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Integration .
Definition : The anti of derivative of a function is called

anti derivative or integration of the function.
The integration is the inverse process of derivative.

The integration is denoted by the symbol I 4

i S (Fe)+e)= 1)
= d(F(x)+c)= f(x)dx
=> [d(F(x)+e)=[ f(x)dx
= F(x)+c= f(x)
Or j f(x)dx= F(x)+c is called integration of f(x) and ¢

is called constant of integration.

Some important integrals through differentiation :

Integrals Differentiation

@) [kadx=kx+c Zi-—(kx+c)=k
where ¢ constant of integration|
ntl n+l
(ff)_[x"cbc=%+c, n#-l %(fﬁh:}:x”
n n

(iii)j'£=lnx+c -gx-(lnx.;.c)-_-.l_

¥ x
(iv)_[ sin kxdx = — co;h +c %(— coib: + c) = sin kx
(V)Icoskxdxz Slr;‘:k":ﬂ: %(su;ch+c)=coskr
(vi)jsec’kxdx= tm;kx +c ?i-( tax;b: +c ) =sec’ kx
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(vz'z')J. cosec’kxdx=— satl +c —i;(_ co;kx +c ] =cosec’kx
(viii) [ sec k. tan focdx = SEORE o %[se‘;’“ +cJ = scelor tan kx
(ix) _[ cos eckx.cot kxdx 2 f tew -+ c)
dx k
=- COSECh +c =cos eckx cot kx
(xiii)f ij =sin? x+¢ —gx-(sin“i x+c)== 1-1—x2
(xiir‘)j g «f% =cos'x+c g; (cos"' B+ c): = i -
. dx - d ’ 1
= fan —ltan +c)=
(x:v)J1+x2 x+c dx( X c) p—
or —cot” x+c —fd—(—cot"x+c)= : -
g . 1+x
dx 4 d 4 1
xv =sec” x+¢ —[sec” x+¢)=
( )wa}x""—l dx( ) xvxi-1
or —cosec 'x+c¢ ﬁl—(—- cosec"x+c)= )
dx xyx? -1
G\ o d 4 o 4
(xvf)jﬁ—cosh x+c -d—x(COSh x+c).- -
(xvu)j =sin” ~+c¢ 2 [sm'1 = c] = 1
a* - x’ a dx a a’ —x*
or —cos™ X
a
.
(IS)I o =sinh? = +¢ —(smh" —:E-H:J:—-——- ~
Na? +x? a a AR
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dx d g% 1
xix =cosh™ =+ —cosh™ =4 |=
: )J‘x/xz—.a2 a . dx[ : a c) x*~a*
dx | Y - adtl. 4% 1
=—1 —_ —] =1 — -
(xx) -[a2+x2 < an a+c dx(a an a+c) =y
dx 1. Ja+x d(1,la+x 1
j =—In —| —In =
(m)-[az-x2 2a |la-x dx[ a la-x CJ a’ - x*
dx 1, |x-a d(1, |x—a 1
xxii =—1In +c| —|—1 =
( J“I)J.x2~a2 2a |x+a dx[Za Tr+a +C] x* —a?
(xxz‘ii)_'l?mdx = -l-sec'I e -c?-(l sec™ E) = N el
xVx'—-a® a a dx\a a v —a°
mx d emx
' sl 3 —| —+c|=e™
(x Jrzv)_.'e — c dx[ = c]
(m)faxdx= .3 +c,a#l,a>l0 LS (.8 +c|=a’
Ina dx\Ilna
(xxvi) Isinhxdx=coshx+c —gr—(coshx+c)=sinhx
(xxvii) Icoshxdx=s'mhx+c gt-(sinhx+c)= cosh x

Example .2: Integrate the following
1
3 1
@ [Fdc  (b) Ix—sdr

1 4
1 3" 3 4
Solution: (a) Ix’a!r= : +c:-—-xT+.c=-—x3 +c
: —+1 -
3 3
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Some rules of integration:
(i) constant rule chbc =kx+c ,where k is constant.

(ii) constant multiple rule : [&f(x)dx = k[ f(x)dx +c.
(i) sumrule: [[f(x)£g()kx = [ f(x)dx [ g(x)ax

n+l

(iv) Power rule: J =2

+c , nz&-1
n+l

Important rulel: J'f (x)) dx = ln] f(x)|+e

Proof:  £fnlfo) e} L8
=> dfin|f()+c}= ’}(()) dx
[afin|f ()| +c}= J} (("))
- {1n|f(x>|+c}=j%51dx
Or jf—(i‘ldx= In|f(x)|+c proved.

f(x)
Rule II: j[f(x)]"f'(x)dx:—[z%];:+c, n#-1.

Proof : %[M + C] = '("Ll) [f(x)]’I £

n+1 (n+1)
=[f®f f'&)
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d([f( )]1" ; cJ = [[F@T £ (e
= | d(M+ c) =[[f ] £ (x)ax

n+1

> VO o [heor 7w
= [[f@I ' @ax =_Lf_%)_ll‘_+

Example .3: Evaluate the following integrals :
(@) [(10+a)d ®) [(0+a)ax
() [(5x? +4x+2)x

Solution: (a) [(10+a)dx=(10+a)[dx=(10+a)x+c
(b) _[(10+ar)x2arx=(10+a)’;—3-;-.c-=(1L+3Qxi
() [(5x*+4x+2)dr=5[x dr+4[xdx +2[ ax

13 2

6L 12540
Y 2

2
= —'S—Jf—+£—+2x+c Ans.
3 2

Integration by substitution : In this method some
complicated functions can be integrated .

(i) if integration of the form J. D"(x)]" f(x)dx then
Put f(x)=t = f(x)d&x=dt

(ii) If integration of the form I-‘l}-g-))-dx then

Put f(x)=t = f(x)dx=dt
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iii) If integration of the form Ief @ £ (x)dx  then
Put f@=t = f)&=d
Example.4: Evaluate the following iintegrals

@ [(-5x+7f@x?-5)x @) | 9:‘3_’: - © [ =D

Solution: () [(x* - 5x+7) (3x* —5)ix

Let x° -5x+7=t ....(i)

f—(x’ —5x+7)= ]
dx dx

=5 (sz —5)= -gxf-

= (3% -S)ix = dr......(i})
Put (i) and (ii) in the given integral

I(x3 —-5x+ 7)4(33:2 —S)dx = _[r“dr

£
= b +c  put (i)

3—
=£x_55_x+_7x.+c Am.

dx
®) _I9x+7

Put 9x4 7= Nt.. (i)

_‘:"_(gx+7)=3'£
dx dx

Put (i) and (ii) in the given integral
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J‘ dx ljd{ 1
O9x+7 97t 9
=%1n‘9x+7l+c

(c) Ie(3x+2}dx

Let 3x+2=t ..... (i)
= i(3x+2)=ff-
dx dx
dt 1

= 3="— => dx==d .....(i})
dx 3
Put (i) and (ii) in the given integral
J'e(de-Z)dx . lj'e'dt
3

= %e' +c  put value of

= -}-eb’*z) +c¢  Ans.

Example. 5: If the area A of halling wound changes at
a rate approximnated by % =-4t7 , 1510,

“t” is the time in days and the area A =2 square
centimetres on day t= 1. What will be the area of
wound be in 10 days ?.

Solution: The rate at which the wound area changes is

dA

— =417 ...
= (@)
Integrate (i) w.r.t. to t get wound area A(t).
= = -—I 4t7dt
£-341
= A=-4 +C
~3+1
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Or A(r):—-—%r‘%c => A(r)=;22“+c eea(i)
To find thevalueof ¢ .Put 4=2 , t=1 in (i
=> 2=i2+c = 2=2+c
Y
= ¢=2-2=0
Put c=0 in (i) => A(r)=}:—z2- ...... (i)

The wound area after 10 days: put =10 in (iii)
2 2 1

Exercise 6.1:
Q.1: Evaluate the following integral

(a) _[x’dx
Solution: Ixzdt =2 ge
e e 4
(b) j'(a +15)dx
Solution: [(a+15)dx=(a+ 15)J’dx

=(a+15)x+c
1
(© Jg’;dx
Solution : I-—l—dr =-1—Ildx:
§x 4%
1
=—lnx+c¢
5

(@) [(x*+4x-5h
Solution: J.(?ut'2 +4x - S}bcx = 3Ix2dx - 4_[xa'x - dex

x3 2

=85 Sl S
3 2
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Y+ <S5y +e.

© [(+30)dr
Solution: [(1+3r)dr = [(F +3¢* it
= [Pde +3[*dr
3

=—+—+c
4 5

® [
Solution: j-x-!;dx =J'x'3dx

=3+1

= +c
-3+1
x? 1
="—+4c=-—+c ans.
-2 x
(® [eax
eSx
Solution: I edx=—+c Ans.
5
dx
®) -[1+ x?
5 dx
Solution: dx=5
j1 +x° I 1+ x?
=Stan' x+¢

@ [£edr
1
Solution: jr%ﬁdf = jr’ﬂdf
6+1

= g [t7ar

=J'r%dt
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Q.2: Evaluate the following indefinite integrals by method
of substitution.

(a) I(3x + 4)8 dx
Solution: _[(Bx +4) dx
Ler 3x+4=t ...()
= -— (3x 4) dr

dt 1
= 3=— = dx==dr... ii
dx 3 iy

Put (i) and (ii) in the given integral
I (Bx+4)dx= 2 fr“dr
.
3
_(3x
®) [3x7(x> —4)ax

Solution: J(x3 - 4I?bc2 )fb:

Let x*-4=t ....(i)

23
.—9—+c put value of t
s

4y

27

+c¢  Ans.

