the circle is perpendicular
to AB,also bisects the chord AB.
(b) The line from the centre of the circle to the mid point of
the chord AB is perpendicular to the chord AB.

Solution: x* + y® +4x -5y =0.....(I)
The general equation of the circle is
x>+ 4+ 2gx+2f+c=0 ....... (ii)
‘ Comparing (i) and (ii) , then
2g=4 => g=2

2f =-5 => fz—%
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Then the centre of circle (i) is C(-g, - f)= C(—Z ; %}

Let D(x, y) is the mid point of chord AB.
Then Dfx,y)= D(0+0 0’*5} D(O ,3]

2 Z 2
Now slope of AB is m =221 e M
xn-%x 0-0 O
Then AB lie along y-axis .
2.2
The dloge of €D & =2t N2 2 0
xn-x 0-(-2) @

Then CD parallel to x - axis .
Hence CD is perpendicular to chord AB.
As CD is theline from the centre of the circle to the mid
point D of the chord AB and perpendicular to AB.
Hence (a) , (b) are proved.
Q.3: (a) Show that the chords AB and DE are

equidistance from the centre C(0 , 0) of the circle

x* +y* =4 .The coordinates of the end points of the two
chords are 4(-2 ,0),B(0,2), , D(0,2)and E@2, 0).
Solution: The given circle x’+y’ =4 .....(i), with centre is

c(, o).
Now the equation of the chord AB is
y—yl_((y1 y‘)(x %) sennei (a) put values
e BE
(2-0) 2
=> y-{}:-._.—-—(x—(—Z)) => y=—(x+2)
(0-(-2) 2
= y=x+2 or 0O=x-y+2
= x-y+2=0 .....(i)

Now the perpendicular distance of the chord AB from the
centre C(0,0) is
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. |czx, + by, +c’ (b)
a* +b’
From (ii) a=1, b=-1,c=2 and xl=0 » ¥y =0 putin (b)

i(l)(0)+( 1)(0)+2| 2 _
Ry "7
Now equation of DE : As D(0,2), E(2, 0) putin(a)
0-2) 2

(
S e 0 = 2=——
0-2-0) = y-22-2x
= y- —-2 =—x => x+y—2=0 ...... (EH)

The perpendicular distance of the chord DE from

centre C(0,0): From (iii)
Puta=1,b=1,c=-2 and _x,=0 , ¥, =0 putin (b)
. !(1)(0):(1)(0)221 2 5
JOf +C1p e EG

Hence from eq(c) and (d) both chords AB and CD have
equal distance from the centre.

(b) x?+y* =16 .The coordinates of the end points of the
two chords are 4(-4 ,0),B(0,4), , D[, 4)
and E(4, 0).
Solution: The given circle x*+)’ =16 ....(i), with centre

is c(0, 0).
Now the equation of the chord AB is
y-y = ((y" -4 '; (r<m ) woonuns (a) put values
2 1
4-0) 4
= y-0=—=—=x-(-4 = y=—(x+4
y (0_(_4))(x (-4)) y=gx+4)

= y=x+4 or O=x-y+4
= x-y+4=0 ..... (i)
Now the perpendicular distance of the chord AB from the
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centre C(0,0) is
o, +8y, + 4
—“J_'T;——bz_ ----- (b)
From (ii) a=1, b=-1,c=4 and x, =0 , y, =0putin (b)
00+ s s
JF+cy R

Now equation of DE : As D(O 4) , E(4 : 0) putin (a)

—4—-8 3(x 0) = y- 4——-%::

=> y—-4=-x = x+y-4=0 ...(iii)

The perpendicular distance of the chord DE from
centre C(0,0): From (iii)
Puta=1,b=1,c=-4 and xl-O y, =0 putin (b)
_00+0)-4_ 4 _ 4 .5
o Jorear Vie Ji

Hence from eq(c) and (d) both chords AB and CD have
equal distance from the centre.

Q.4: Show that the angle subtended by the
minor arc AB of the circle

(a) x*+y* =9 is two times the angle subtended in the
major arc . The coordinates of the
minor arc are A(2 . Jg) . 3(2 ; —Jg) . 4

Solution : x*+p*=9 ....(i) .
The centre of circle (i) &
is 0(0, 0). i o) X

The end points of minor
arc AB are B

AR, ¥5), Bl2, -5)

o

Y
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Note : Since 3(2 . =5 ) is a point on the circle and 0(0 ; 0)
fis the centre of the circle. Then the radius of the circle is

?'=|O.B’=\/(2—0)2 'I'-(---‘\/_S-—*O)z =-\)‘4+S =J§=3

Also A lie in the first quadrant and B lie in 4™ quadrant
Then the major arc contains 2™ ,3™ and some parts of
Ist and 4" quadrant . Then take point C on major arc.
Here we take C(-3 ,0) because |OC|=3=r

Let C(-3, 0)is a point on the major arc.Then join point
C to points A and B.
Let < ACB =@ is the angle subtended by major arc.

Yo=wn _0-+5_5 1

Then slope of 4C is m, = - B
S =y —x 38205 o5

Then slope of BC is m2=y2—-y, =0—(_‘/§)=_‘/§=._L
=% =3-2 =5 5
LoV 2 2
Then tand =2 "2 V5 5 V5 = V5
tmmy a1 1__1_ 3=
5 5 5 S
- =2 34" )..0
5 4 2
Let <AOB=26 .
Then slope of AO is m3=y2-—y, =0_J§=,j§
¥ =X 0-2 2
Y= N 0+\/§ ‘Jg

Then slope of BO is m, = = =—
. YUox-x, 0-2 2
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ﬁ_(_ﬁJ 25
tan 28 = my, —m, 2 2 T___ "/5
1+ mym, sY A5 l—é 4-5
2k 2 5 4
= tax129=—5-1"{-§-=-4£ eeni(D)
2tan @

which is eq(b)
Thus proving (a) with result (b).
Hence < A0OB=2< ACB.

(b) x*+3* =4 is two times the angle subtended in the
major are. The coordinates of the

minor arc are A(l . «E) y B(i " #.\[j') . 4
Solution: x> +y’=4 ....(i) ‘/‘
The centre of circle (i)

is 0(0, 0). e, /5

The end points of minor
arc AB are B

AL, V3), B, -3).

W“
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Note : Since B(l . =43 ) is a point on the circle and O(0, 0)
lis the centre of the circle. Then the radius of the circle is

r =[oa|=\/(1—o)’ +(—J§—0)’ =J1+3=/4=2

Also A lie in the first quadrant and B lie in 4™ quadrant
Then the major arc contains 2" 3™ and some parts of
Ist and 4™ quadrant.Then take point C on major arc.

Here we take C(-2 ,0) because [0C[=2=r

Let C(-2, 0)is a point on the major arc.Then join

point C to A and B.
Let < ACB =6 is the angle subtended by major arc.

i Y= _0-+3 3 1
Then slope of AC = - \ RSN 1
Sl = Xy =%, 2%l -3 3
Then slope of BC is iy =22t gielbl B3 __ 1
X2~ X% —3-1 -3 43
,L_[__L] 3 2
Then tangzml_m2= “-E ¥ =J§ _ 3
1+ mym, [ 1 ]( 1 ] T
o — | ——
BN 3 3 3

2 3
_ m@-—ﬁ—xa-ﬁ )

Let < AOB=26 .
yz")’l_o"‘[g._: 3

Then slope of AO is m; =
=% 0=l

Then slope of BO is m, = 22— =0+J§=—~/3
x-% U-1

S3i-1-4B) 243 243

m3 -"m‘ -

Then tan26 = -
- Ciom, 1B eals) 1 —3
=> tan20=—3 ....(b)
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Since tan29=-i-%$———-—fe ..(c). Put (a) ia(c)
tan 20 = o3) 25 23 3 whichis ().
1_(,5)’ =3 -2

Thus proving (a) with result (b).
Hence <AOB =2 < ACB.
Q.5: Show that the angle in the semicircle of the circle
(a) (;vc—h)2 +y*=a* , h=1,a=2 is rightangle.
Solution: The circle equation is (x—1)’ +y* = (2) ...(0)
The centre of (i) is C(l, 0) and radius of circle is 2 .