= 3x*=— = 3xldx=dt.....(ii)
dx
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Put (i) and (ii) in the given integral
[~ 4)3x e = [ a
=-E+c put value of t
= x4 +c Ans.
2
© [(Bx* +7)x +7x) ax
Solution : J (x + 7x)B (.ax +7)rix
Let X*+7x=1 .uuue. )]

‘i(x +7x)=%

= 3x° +7-£t-
dx

= (Bx+Tc=dt ... (ii)
Put (i) and (ii) in the given integral

j(x3 + 7x)s(3x2 + 7)dx = J.tsdt

rg
=3+c put value of t

3,
CREE) NP

(@ j( _7x), s

x
Solution: J.(?:?-i—;;—)‘ dx

Let x*=7x=¢ ....(0)
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d d
E;(f e 7x)=-£-

= (x*-Thr=dr ... (if)

-7 . _rdt
{==n il

= [rat
_.{.-.3..=._.—1.— ut value of ¢
=3 a2 ¥
3x? =7 1
DI . SR Ans.
I 7_-;)' (x _7x), +c¢ Ans
© [ Jsr—_ dt
Solution: I g dt

& Ty

Let 32 -1 LN .-- (ii)
d i3 dx
& X j=—
AL
dx

Put (i) and (iii) in (i)

6 1
IﬁrTf__?dr-—-Ix 2k
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=======================_=1_:===================================
o b, +¢
1
—-—+1
2
k2 1
LI +c
-1+2 7 1
2

2
=2+x+c¢ put vaiue of x
=2v3t* =7 +¢ Auns.

® [——dr
o3
: I 2
3 14 1 2
Solution: _[——r—;——d"=_[["3+4)[?' 3]df‘ ...... (i)
r3

1
Let r’+4=t ..(i)

1
= i(r’ +4]=Et—

dr dr
1 2
=> lr'?x =_‘_’_'£ or ¥ 3dralddt ..l
3 dr
Put (ii) and (iii) in (1)
1
3 1
[ ;4dr= 3 Far
?'3
L 3
2 2
=31 +c=3T+c put value of t.
—+1 =]
2 2

www.perfect24u.com


https://www.perfect24u.com/
https://www.perfect24u.com/
https://www.perfect24u.com/

KPK MORE BOOKS, NOTES VIST NOW: PERFECT24U.COM

dx
@ | =
x +3x* x 3
Solution —— dx= +— ldx
2
-1 23
—_[ x >243x ?
3
—Ixzdx+3jx2dx
. +33 He
—+] =<+
2 2
2 4
= Xy
"2 1C
2 2
3 3
= %x1+§-x’+c Ans
+1
(h) I
x -i-23c-ie-2)2
x+1
Solution: J'——————f—dx
(x* +2x+2f
Nt X +2242=F weusiuns (D)

:;(x —2x+2)=%

= 2x+2=% => 2(x +1)dx = dt
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Put (i) and (ii) in the given integral

x+1 1 ¢at
i [
‘I’(,x.'z-i-2.1c+2)J 2'[~’2

=——dC t val t
= put value of

2(x? +2x+2

Q.3: Evaluate the following indefinite integrals by method
of substitution :

(a) _[ 6e% dt
Solution: I 6e® dt
Let  6t=u ....(i)

d du du
-E;(&')—E => 6—}

=-— )+c Ans.

= dh= édu D ()

Put (i) and (ii) in the given integral
_{Gee'dt = i_{e"du
6
1 s

=ge +c¢  put value of u

= }-eﬁ‘ +c¢  Ans.
6
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Solution: Ixe(s‘I*‘)dx
Let 5Sxi+1=t wcereen(d)

= xdx=—dt .... (i1)
Put (i) and (i) in the given integral
(5:2-&1’ = _1_ ldr
I xe dx T Ie

St Put value of t
10

R +1)

= -C Ans.
10

©) [( -2t = ax
Solution : J'(Juc2 - 2}("'6‘“)&:
Let x°—6x+4=t ....(i)
d dt

-d;( 3—6x+4)=2;

= 3x2—6=% = 3(x2-—2)dx=df

=> (x2 —2}# = %dt .......... (if)
Put (i) and (ii) in the given integral
1
X =6x+ _—_
_[(Jc2 -—2}( 654) gy = 3 Je dt

=Lloe put value of t
3
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“olution: [8)(- 6x)ax

i (7 -3 ) = ff_
dx dx
== b6x = g—
dx
= (-6x)dx=di ... (if)

Put (i) and (ii) in the given integral.
[80- ) 6x)ax = [8ar
8(

=——+C ut value of t
3 put v f

8(7—3‘-:)
= +.Z
In8
Q.4: Find the equation of the particle curve that has slope

4x® +6x* at a point (1, 0)
Solution: Since the slope of the particle is equal to the
the derivative of the function then

dy

— =4x’ +6x*
dx

=g = (41.'3 +6x2}b(
Idy=j(4x3 + 6% Jdx

= 4Ix3dx + GI x2dx

x‘ x3
= y=4—+6—+c¢
FErE T3
y=x'+2x°+¢ . )
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To find ¢ put x=1 , y=0 in(i)
0=MD*+2()* +¢
=0=1+2+¢c = -3=c
=> ¢=-3
Put c¢=-3 in(i)
y=x'+2x-3 Ans.
Q.5: A certain curve has a slope :c(2x2 —1)2 that passes
through the point (3, 3) . What is the equation of the
specific curve ?.
Solution : Since the slope of the particle is equal to the
the derivative of the function then

—2—- = x(2x2 - 1)2
= dy= (23:2 —l)zxd:c

[ay=] (2x* ~1f xdx ... ()
Let 2x° 1=t/ %l
d dt

E;(2x2 —1)= Z

- Ar NG xdc=tdt ... ()
dx 4
Put (i) and (iii) in (i)

J'dy_zj'r dt
3
= y=—.—+C ut value of t
Y74 ’ J
!2x’—1[ ;
=> = Fl  cunwnni v
0 )

To find ¢ put x=3 , y=3 in(iv)
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= 3=£—11—72—)-3—+c => 3-40942=c

c=-406.42 put in (i)
2x* -

P 121 ~ 40642 Ans.

Q.6: If the rate of excretion of a biochemical compound is
given by f'(¢)=0.01¢™%
(a) Find an expression [ (t) , the total amount excreted
by time t ( in minutes ).
(b) If f (0) =0 units are excreted at a time /=0 , how
many units are excreted in 10 minutes .
Solution: (a) f (t)=0.01¢7%"

=> %(f(t))=0.013“°‘°“
= d(f()=0.01e°"dr integrate
= [d(f())=[0.01°"dr
(0.01)e"
= M2 )
= f)=—e"" +¢ oreeo..(i)
(b) Put +=0 and f(t)=0 in (i)
0 =g @y p = 0=¢’+c¢
= 0=1+c or c=-1
Put c==1in@) = f(t)=e*"-1...... (ii)
Put r=10 in (i) = f(10)=¢oN)_
=> f(10)=¢' -1=10.095 units.

Q.7: For an average person , the rate of change of weight W
in (pounds) with respect to height h in (inches) is
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aw

approximately by : =0.00154.

(a) Find W(h) , if the weight is ¥/ =108 pounds in response
of height 4 =60 inches.
(b) Find the weight /7 of a person whois 5 feet 10 inches
h tall,
dw

Solution: (a) 5 0.00154*

dW = 0.0015 hdh
= J’dW =o.0015jh2dh

h3
= W= (0.0015)—3— +c

=> W =(0.0005)" +¢ .......... )
Put W =108 , A=60 in (i)
108 = (0.0005)60)’ + ¢
=> 108 =108 +¢
=> c¢=108-108=0
Put c=0 in(i)
W (k) = 0.00054> ...... (ii) Ans.
(b) put h=5 feet 10 inches =70 inch in (ii)
W (70) = (0.0005)70) =171.5 & .
Q.8: The rate of growth of the population N(f) of a newly

incorporated city t
%=400+600«E , 05159,

If the population was 5, 000 at the time incorporation , find
the population 9 years later .

Solution: fg = 400 + 600/t
=> dN = (400 + 600 )dt
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fav =] [400+600 rzle:

1
1
2
= N=400:+@1—‘-))-’-—+c
—+1
2

3
= N= 400I+-(6—g0)f2 +c

2

3
= N =400t+ 1200:'2 +c

3
=> N =400+400¢% +c ... (1)
Put t=0 , N=5000 in (i)

5000 = (400)(0)+ (400)0)z + ¢
=> 5000=c
=> ¢=5000 put in (i)
3

N(f) = 400t + 40072 +5000 ...... (ii)
Put =9 in (i)
3
N(9) = (400)9)+ (400)9)z + 5000
=3600+10800 + 5000

=19400
6.3.3: Meathod of substitution to evaluate the integral of the

. ) dx

following types. Ial 3 ax 4 I at=xldx , _[ o .
- - 1

Solutien: (a) ja; = dx

This integration we solve by partial fraction .
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A =
S Z-x (a-xfatx)
Let e B L BB

Multiplied both sides by (a—x)a+ x)
1= A(@+x)+B(@—X) «ouasae (ii)
Put x=a in (ii)
1=A(a+a)+Bla-a)
=> 1=2a4+0 => A-——L
2a
Put x=-a in (ii)
1=0+Bla+a) =>1=2aB