Since centre on the x- axis then AB is the diameter of the
semi circle on the x—axis.Let P(x, , ,) is any_point on
the semi circle.
Since C(1, 0) then OC =1 g
And AC =radius=2
The coordinates of A is
O4A=0C-A4AC=1-2=-1

Then A(-1, 0). A E(, 7 /B x
Also AB=2radius=2(2)=4 2
The coordinates of B is

r

OB =04+ AB

=-1+4=3
Then B(3, 0).
Join P to A and B . we will show that <A4PB is
right angle.
Now slope of AP is m = h=d . A

x—(=1) x+1
A »-0_y

Now sl f BP is =l —=_-
ow slope o m, 5 H3

2
= yll yl = yl ----- ii
iy (x, + 1) [xl —3) x; —2x, -2 e

Since point P(Jcl ; y,) is the point on the circle (i)
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Put P(x, , »,) in()
(=1 +y' =4 = x} -2x +1-4=-y]

Put (iii) in (ii)
Ao
- ¥
Hence the product of slopes of AP and BP is equal to-1.
Thus AP is perpendicular to BP.
Then < APB=90°.
M) (x=hf +y*=a® , h=3,a=4 is rightangle.
Solution: The circle equation is (x—-B)Z +y° =(4)2 ...(1)
The centre of (i) is C(3, 0) and radius of circle is 4 .
Since centre on the x- axis then AB is the diameter of the
semi circle on the x—axis.Let P(x, , ) is any point on
the semi circle.
Since C(3, 0) then OC =3 Y
And AC =radius =4

y
The coordinates of A is
OA=0C—-AC=3-4=-1

m.m, =

Then A(-1, 0). A\ | ¢ /B 4
Also AB =2radius =2(4) =8 \/
The coordinates of B is
OB=0A+AB =-1+8=7
Then B(7, 0).
Join P to A and B . we will show that < APB is
right angle.
: =0 _ »
Now slope of AP is m, = % ‘_(_1)— e
Now slope of BP is m, o Ll
%=1 =~
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2
B4 N1 34 5
m.m, = = S
e [x,+l)[xl—7] F—tm g

Since point P(x, , y,) is thepoint on the circle (i)

Put P(x, , y,) in ()

(x,-3)+)y*=16 = x'-6x,+9-16=~y}
=5 % —6% —T==9 ssssun(ii)

Put (iii) in (i)

.ZVIz
) .|
-¥
Hence the product of slopes of AP and BP is equal to-1.
Thus AP is perpendicular to BP. 1

Then <APB=90°.
Q.6: Show that the perpendicular at the outer end point
(a) P(1, 5) of theradial segment is tangent to the circle

m.m, =

x*+y?+x-5y-2=0.
Solution: x>+ y* +x—5y-2=0 ...... (i)

Here 2g=1 = g:—;-

£

2f=-5 = =t
f = TR
Then the centre of circle (i) is C(-— g -f) = C[—-;— a -;—}

The equation of tangent line at point P(x,, y,)to the circle
x>+  +2gx+2fy+c=0 is
xx+yy+gx+x)+ f(y+y)+c=0 ...(i)
Put x, =1, y =5, g=—;-,f=—% , ¢=-2 in (ii)

x+5y+-%~(x+1)—%(y+5)—2=0 multiplied by 2

=> 2x+10y+x+1-5y-25-2=0
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=> 3x+5y-26=0 .....(ii0)

Eq(iii) is the equation of the tangent line to the circle (i) at
Point (1, 5).