1
> o 2a
Put values of A and B in (i)
1 1
1 __2a 2a

(a—x)(a+x)_aex+a+x

1( ] 1 J
=N +
2ala-x a+x

1 1 1 1 1
st foe o0 WA NME B I " Tt Dl o N
4 j(a—*x)(a*z»x) % 2a-{a—x 1C+2a a+x (&)
For J 2 For J. G
a—x a+xXx
Let a—-x=u a+x=u
%(a—x =% ----(ﬂ'HC):ij"&E
- | du 1=_a‘_u
== T
=> dx =—du dx =du
jE=-= el =
a-x u a+x u
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O & _

= [-Z -ty J=— =tk
put u=a-—x put u=a+x

=

[ - =~Inla ~ x| ....(7) [ & =Inla +|...(i1)

a-—-x a+Xx

Put (i) and (ii) in (A)

I l 1
== dex = -—Elnfa—x| +-§;In|a +x[

dc  Inja+x Inja-x
=> I 5 7 = = +E
a —x 2a 2a
®) [Va*—x?ax
Let x=asinu => i(x):ia-sinu
dx dx
= 1=c:1'c:0su—6£ => dx=acosudu

dx
J'\Jaz -xldx = I{Jaz -a’sin’ u)(acosu)du

= Hazil-sinzui(acosu):fu
= J'(\laz cos’ u) (acosu)du

= _[ (acosu) (acosu)du

o Iaz cos® udu put cos® x = =2 c;s 2
2 (1 +cos2u a’
=a du = — | {1+ cos 2u Jdu
== = )d
a’ ( sin2u]
=—|u+
2
a®  a* 2sinu.cosu
=il 4 —
2 2 2
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=?u+%.sinu-v‘1—sin2u s - R (A)

3 . X o gl X :
As asinu=x => siiy=— =>y=sin ’[-—] putin (A)
a a

—_— 2 2 2
a By - % X
J.\raz—xzdr=—-sm 24— S 1-S5 +e
a a a
at . % 6t & jat-x*
Sl b= T E
2 a 4 a a
? g% @ walet =zt
=—tn —+— .= +C
2 a 4 a a
ok RIS
= ST =B =%
a q
- .
1
c.j dx
=3 'z 2
a‘—x
Solution: Let x=asinf ....Q)
a

= (x):-‘g;(asinﬂ) P = acassZr
=> dx=acosfdf ....[(i)
Put (i) and (ii) in the given integral .

dx |\ acos&dd
J.‘Jaz_xz _.[\/a

2_(asin8)’

=_[ racosgdﬁ
yai(t-sin’6)

=.[ acosdd =Iacoséb’6'
Jatcos? 6 acosé

=Id9=6’+c ......... (iii)

As from (i) sind== => 0= sin"[—z-] cree(iV)
a

Put (iv) in (iii)
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------- I d_[z)ﬂ
(Jz‘—fz 2
dx dx
(ii) _[ag_Hz s '[Ja2+r2

dx
Solution: Let x=qatan@ ....(i
Iaz = et x=atan (i)

d

——-x=a—££-tan9 = l=agsec’@ ay
dx dx

=> dx=asec’ &b ...... (ii) ,put (i) and (ii)

dx asec’ 6dé
] I

A+ a’ +(atan @y

_J- asec’ 6dO I asec’ 40

a’+a’tan’@ a’*(1+tan’9)

sec’ 4@
I sec’ @ ;jdg

From (1) = tanf == => 9=tan"[£) ...o(iV)
a a

Put (iv) in (iii) => _[

® |

Solution: Let = j

af %
= tan I(-—J+c Ans.
a* +x? a

2
AR +X

dx

Let x=atanf =>dx=asec’ 8 d@
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asec’ 8 dB
a*+a*tan’ @

NowIIJ

asec*6d 8 _j-asec 8do
a*(1+tan’8) ~ Ja’sec?d

=>I=J.J

oy J-asec 6de
asec@

=Isec¢9dé?

sec B(secd + tan )

dé
sec@ +tan @

=>I=_[
=> I=lnlsec9+ tan9|

=>I=1n!-\/tan29+l +tan91 ¥ n, M

=In

=lnI x’ +at +x|=1n\/x2+a2+xl—lna

=>I=ln|x+\/x‘+azl+c Ans AS c=-Ina

u = I\ix —a

Solution: Let x=agsecld
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=> dx=asecHtan6db

asec@.tanfd b

S 520t 0 -4
_rasecf.tanfdO asecé’.tax}xé’dQ
K Ja*(sec? 6 -1) —j Ja*tan? @

Now =>[=

Iasec&.tanc?
a.tan

d9=jsec9d9

do

3 J- secH(sec @ + tan H)
secf +tan &

= In| sec & + tan 4]

= lni sec§ + +/sec’ 9—1]

X
As asecO=x =>secf==

a
Now f=1n£+ x—z-l
a a
I x++x*-a
a
=lInjx+x? —a2|-lna
:>f=lnlx+ 1 —~02]+C fs—-lna=c
i

OR Also _[ fx : —cosh™ X
X" —a a
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Example 6: Evaluate the integral I

x* +4x4+5
Solution: f < & =|— &
x“+4x+5 x“+4x+4+1
dx y
= | ————=— (i)
J‘(x+2)’*+1 :

Let x+2=t => dx+2)=dt
=> dt=dt put values in (i)
j dx _ dt
x*+4x+5 1P +1
=tan" t+c  put value of t
=tan”(x+2)+c Ans.

Example.7: Evaluate the integral f S, I

x> +4x+5
dx dax

+4x +5 ='[Jx1+4x+4+1
i A
J(x+2) +1

Let x+2=t = d(x+2)=dt

Solution: I
Vx?

=> dx=dt put values in (i)

J' dx J‘ dt
- £ use formula
VX +4x+5 P41
_—n ax o
=sinh (t)+c¢ =sinh™ x
) j\!xz +1

=sinh(x+2)+c.

x+2
Example .9: Evaluate the integral Iﬁ—dx
x“+4x+5
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Solution:
x+2 x+2
—_——dX = dx
Jxt+4x+5 '[\/x2+4x+4+1
(x+ Z)dx

= j _**_—(.x_._____ﬁL ¥ i)

Let x+2=¢t => d(x+2)=dt

=> dx=dr put values in (i)
[ E—=[7
\/x‘+4x+5 \ft‘+l

= % j [+ 1)“% (2t)at j[f(x)]" f(x)dx

use rule

3 =l +1
1 (2 +1)2 e |
g _ 4 n+1

+-

ki
-+
o
i
-

L8]

jl
+
O

1

2 1
2

=\/(x+2)2 +1+c Ans.

Integration by parts : As we know that
d d d
U @e@]= /- g)+ 20— 1)
= f(x)g (x)+g(x)f (%)
£ [1(x)g(0]-2() ) = () )

or [0)g @)= LU @E@]-g@S )
Take infegral
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[ 7098 (e = [ L [ g(lie-[ 800 f (s

= [f(x)g (x)dx = f()g(x) - [g()f () ......(4)

Eq(A) is the formula of integration by parts.
The standard form of integration by parts is obtained by
Putting w=f(x) and v=g(x) then

du=f(x)dx and dv=g (x)dx in(A)
Juva’v=uv—_|-vdu ....... (B)

Eq(B) shows the standard form of integration by parts.

. : dv
Note: Before to attempt a question, choose z# and —

to obtain du and v.
Note:(i) If there is Logarithm or Inverse Trigonometric
function .Then take these function is u .
(it) If there is no logarithm or inverse trigonometric
function then take simple function ie x" is u
(iii) If thereis only logarithm or inverse trigonometric

: o’ g
function then take “1” is "4 :

dx
Example:10: Evaluate the integral I x e*dx.

x

Solution: Here u=x and %\i =g = dv=e'dx
X

AL EE and =g
As we know that integration by parts is given by
J udv=uv-— j‘ vdrn  put values
=> J rTedy=xe = I e*dx =xe* —e” Ans.

6.4.2: Evaluate the following integrals

(a) j.\faz —-x2dx
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Let u=vVa'—x* and ¥y
dx
du_d ‘ 2}
ot L G ISP
== du= .

———-,a_z.__xi_dr and dv=dx => y=y

As we know that integration by parts is given by
Iudv=uv-jvdu ....... (ii)

Put values u,du,dv and v in (iD) .

=] = _[Va -x’dx=+a*~-x 20 %) Iﬁ(x)dr
= I=xvya’'-x ——J < 4

. aas
Vat —x

Adding and subtract g?

-->I’C‘\/;?-_‘C—~J‘\/:

=> [ =xva? <x —j[ a —x’ a Jdr
2

\/a -x° \/az—x
=xva’ - x? —IJaz —x? dx+azj

dx
vat -x*

Put eq (i)
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s i B dx
=J=xJa*—-x*-T+a*sin" = j——-—
a al_xl
g X o
=]+I=xva*-x> +a*sin? =+¢ =sin? =
a
o i X
=2I=xJa* —-x* +a’sin7 = +¢
a
wWat=-x" a® . .x
= [ =—————+—38In —+— Ans
2 2 a 2

(i) J'Ja2 +x2dx
Solution: Let 7/ =_[1.\} at+x dx - ()

Let u=+a*+x> and =1

&%

du

4 L)

t*JI'-“

gx)___x_
vat +x?
x
= du=——dx
Ja? +x?

And dv=dx = v=x

As we know that integration by parts is given by
Iudv:uv—-jvdu

Pat values u,du,dv and v in (ii).

= I =[1da’-x*dx= (Va*+x*)x-|
=> I=x\!az+x2—j

e xdx
Ja?+x?

—J-fz.;dx Adding and subtracting a’
a’+x
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O e L N 7

dx dx
= [ =xva’+x* —IVa2+x2dx+a2_[ = I
Ja? + %2 Jal+x
i N ...
= J =xJa*+x*-I+a*sinh?= =sinh™ =
G a

r 1 X
= J+] =xJa*+x* +a*sinh? S +¢
a

-
xVa® +x* a’sinh” = c

= [= + q._ Ans
2 2 2

Example 11: Evaluate the integral len xdx

Solution: Let u#=Inx and %:x

Then %ol WM
ax x X
®
And dv=xdx it v=—2—
As we know that integration by parts is given by
Iudv=uv-jvdu ....... ]

Put values u,du,dv and v in(i).
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2 2
jxlnxdﬁr=(1nx{%]— £, ldx

- x? 1 x?
=|—|lnx—-——.—+c¢
2 Z2 2
2 2
L. In:c—«-x—«l-c Ans.
2 4

Example .12: Evaluate the integral fe‘ sin xdx .

Solution: Let = [e"sinxdr ...... (i)

Here let u=¢" and il'i=sinx
X

=> @-—-e’ => du=e'dx
dx

Also dv=sinxdc => Jdv = Isinxdr

Or v=-cosx
As we know that integration by parts is given by

J.u av=uv-— J 7 ;T A (i)

Put values u,du,dv and v in(i).
R Je" sin xdx = e*(~ cos x)—J(— cosx)e dx

=> [ =-e"cosx+ Ie‘ cosxdx ..........(iM)

4 . dv
Now again take w=e¢* and a——-cosx
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Also dv=cosx dx => jdv=jcosxd‘c
Or v=sinx put in (i)
Then Ie‘ cosxdx =e” sinx — I (sin x)(e" )dx ...... (iii)
Put (iii) in (i)
1=—excosx-l-e”sinx—-fe‘sinxdx+c ........... @iv)
put (i) in(iv)
=> J=-e"cosx+e’sinx—I+c
=> [+1=-e"cosx+e’sinx +¢
= 2/ =¢"(sinx—cosx)+c
¢* (sin x — cos x) L€
2 2

Exercise 6.2:

Q.1: Evaluate the following indefinite integrals by method
of substitution :

(a) Isin“ x cos xdx

Solution: J sin* x cos xdx

= J= Ans.

Let sinx=¢ => f-l-(gin x):ﬁ.
dx

dt
=> COSX=— => cosxdx=dt
dx

put values in the given integral
Isin‘ xcosxdx = jr“dr

/5
= ?+ ¢ put valueof t
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.5
=Sn;x+c Ans
(b) _[ Usin? x cos xdx
2 ;
Solution: H sin? x cos xdx = jsin’ KCORX AR i (i)
) d ;. dt
Let sinx=t¢ => —(smx)=—
r( ) dx
d
= cosx=~£— =% Cosxde=dl
dx

put values in the given integral

2
_[%.fsinz x cos xdx =jr3dr

4 2
rJ r}
= 3 +Cc= ?
—+1 =
3 3
5
- +¢ put value of t
2
L |
£ 3sin’ x , SR
5
©) Ismxln(cos x) )
cos x
Solution: Let In(cosx)=1¢ ....(J)
> -iln(cosx)=£{
dx dx
> (—sil:ix):-d—r
cosX dx
= X et ... i)

cos X
Put (i) and (ii) in the given integral .
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!
=——+c put value of t

=_______(lnsmx) +c  Ans.
2
@ [esine*dx
Solution:
d ., a
= —e' =—
dx

dx

== @R =g v (i)

Let & =t .z:li)

=> e't = —
Put (i) and (ii) in the given integral.
Ie" sine“dx = Isin tdt
==—cost+c  put value of t
=—cose” +c¢ Ans.

cot\de
X

@ |
Jx
cot/x cos+/x dx

s e e T

N at
—3S5IlIh X ——
dx dx
dx dx
dt

S S
=> (COS«/;{EI J-dx
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=5 dx =2dt (IH)

Put (i) and (iii) in (i)
cot/x _~fat
| 7 dv=2[ =

=2lnt]|+c put values of t
=2 ln}sin \f;l +c  Ans.

sinx —cosx
j———, dx
SINn X + COS X

Solution: Let sinx+cosx=¢ ...... (i)

d ;. dt
—(smx +cosx)= o
dx dx

=> (cosx—sinx)= Si— => —(sin x — cos x)dx = dt

(sinx —cosx)dx =—dt ....vu (ii)
Put (i) and (ii) in the given integral.
J‘s?nx—cosxdx - dr
sin x +cosx t

=-In/¢|+c put valueof t

= —ln]sinx+ cosxi +c

Q. 2: Use suitable substitutions and tables to evaluate the
the following indefinite integral .
dx

x:+16

Solution: |

@ |

dx

x:+16

Let x=4tand .....(J)
dx d

do
— =4—tanf@ => 1=4sec’d—
dx dx ax

= dx=4sec’ o ... (ii)
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Put (i) and (ii) in the given integral.
J- 2dx =_[ 4se;c'¢9 40
x°+16 - 16tan” £+16
o] 4sce’6do

16(tan” 6 +1)

1 2@ 1
Ijse‘: d9=-4-jd9

I

b 3
sec” @

As from (i) tan6'=i— =5 8=tan‘*[§) e e V)
Put (iv) in (iii)

dx . af%
I 2 =—tan | — |+cC Ans.
x“+16 4 4

sin x

b S dx

®) Icos‘ x+1

Solution: Let cosx=f ....(1)
d dt 4 dt
—cosx=— = =sinx=—
dx dx dx

=> sinxdx =-df «.....(i)
Put (i) and (ii) in the given integral
i dt
I Sinx i ="_[ .
cos” x+1 t”+1
=—tan" t+c  put value of t

= —tan(cos x) +c¢ Ans.

dx
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Let e" =t....(i0) =5 _d.g‘ = at
dx dx
= g'= «—f- = de= EI{
dx e

J dx =J' dt

&P - (2)

Il
[#;]
[47]

o
T
|~
PP
+
a

|
-
e
-
Q
Ly
o
o
=]

=
—

=sec™ E—- +c Ans.
2
2x+5

(d) _[-—-—————dr

x" +4x+35
2x+5 2x+5
2 1'_'_{
X +4x+3 b2 +4r+4+1
_J- 2x+4 +1

Solution: I

Put x+2=¢ ....(ii)
d dr ’
=GRS = 1= B di=dl e iii
% A P -

Put (ii) and (iii) in (i)

I 2x+5 Iz:dr _[ 1

:c2+4x+5 P+l P +1

use rule

= Ian +1§ +tan™' £+ ¢ _[%d‘ = In|f (x)|
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=ln](x~+2)2 +1|+tan"(x+2)+c
-—-11'1|Jr2 +4x+5[+tan"(x+2)+c
2+ x
(&) | ———=0x
I\)4 2x—x*
2+x

Solution: I r____—4 e ar = '[J4 (2+2x)

Put x+lst .asee (i1)

Laan=2 - 1=9 fuse [[F@IS @
7

n+1

= dy=dr ......(iii)

Put (ii) and (iii) in (i)
J' 24+ x

t 1
dx = |—==dt + ————df
N =2’ IVS P '[\15 r
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5 .4 £
=— +sin ‘(-J-__—J-!-c put value of t
5

x+1

=245-(x+1) + in"[ﬁ ]-1—0

=—-2v’5-—x2—2x—1+sm J
U‘

=-2y4-2x—x* +sin” [T}I+C Ans.

Q.3: Evaluate the following using integration by parts .
(a) Ixzez‘dx
: 3 dv 2x ix
Solufion: Here u=x" and o =ey = H=e"dx

=5 gn=2xd% and v 5

As we know that integration by parts is given by
J.u dv=uv —Ivdu ....(a) put values

Here u=x and %C- =e¥ => dv=edx

=> du=dx and v:e:2

= J' x e de =x

Put (i) and (ii) in (a)

e o
i 4 t+e ,,,,,(11)
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2 x 2x
X xe e
Ix‘e dx=—e* - - +c
2 2 4
2 X 2x
% . 2P e
=—e" - + +c Ans.
2 2

(b) I x cos xdx

Solution: Here w=x and % =COSX
du=dx and dv=cosxdx
=> Jdv = Icosxci‘c =5 Ve
Since the integration by parts is given by
Iudv:w—jvdu ...... (A)
Put values of u, v ,du and dv in{A).
Jx cos xdx = x(sinx) - jsin xdx

=XSInXxX+COSX+¢C " A4ns.
(c) J.e‘ sin(x)dx

Solution: Let I= je"‘ sinxdx ...... (i)

a ;
Here let u=¢" aund —v:smx
dx

du
=5 —a=gd \as® daif = etdx
dx

Also .dv=sinxde => _[dv = I sin xdx

Or v=-~cosx
As we know that integration by parts is given by

Jﬂudv=uv—‘[vdu ....... (A)

Put wvalues u,du,dv and v in(A).
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I'= Ie‘ sin xdx = e*(—cos x)— J(— cos xJe* dx

= [=—-e"cosx+ Ie‘ COSMAD oot (i1)

Now again take z=e¢" and %:cosx

—- ii.z_{ — ex
dx

=> du=e"dx

Also dv=cosxdx => jdv =J'cosxdx
Or v=sinx putvaluesof u,v,du and dv in (A)
Then Ie‘ cos xdx =e*(sin x) ——_[(sin x)(e")rit
=> Je’ cosxdx=¢e"sinx — I e” SINXIMs 2o Ve (iii)
Put (iii) in (ii)
I=—e"cosx+e” Sinx—je’sinxdx+c ;

=—e"cosx+e” sinx—-_[e‘ SREAY e (iv)

put (i) in(iv)
=> [=-e'cosx+e"sinx-1+c

=> J+I=e"sinx=e"cosx +c
=> 2_T=e*(sinx——cosx)+c

Ans.