From (iii) = Sy=-3x+26

> y=—2x+22
=53
Then the slope of (iii) is 7, =_§
Since CP is the radial segment .Then slope of CP is
§_5 5-10
_Fa=N _ 2 .85 3. B 9
m, = = = S = S
T ox,-x -l—l 241 2 -3 3
2 2

Now m.m, = (-— %J(%) =-1

Then the product of slopes of tangent to the circle and
radial segment CP is equal to - 1.
Thus the perpendicular at the outer end point P(1, 1) of the

radial segment is tangent to the given circle at point P.
(b) P(5, 6) of the radial segment is tangent to the circle

x*+y' —22x -4y +25=0.
Solution: x* +y> —22x-4y+25=0 ...... (i)
Here 2g=-22" => g=-11

2f =4 = f=-2

Then the centre of circle (i) is C(-g , - f)=C(11, 2).
The equation of tangent line at point P(x,, 3, )to the circle
x*+1? +2gx+2fy+c=0 is

x+yy+gx+x)+f(y+y)+c=0 ...(i)

Put x;,=5, yy=6, g=-11, f=-2 , ¢=25 in (i)

5x+6y—11x+5)-2(y+6)+25=0
=> Sx+6y~11x-55-2y~12+25=0
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=> —6x+4y-42=0 divided by —2
=> 3x=2y+21=0 .......(iH)
Eq(iil) is the equation of the tangent line to the circle (i) at
Point (S, 6).
From (iii) => -2y=-3x-21
=> y= _%.x +—

2
Then the slope of (iii) is =%

Since CP is the radial segment .Then slope of CP is
' y2 —yl - 2_'6 . 4 2

my, = —_— ——

B =8 6 3

e oy =(2)-2) -

Then the product of slopes of tangent to the circle and
radial segment CP is equal to -1.
Thus the perpendicular at the outer end point P(1, 1) of the

radial segment is tangent to the given circle at point P.

Review Exercise. 8:
Q.1: Choose the correct option.
(i) If radius of a circle is 2 cm then its equation is
(@) ¥*+3y*=2 (b) x¥*+y' =42
(¢) x*+y* =8 @ x*+y*=4
(ii) In the general equation of circle the coordinates
of the circle are
@ (x y) ® (x-y) @, & @ (-1.-g)
(iii) For the general equation of circle the radius can be
calculated by r =

(@) {x?+)y* - B) (%) +(=p)* =¢?

©) N+ - @ N+ g e
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(iv) A point of the circle at which a tangent meets the
circle is called
(a) Point of contact  (b) normal
(¢ ) center point (d) non of these
(v) If the dimensional of the quadratic equations
m? (xf -a, )—2mx,y, + (yf ~a, )= 0 is greater than
zero tham tangent are
(a) real and different (b) imaginary
(c ) real and concident (d) equal
(vi) The lenth of the tangent drawn from the point P(3 , 4)
on the circle x>+ y*-9=0 is
@1 (b2 ()3 @ 4
(vii) The angle subtended can be calculated by using the
trigonometric identity .

(a) tan20="2""2 () tan29=.__2.3a_n_.;_9__
2tan’ @ tan® @

¢) tan2f = ——— (d tan 20 = —8M8—

© 1+tan’ @ @ ®) 1-2tan* @

(viii) What is the contact point for the lines x = 7 touches
the x> +y* —-4x-6y-12=0
@ (2,8) ® (8,2) © B, 7) @ (7, 3)

(xi) For the condition of tangent line y = mx+c¢ should
touch the circle x* + )’ =r? if

(a) (:::f'\/l_-.—m2 (b) c=—rVJl+m’
(c ) both option (a) and (b) (d) rot option (b) and (c)
(x) A line perpendicular to the contac point to a circle
called
(a) Tangent (b) Normal (c) Chord (d) Diameter
Answers: () d (i) d (iii)c (iv) a (v)a
(vi) d (vi))b (viii)d (ix)c (x)b
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