D e’(sinx—cosx)+c

(@ j e* cos xdx

Solution: Let [= J-e" COSKR wruaae (i)
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Here let u=¢" and ﬂ =COSX
dx
= & =e* => du=e‘dx
dx

Also dv=cosxdx => Idv — Icos xdx

Or v=sinx
As we know that integration by parts is given by

Iu dv:uv—-fvdu ....... (A)

Put values u,du,dv and v in(A).

I= je" cos xdx = e*(sin x)—j(sin x)e*dx

= [=e"sinx- Je* SINXAE coevion (77)
" = v .
Now again take uz=e¢"* and — =sinx
dx
=4 éy—:e" = @du=e dx
dx

Also dv=sinxde => _fdv = Isin xdx
Or v=-cosx putvaluesof u,v,du and dv in (A)
Then je" sin xdx =e”(—cosXx) —I(-cos x)(e’)dx
=3 _[e" sin xdx = —e” cos x + je’ COSARE sowens (iii)
Put (iii) in (ii)

I=e" sinx—(—eJr cos:«:+'fne’r cos xdx )-f-c ;
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=g’ sinx+e‘cosx—fe‘cosxdr .......... (iv)
put (i) in(iv)
=> [=¢'sinx+e‘cosx—J+¢
=> J+I=e"sinx+e’cosx +c¢
=> 2] =e*(sinx+cosx)+c

e*(sin x + cosx)+c ron

= I —
(e) jxsin‘1 xdx

5 - av
Solution: Here u=sin™'x ‘and E:x

£IE-—-‘:Lsin"lx => qu= k dx
dx dx V1=x2
Also dv=xdx => Idv:_[xdr
x2
=> y=—
2

Since the integration by parts is given by
Iudv =Uv— Jvdu svsns A}

Put values of u, v ,du and dv in (A)
z

_[xsin" xdx = (sin'1 r{i ] J x2 \/_:_ dx

¥ . 5. .17 -3

2 J} i v
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1=5" Vi-x*
2
X . g 18— . g
=-—sm‘x+—I~Jl—x‘dx+—szu'x
2 2

=sin”' x

dx

use formula
formula |——
NN C

——sin~ —
2 2 a

X
=Z—sin” x+—=sinT x+— | y{1)} ~x’dx
2 J“
T Ii—xxfi—:c 1489
= sin™ x+— ——sin" x
L. 2 2[ 2 2 ‘_
A . s [ favl 2t
= sin” x——sin” x + +c
W 3
x2+1 1 . 1 X 1""‘x1
= ——|sin” x4 +c
2 - 4
(2421 +x~/1~x2 .
J 4
(2x2+1 . &l VI —x*
:L si + +c ans

() [e*sin(e®
Solution: J. e sm( 3")52’:

Bet e¥ =x ..(0)) => —e&' =—
!

= 3e¥dt =dx or es’dr:%dr.....(ii) , put values
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_[e sm( 3’)(z'r=—_['c SINXA@X  eeens (iii)
Here u=x and EIy—:sinx
dx
é{=~-ﬂ—,-.7c =5 —aili-*l =5 lit=
dx dx dx

Also dv=sinxdx => fdv = jsin xdx
=> V=-C0SXx
Since the integration by parts is given by
J.udv =uy— j VI voseun (A)
Put valuesof u, v ,du and dv in(A).

Iey sm( = )a't = —[ ~cosX) I(— cos x)ci‘c]

[’c(w cos x) + _[ cosxdx]

b.}l-—* ml-—-

[-xcosx+sinx]+e  put x=e*

J'el’ sin( o }2’1‘ = - e CDS( )-i- sin£e3’ ) +c  Ans.

Use partial fraction to find integration:
Example.13: Evaluate the following integrals
( ) J' 8x—1
x? —x— 2
Solution:Since it is the proper fraction then we solve it by
partial fraction. '
First we factorize the denominator
X —x=2=x+x=2x-2

=x(x +1)—2(x + 1)

=(x+ lxx -2)
Then 28)&: -1 _ 8-l

Pex=2 +lz-2)
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L TS i
* Bl »tl #3

Both sides multiplied by (x+1)x—2)
8x=1=Alx=2)+Blx+1) caveres (ii)
Put x=-1 in (ii)
8(-1)-1=4(-1-2)+0
= -8-1=-34 = -9=-34
=5 A=3
Put x=2 in {ii)
8(2)-1=0+B(2+1) = 15=3B

=% B=3
Put values of A and B in (i)
8x-1 3 ?
= + integrate

(x+1)(x—2)—x+l x-2
8x -1 3 5
—_— d:
j(x+1)(~c 2) f(x+1+x 2)’5

8x -1
= | ————dr=
'[xz—x—2

x+1
=31nlx+1|+5|x—2|+c Ans.

—-6x+3

®) ‘[ x 2)3

y x2-6x+3 A B & .
Solution: Let Go2) e + G_2) + G2y I ()

Both sides multiplied by (x-2)

x2—6x+3=Ax-2) +B(x-2)+C ...... (ii)
Put x—2=0 => x=2 in(ii)

2y -6(2)+3=0+0+C => 4-12+3=C

= C=~5

From (i)
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xz—6.t+3=A(x2—4x+4)+B(x—2)+C'
= x'—6x+3=Ax’ +(-44+B)x+44-2B+C
Now equating the coefficients of x* , x
A=1
And -44+B=-6 put values of A
=> —4{1)+B=-6 => B=-6+4=-2
Put values of A ,B and C in(i)
x3~6x+3_ i =2 | =3
G2 -2 -2 -2y

X = dx
(x3 + 1)'
Solution: it is proper fraction then
. )
e RRQ R, R i)
(x* +1) £+l [Petf
Both sides of eq(i) is multiplied by (x2 + 1)2.
2% +x7 +2x +4 = (dv+ BYx® +1)+ Cx+ D
=> 20’ +x* +2x+4=Ax> + Ax+ Bx* + B+Cx+D
= 2x° + X  +2x+4=A + B’ +(4+C)x+ B+ D

Equating the coefficients of x° , x*, x and constants.
Ae 2, B=l
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A+C=2 put A=2

= J4C=2 == C=

R+D=4 Put B=1

= 1+D=4 = D=3

Put values of A ,B ,C and D in (i)

2x3+x2+2x+4_2x+1+

(x3+1)2 x* 1 (xz-!—l)z

o sz +x“+2x+4dr___-[ 2.:c+1+ 5l
{xz-i-l)2 : ‘-’6’+1 (x1+1}‘

wi 3
*Ix Tldv+_| dwjj(x%ﬂf(& Yee(A)

dx :

Now we solve I
x* +

Let x>’ +1=¢t => —d—(xz-;.l).—.ﬁ
dx dx

= 8= :ii => 2xdx=dt ', Then

jr +1dx J’ =Injr|=Infx*+1| ......(10)
And j dx =tan” x ... (iii)

Now we solve j
(r +1)Z

=> dx=sec’68d8
sec’ &40 sec *Gde

'[ d ‘[ tan 6‘+1)2 (sec 6?)2
J1+cos26'

Let x=tand
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=%jd6’+%_{0052&!9

1 1 sin28
=—@+—. G
2 2 7

. -1
= = tan” x +Eﬂ‘—2¥ +C wnens(iV)

put B=tan"x

Put (ii) , (i) and (iv) in (A).
2 3 2 3 4 5
_[ E S bty dx=ln|x'+1|+tan“x+%tan“x

(xz +]L)1

-

+ —i— sin(2 tan™ x}+ c

s In]:cz - I{ - E tan™ x + E—sin(2 tan™ x)+ c
2 4

Exercise 6.3:
Q.1: Evaluate the indefinite integrals after decomposing the
following rational functions into partial fractions .

1

a

i x(x-3)

Solution : it is proper fraction then ,
Let —r WO/ T (i)

x(x-3) g By, =3
Both sides multiplied by x(x-3)
1= A(x=3)+ Bx ....... (i)
Put x=0 in(ii)
1=4(0-3)+0 = A=--

Put x-3=0 =>x=3 in(ii)
1=0+3B = H=
Put values of A, B in (i)
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==============——————I__—1— ———————————————————————————————————
1 i :
= t t
= . +x—3 integrate
1 1el 1p dx
= e —— = - -_d —
: -[x(x—B)dr % 1H-3-[3:—3

= ;‘1- [- Inx| + Injx —3|]+ ¢
£

=~1—1nx_3 +c  Aws.
3 x |
3x* +2x -1
) x(x+1)
2 L o 1
Solution: 3x" +2x-1 3x ;{—2:: 1
x(x+1) X +x
It is improper fraction , then by usual division
3
2 +x) 3x% +2x -1
+36" 43>
-x-1
2 :
Then Ix +2x-]= A x+1
x(x+1) x(x+1)
2
g’ij—zf—tl=3~l integrate
x(x+l) x
2 _—
J'3x +2x 1dx=J' 3—1]0’_\'
x(x+1) x
=3x-In|x [+¢ Ans.
4x 4 4x® + x -1
(c) 5
x*(x +1)
Solution: It is proper fraction.
3 - S
Let i t4x +2x 1-:-"2+-’52L+ & + 4 7 susaees (i)
x*(x+1) x x* x+l (x+1)
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Eq(i) is multiplied by x+1)
4%° +4x* +x=1= Ax(x +1) + B{x+1) + Cx*(x +1)+ Dx* ...(ii)
Put =0 in (ii)
0+04+06-1=0+BO+1f +0+0
-1=B => B=-1
Put x+1=0 = x=-1 in(ii)
4(=1° +4(-1F -1-1=0+0+0+ D(-1)
=-4+4-2=D => D=-2
From (ii)
4x3+4x2+x-—l=Ax(xz+2x+l)+B(x2+2x+1)+Cx2(x+l)
+ Dx*
= Ax® +24x* + Ax+ Bx? +2Bx + B+ Cx* + Cx* + Dx’
=>4x> +4x" +x-1=(4+C)x’ +(24+ B+ C+ D)x’
+(4+2B)x+B
Equating the coefficients of x* , x*, x .
AT =% e (ii)
24+B++C+D=4 & 8G
ABZB=] ssssmenss (iv)
Put B=-1 in(iv)
A+2(-1)=1 " = 4=1+2=3
Put 4=3 in(ii)

3+C=4 "= Ced-3=1
Put values of A, B,C and D in (i)
Ao AN -1 3 -1 1

_.|._1_, — integrate
(x-!—l) x * x4l (x-i—l) =

Ax 4+ 4x +x-1 3 1 1
dy = || ==— = — |
j (x+1) j[x x2+x+1 (x+1)‘} i

=3[%——Ix'2dx+j;1—1dx—2j.(x+l)'zcﬁ
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=1
=3In|x |———+1n| x+1j- 2(x+l)
=31n|x|+-;+1n|x+l|+m+c Ans.

1
x? =1

1
-1 (x-1)x*+x+1)
1 A Bx+C
(x—1)x? +x+1) x=1 x*+x+1
Eq (i) is multiplied by (x - lXx +x+1)
1= A +x+ D) +(Bx+ CYx —1) .....(ii)
Put x-1=0 => x=1 in (ii)

Solution:

Let

1=41+141)40 => 34=1 = ,4-_-§

From (ii) = 1=Ax* +A4Ax+ A+ Bx’-Bx+Cx-C
= 0x? +0x+1=(4+Bx*+(A-B+Cx+4-C
Equating the coefficients of x’ , x  and constants.

A4BR0 o)y (HBNE =0 orreees (i)

A=C=] ool GNPut A=) 1)
WS = gl Put g=1 taiiv)
3 3 3

1 1 2
'B-“C--l —>5—1-C => C—;

Put values of A ,B ,C in(i)

. S integrate

(c-lx*+x+1) x-1 x*+x+1
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I(x IXx +x+1) 3-[_ ——Ix +x+l

x+1-3
w2 1] ] d
lnl l J.x +x+1
x+1 1 3
-gwxl_g'[x’+x+ldx_-3—jx’+x+l
BATECR d
-Sl.nlxl 3Ix’+x+]d¥+'[x2+x+1

Use rule j%dx= In| 7 (x)|

g PO | i
_31n]x| 3ln|x2+x+1|+'[x2+x+%+%

1o ex+l] 1 | x dx
=1 * +-i_-tan -_1: use Iaz+x2
2 2
=llnx+1+1{+2tan"2x+c =ltan"(-£)
3 x a a
-x +2
© Sy Dy~
= 2 x'—x*+2
Solution: x'-x'+ =
x*(x-1)

It is improper then
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Then ?(x_x_-'l_f”“?(:ﬁ ...... )

Now by partial fraction
2 4 B, A€ -
Let m=;+'x—2-+;:'i sesses(ii)
Eq (i) multiplied by x*(x-1)
2= Ax(x—1)+B(x-1)+Cx* ....(i)
Put x=0 in (iii)
2= 0+B(0-1)+0 = B=-2
Put x-1=0 => x=1 in (iii)
2=0+0+Clf = C=2
From (iii) => 2= Ax’ - Ax+ Bx— B+ Cx®
= 0x?+0x+2=(4+Clx? +(-4+B)x-B
Equating the coefficient of x’.
A+C=0 Put C=2
= A+2=0 = A=-2
Put values of A ,B and C in (iii)
-2 -2 2

2
x’(x—l)_ : +x’ +x-l ssaliv)
Put (iv) in (i)
: —x+1—£——2—+—2—- integrate
x*(x-1) x x x-1 o8
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e d .o @
= J';zi‘(;:rj'(xu)dx—zj-;—zjx ’dx+2j;—;—I

xl x—l
=-é-+x—21nlx|-—2—-l-+2ln]x+l|+c
2
=x—+x+21nLH’+-2-+c Ans.
2 X -
dx
® [xz—l
Solution: I ;ix
x" =1
1 A B
Let = +— e i
€ x1-1 x-1 x+1 @

Eq (i) is o tiplied by (x—1)x+1)
1= Ax+1)+B(x~1) ....... (ii)
Put x=1 in (ii)
1= AQ1+1)+0 = A=%
Put x =1 in (ii)

1=04+B(-1-1) = 3=-%

Put values of A and B in (i)
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-x-3
® I2x2 -x-1 é‘
z -x-3 -x-3
Balution: 2x-x-1 2x*-2x+x-1
- ~x-3
T 2x(x-1)+1(x-1)
e ~x-3 _ -x-3
2xt-x-1 (x-1)2x+1)
-x=-3 A B

Let

Goexal) -1 Zeel O

Both sides multiplied by (x —1)2x+1)
—x—=3=A2x+1)+ B(x~1) .....(ii)

Put x=1 in (ii)

1=3= AB+1)40 = 34=—F = A=~§—
Put x=-—;- in (ii)
-1-—3=0+B(-—-—1J => —%=——3-B = B=-
Put valuesof A and B in(i)
W )2
-x-3 3 3
& -
(x-1)2x+1) x-1 2x+1

i =
I(x—1X2x+l)Cbc=_3—I-;:¢c+§I2x+l

__4 S 2dx f
=——In}x -1+ !2x+1 use J f(x)

3
(e—1)5|+ —lm2x+l| =In|f (x)|

=-In
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=- lnl(x - 1)% + ].n!(Zx + l)%

L) A

+c

Solution: It is improper fraction then by usual division
Then
1

x2—2x—15) 2 -1
+x*F2xF15

2x +14
P | , 2x+14

Th —_—=lt ... i
gl P A | W
2x+14 2x+14 .
Now —; =—
x*=2x-15 x*+3x-5x-15
_ 2x+14
x(x +3)-5(x +3)
. 2x+14
(x+3Xx-5)
Let 2x+14 A B (ii)

= + T
(x=3)x+5) x+3 x-5
Eq(ii) multiplied by (x+3)x-5).

2x+14= A(x~5)+ B(x+3) ...... (i)
Put x=-3 in (iii)
2(-3)+14=A(-3-5)+0 => —6+14=-84
=> —84=8 = A=-1
Put x=35 in (iii)
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2(5)+14 =0+ B(5+3)
=> 10+14=8B => 8B=24
= B=3
Put values of A and B in (ii)

(xi;ixlis)ﬂfs*:s ----- (iv) Put(iv) in () -

2 -1 1 3
' int
P15 3) (=3 Trewrue

x* -1 1 3
Ixz—zx—lsit‘-[(l"}l_3+§_-'§)dx
dx 3dx
ol e
=x~Inlx+3+3Inx-5+c
=x-Injx+3/+ lnI(x—S)’l+c
(x-s5)

x+3

[l

=x+In +cC Ans.

P x
L] (l) J. (x + 1)3 dt
5 A B e

Solution: Let

Eq(i) is multiplied by (x+1)
x' = Alx+1F + B(x+1)+C .....(ii)
Put x+1=0 => x=-1 in(ii)
1Y =0+0+C = C=1
From (i) = x*=A(x*+2x+1)+B(x+1)+C
= x*=Ax*+24x+ A+Bx+B+C
=> x'+0x+0=Ax"+(Q24+Blx+A+B+C
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Equating the coefficients of x* and x.
A=1
24+B=0 Put A=1
=> 2()+B=0 => B=-2
Put values of A ,B and C in (i)
x? " 1 " -2 . 1
(x+1f x+1 (x+1) (x+1)

I ¥ dx=j;—i—i-dx-2_l.(x+l)'zdx+.[(x+1)'3dx

(:t+1)3

integrate

=lnlx+1|-2 Grea) + (+1)” +c
—~1 -2
_ 1
x+1 2(x+1)

=Inlx+1]+ +c  Ans.

y x+2
) '[(x2+1)zdx
x* 42 =Ax+.B+ Cx+D )
(x2+1)1 xt+1 (Jc2+1)2
Eq() is multiplied by (< +1) .
x* +2=(dx+B)\x* +1)+Cx+ D
= x*+2=Ax> +Ax+Bx’ +B+Cx+D
= 0>+ x> +0x+2=Ax" +Bx* +(A+C)x +B+D

2

Solution: Let

Equating the coefficients of x* , x> ,x and constants.
= A=0 , B=l
A+C=0 Put 4=0
Then 0+C=0 => C=0
B+D=2 Put B=1
=>1+D=2 => D=2-1=1
Put values of A ,B ,C and D in(j)
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x*+2 _Ox+1, Ox+1

(x2.+l)] x4+l +(x‘+l)' '
x2+2 _ 1 2
(x -l-l)2 x*+1 (Jc2 +1)2

x+2 dx
J‘(:: +1)z J‘:r +1 J.(‘+1)’

=tan“x+j

integrate

dx
(x F (4)

Now we solve I (

% +l)z

Let x=tan® => dx=sec’8dp
sec’ &6 J-sec2 ade

1 — =
‘[E:"“-i-_l){dx_-‘|-(tanzt5?+l)1 i (sec o)

dé = j cos? &d6

=Jscc: )
Il+cos26

=-—Id6' +—Ic052&1’9

_1_ sin 26

9% > +c¢ put @=tan" x

: -1
=%tan“x+sm22an Zlbe i)
Put (ii) in (i)

J-x +2 e x+1tan“' sm!Ztan"x!_!_c
(e +1f 4

: 1
=§-tan"x+sm2t:n Xsc  Ans.

Q.2: The rate at which the body eliminates a drug
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(in millilitres per hour ) is given by
d 60t
—R(t)=7—F——
R (t+1)7(+2)
Since the drug was administered . If R(0)=0 is the

current drug elimination . How much of the drug is eliminated
during the first hour after it was administered ? . The fourth
hour it was administered ?.

Where t is the number of hours

Solution: Given that g.; RO =1 S_f(*; 3
+1) (e +
=> d R(?) ot g integrated
(t+1¥(+2)
60t
=> |d R(t) = | —————d!
o I(r+1)’(r+2)
60t
=> R(t) = | ——g7——dt .l
> RO~ [y 0
Now by partial fraction
Lt AP TE ... (ii)

(t+1)z(t+2)=f+1+(t+l)2+t+2
Eq(ii) is multiplied by (¢+1)(t+2)
60t = A(t +1)t +2)+ B(t +2)+ C(t +1)* ....(iii)
Put t+1=0 => t=-1 in (iii)
60(-1)=0+B(-1+2)+0 => B=-60
Put r+2=0 => t=-2 in (iii)
60(-2)=0+0+C(-2+1) => —-120=C(-1)
= C=-120
From (iii) => 60 = A(? + 2 +1+2)+ B(t+2)+ C(* + 2 +1)
=> 60t=At* +34t+24A+Bt+2B+C +2Ct+C
= 042+604+0=(4+C)* +(34+B+2C)¥ +24+2B+C
Equating the coefficient of 2. . b o
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A+C=0 put C=120
= A-120=0 = A4=120

Put valuesof A ,B and C in (ii)
60¢ 120 60 120

C+1FG+2) t+1 (+1F t+2

60¢
ol e =120 - 60I(I+r)2 r+2

=1201n(1+#)-60f (1+¢)dr ~120In(t +2)+ ¢
(1+ r) A

integrate

120]

=1201n(1 +¢)- 60. -120In(t +2)+¢

= R(r)=1201n(1+r)+1—;}--1201n(r+2)+c ...... (iv)

As t=0 then R=0 put in(iv)

0=1201n1+-2% _1201n(2)+ ¢ As Ini=0

1+0
=> 0=0+60-(120)0.693)+c
=> 0=60-83.16+c => 0=-23.16+c
= ¢=23.16
Put ¢=23.16 in(iv)

=> R(f) =1201n(l +1)+ 130; ~1201n(t +2)+23.16 ....(A)
4

After one hour one hour drug administration :
Put t=1 in(A)

R(1) =1201n(1 + 1)+ 1201n(1 +2)+23.16

= 1201n2+30 1201n3+ 23.16
= (120)0.693)+ 30 — (120)(1.098) + 23.16
= 83.16 +30-131.76 +23.16
=> R()=4.56 mi
After three hour drug administration :
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Put t=3 in(A)
60
R(3)=1201n(3 “)*31”1 -120In(3 +2)+23.16

=120(1.39)+15 -120(1.61) +23.16

=166.8+15-193.2+23.16=11.76
After four hour drug administration :
Put t=4 in (A)

R(4) =1201n(4 +1)+Z%—1201n(4 +2)+23.16

=1201n5+12-1201n(6)+23.16
= (120)1.61)+12-120(1.79) +23.16
=193.2+12-214.8+23.16
=13.56

After fourth hour drug administration :

R(fourth hour)= R(4)-R(3)=13.56-11.76 =1.8

Q.3: The rate of change of the voting population of a city with

respect to time t (in years ) is estimated to be

G o B e N(¢) is in thousands . If N(0) is the

d (l+r:Y

current voting population , then how much will this population
increase during the next3 years ?

Solution: dN= i :
dt (14-:’)2
100t

= | dW\= (1+t2)2 dt integrate

J’dN:j(w—O:dr ...... (A)

1+r)z

Let t=tané => —=—rtané

= . sec’ @ => dt =sec’ o
da
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"~ Put thesevalues m(a).
2 2
N() = loojtané?sec 6H¢9=100Itan95ec &
1+ tan? of (sec? 6f
_ tan 846 _ sinf _ ,
=100f - 100 ——-cos” 416

=100[sinfcos 66 ....... (@)
let sinf@=u => cos@d@=du put in(i)

2
N(#) = 100[ udu = 10032—+c put t=siné

=> N(¥) =50sin’ 8 +¢

sin? @
cos®

o WS
sec?

50 tan’ &

"~ 1+tan?@

Then N(f)= 5:_"; +6 D

As given when t=0 then N =0 Put in (B)

s 50 cos?O+c

+cC

+c¢ put tanf=t

0=—-2—+c = c=0

1+0
Put ¢=0 in(B) , Then
501
Nf —""_-'_'_"" ssaws
() ™ ©

The population increases next three years: Put 7 =3 in (C).
NG) = 503)" _ (50)9) _ 15

1+BF 10
Since given the population in thousands.
Thus the population increases next three years is
=45 thousands.
Q.4: A oil tanker aground on a reef is losing oil and producing
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an oil slick that is radiating outward at the rate

approximated by & = ol s F20 .

dt 1’ +9
where t is the radius (in feet) of the circular slick after t
minutes . Find the radius of the slick after 4 minutes if the
radius is r=0 when t=0.

Solution: _‘fi;. 18 , 120
t2+9
= dr= il dt integrate
~J! +9
dr=
[=fpet

Let r=3tand => dr'=3sec=d9 put in (i)
2
J'dr=-|-100 3sec* @O
9tan’ 8 +9
2
3sce &19_10 J-35ec édo -

sl g, '

=> 7 =100]seca8 =100[ 2 S;°ft+T?)
SEeC an

de
=> r= 100In|secé +tan 6] +¢c

=1001n|tan€+\/tan29+1l+c put tan9=%
12
= Fafoal o+ )41 |+c
3 9

2
t+t +9]+c

= r= IOOln[
3

Put t=0,7=0 in (i)
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0=1001n{°+3‘/§]+c = 0=100In{l)+c

Put c=0 in (ii)

2
P 100h-{’—+%t2) ....... (iii)

Radius after 4 minutes: Put /=4 in (iii)

=100 I 42

=1001n(3) = (100)1.098) = 109.86
Or approximately »=110 feet.
Definite integral : If f(x) is continuous function on the
interval [z, 5] . Then the integration of f(x) from
point "a" to point "b" is called definet integral . It is
denoted by

J Flekse
If integration of f(x) is F(x) i.e. j f(x)dx=F(x) . Then
the definet integral is j fxx=F (x): =F(p)- F(a)

4
Example .14 : Evaluate _[xzd
1

34

4
Solution: I x*dx =x—‘ = }-((4)3 - (I)’)
1 3 1 3
1 63
==(64-1)=—=21
3 ( ) 3
Definite integral is the limit of a sum:
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If f(x) is continuous function on the interval [a, 5]
and [a ; b] is divided into n equal sub intervals each of

width is Ax=b"
n

subinterval are x, ,x, ,........ S M,
If n—> o then definite integral of f(x) from x=a
to x=5 is given by

[f)dx= Llﬂ&x[f(xlh £06) # et F(2 )] NA)

Example .15: Find the actual area of the region bounded by
by the curve f(x)=x’and the x-axis in the interval is [0 : 2]
Solution: For n equal subintervals the width of each
2-0_2

n n

The right end points of each subinterval are

X =a+Ax= 0+E=Z
n n

% =c:+2A:::=0+2(3)=i
n) n

-----------------------

and the right end points of each

subinterval is Ax=
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......................

2n) (22 _2%n?
f(xn)=f(‘—)=(“‘"] =

n n n
As we know that the actual area is given by

=[f(x)dx= Em[f(x,) R {C ) E R | [ (ii)

Put values in (ii)
2 2 2 2
= £ J; x’dx =lim= ’:2 +%+§—z-+ ....... +(2")j‘

msenln’ n n n
= A= +3% 4. +n2] ...... (iii)
n—m nn
As we know that
ROCIC U S 02} €3 VN (iv)
6 ,

Put (iv) in (iii)

A Tim 3(n(n+1)(2n+1))

6

n—x<

= lim ~4—[n(2n2 +n+2n+ l)]

3

n—w 3
. limi(Z*z3 +3n + n)
n-+cn3n3
3 2
= o LA 4 2+3+i2
a2 3| p n n noo 3 n n
3 A=i(2+-3-+—1~)=3(2+0+0)
3 ® o© 3
=> A=§ Ans.
3

Fundamental theorem of Integral calculus: If f(x) is
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continuous function on the interval [a, 5] and let f(x)
has integration F(x) i.e I f(x)dx = F(x) then

[[ fdx=|F = FB) - F(a).
Properties of definite integral :

@ [flEx=0
@I f(x)=g0) then [ fGx)dv=[ g0y
. Gi) if a<c<b ,then [ f(dx=[ f(x)de+[ f(x)dx
@) [ redc=-f fa
(v) If a function is odd then [’ F()dx=0

(vi) If a function is even then

[ reoax =2 fexax
Example .17: Evaluate the following definite integrals :

(a) J-l2e“ -3
2e4: zedx
Solution: L L [ ]
= _[)ze”dr . LBe'z‘dx
ot 1 o2 !
2l T
e?x |e—2:'

=e¢’-e +%(e' -¢°)
=7.39-1+(1.5)0.135-1)
=6.09 Adns.
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®) | xsin x’dx
d dt
Solution: Let x*=¢t =>"—x'=—
dx dx
dt 1
= 2x=— = xdx=-—dt
dx

As Jc=—'l’£ then r=~’—r—

2
As .:c=£ then r=£—
: 2 4

x/2 1 prt14
xsinx’dx = —J' . sintdt
x/3 2 9x°/9

4
19

2 2
=—-3- cos| Z- |- cos| Z- put 7 =3.14
2 4 9

=—%(cos(2.4647)—-cos(1.0966)) use radians

= :—12-|- cost|”

= .__;_(- 0.7812 - 0.4566) = _% (-1.2378)

=0.6189 Ans.
Definite integral through Integration by parts :

Eudv =uv|: —j:vdu

Example .18: Evaluate the following definite integrals .
(a) .lee"dx

x

Solution: Here u=x and %=e = dv=e'dx

=> du=dx and v=¢'
As we know that integration by parts is given by

Eudv = uv|z -rvdu put valuesof u,v,du and dv
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1
(b) Le‘ sin xdx
Solution: Let /= J:e‘ SIEXEY s omsncd i)
Here let u=¢* and ﬂ=sinx
dx
= —=¢" => du=e‘dx
dx

Also dv=sinx dx => jdv=]sinx¢c'

Or v=-cosx

As we know that integration by parts is given by
r udv = uv|z - r VDY . N (A)

put valuesof u,v,du and dv in(A).

I= _[ e* sin xdx=e" cosxl j(—cosx)e‘dx
=> I =-(¢' cos1-e° cos 0)+Lcosxe‘a§x

= = —[(2.718X0.54)—1]++_L1cos xe*dx Use radians

=> I=-0.468+ [[cosxe*ds mre (i)

1
Now we solve again Lcosxe‘dx
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Now again take u=e” and % =CoSXx

=> -d—!‘[=e’r => du=e“dx
dx

Also dv=cosxdx => Idv = Icosxdx
Or v=sinx put in(A)
1 " 1 1 2
Lcos xe*dx = e”* sin :t:|0 - _Le‘ sin xdx
= (el sin1—e° sin 0)— _Lle‘ sin xdx
= [(2.718)0.84)- 0] - [le* sin v
=228 [[&" sin xd .......(iii)
Put (i) in (iii)
feosxerdr=228~1 ...i... (iv)
Put (iv) in (ii)
= [=-0468+228—-1
= J[+1=182 NG 21=1.82
= I=0.91 Ans.
Area between a curve and the x-axis: If y= f(x) is
continuous function on the interval i

[a 5 b] ,then the area

above the x-axis is counted
positively and the area ———ty
below the x- axis is counted '
negatively . v
In the figure the area A (fromx=a to x=c)is below the
x- axis and thearea B (from x=c¢ to x=Db)isabove the
x—axis. Thus the area under the curve from a to b is
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[ f@dc=[ - rear+ [ foxa .

As f(x)<0in [a,c] and f(x)20in [c B8]
Note: ¢ is the point where the value of f(x) is zero.
Example .19: Find the area between the x-axis and the curve

f(x)=x*-4 from x=0 to x=4
Solution: Given f(x)=x’-4 ...... 0]

And interval is [0 , 4].
First we find intercept of /(x)on the x-axis . i.e. we find
those values of x-axis on which f(x) arezero.

put f(x)=0 in(i)
x’-4=0 = x*=4
=> x=12
Thus the subintervals of the interval [0 1 4] are
[o, 2] and [2, 4]
Since f(x)<0in [0, 2] and f(x)=0in [2, 4].
Then the area is given by

A=- E f@)de+ [ f(x)d put value of f(x)

=> A:—Lz(xf'—4)tz':c+£(x2—4)dx
48 . - \*

= A=—-|—-4x}| +| ——4x
Gme ¢

/lz

4= —H%)i \ 4(2)J -{-g- - 4(0)]} + [g - 4(4)) - [@ - 4(@}]
4 = A=—[§-—8—0)+(~§;—-16—§+8)
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{8—24) [64—48—8+24]
= A= Ex

3 3
{8 (2)- 4.2
T 3 3) 373

= A= -‘-ZE =16 square unit

Example.20: Find the area between the x- axis and the
curve f(x)=x*-2x from x=-1 to x=3.
Solution: f(x)=x’—-2x ....(i) and theinterval is [-1, 3].
First we find intercept of f(x)on the x-axis.
Put f(x)=0 in (i
x?-2x=0 = x(x-2)=0
= x=0 and x-2=0
= x=2
Thus the subintervals of the interval [-1, 3] are [-1, 0],
[0 ,2] and |2 , 3]
Since f(x)20 in [-1, 0] and f(x)<0in [0 , 2]
Also f(x)20 in[2 ,3]. :
Thus the area is given by

A= feydc+ [~ f)de+ [ f(x)ds  putvalues of £(x)

=>A=fl(x2——2x}h-j:(xz—2x)a§t+j:(x2—2x}tr
2 22Y (¥ 22Y (¥ 222Y
= A= —_— —_ e —— 4+ ———
-2 (52 (%)

3 4 3 2 3 3
s de|Sesaf ] <|Zci? | o] Zuy?
3 -1 3 0 3 2

2
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- oA 4

4 4 27-27T-8+12
3

W“‘ul

3
3.5.8 1
3 3

ul-h

=> A=4 square unit.
Example .21: Use MAPLE command “int” to solve .
(a) Indefinite integral of a function
fx)=x*+x+x* +x+1 w.r.t. to variable x.
(b) definite integral of a function f(x)=x’ in [0 ,1]
variable x.
(¢) definite integral of a function f(x)= xe*
In interval [0 , 1].
Solution: (a) Open the MAPLE programme . Open the
new document and use keybard keys write
int(x*4 + x*3 + x*2 + x +1,x), and press enter key
You get the following result.

Command:
inr(x4 +r A+ txt 1, x);

1 53 1 A4
— X +— +——- -
Sx ik ,t} P +x

(b)

Open the MAPLE programme . Open the new document
and use keybard keys write
int(x~2,x = 0..1);, and press enter key

You get the following result.
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Command:

intf(#,x=0.1);

(c)
Open the MAPLE programme . Open the new document

and use keybard keys write
int(x*e”x,x =0..1} and press enter key
You get the following result.

Command:
inf{x-&,x=0.1);
eln(e) ~e+1
In(e)? As Ilne =1
e-e+1
1y

1

Exercise 6.4:
Q.1: Evaluate the following definite integrals .

(a) L‘Sxdx
=2((47 - 67)=36-9)=> ans.
(b)
Solution:
J e 34?: =%((20)“ -(12)')= %(160000—-20736)

=-‘1I(139264)-_— 34816 Ans.

© [ x? -3
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Solution: f (Zx“2 - B}ir = (2 —{-1— - Bx}{
= —[3 + 3x)|
X 1
2 2

=—(1+6-2-3)
=-2  Ans.
@ [ 3xdx
1
Solution: f 3 xdxc =3 f x2dx
4 4
Ly %
2
=13 ;‘ L %..
_+1 Poda-.
3 ' 3 3
=2x%| = 2[(4)5 e (1)‘2'}
1

=28-1)=14  4ns.
© [12(x* - 4) xax

M: L312(x2 _4)’xd"=6_[:(x2—4)5(2x)dx ..... (A)
Let x’-4=t => %(xz_4)___%

=> 2x=-‘£— or 2xdx=dt
dx
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When x=2 then t=(2) -4=0
When x=3, then t=(3) -4=5
Put values in (A) .
[12(s* - 4f v = 6 ar

o ;_ ar X
= —eg *+ef =— or —(e‘—e‘ =dt
dx

=> (e" —e* }it =—dt
When x=-1 then r=eV+e’' =e+e’

When x=1 then r=e’+e'=e+e”
Put values in (i)

x

.[ll (::_:;)2 dx =~ f ;’_:lf'zdt =(0Ans. use E f(x)dx=0

Other methode:

=X Xz
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Thus f(x) is odd function then we know that if f(x)
odd function then j" F(x)dx=0

Thus j‘ T st e AN

e+e)2

(8) " COS[E + z)dx

x/

Solution: As we know that cos(x +7)=—cosx

Then _[:ucos[% + x]dx = '2 cos%dx ..... 0

x/
X
Let 5:: => dx =2dt
y 3
When x=7 then r=5

When x=—7-r- then 1‘=E
2 4

Put values in the given integral .

T 5 of T2
I cos[- - x)dx = -2_[ costdt
x/2 a x4

3 xl2
= —2sin th

— —2[sin L sin f)
2 4
1 2
=2l-— [==-2+—=
-5
=—2+\5 Ans.
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al4
0

xl4
Solution: _L sec’ @46 = tan 6|

= tan[%] —tan0=1 Ans.

0.2: Evaluate the following definite integrals .
250> —3t+18
(a) -L__(—_)_tS‘—rz dt
Solution: we solve it by partial fraction .
g A B O il
t3-t)3+t) t 3-t 3+t
Eq(i) is multiplied by #(3—-¢)3+¢)
502 =3t +18= A3 —t)3+1)+ Bt(3+ 1)+ Ct(3—1) .....(ii)
Put =0 in (i)
0-0+18=A(3-0)3+0)+0+0
= 18=94 = A=2
Put =3 in (ii)
5(3) -3(3)+18=0+B(3)3+3)+0
=>45-9+18=18B => 18B=54
=> B=3
Put ¢=-3 in (ii)
5(-3)*-3(-3)+18=0+0+C(3)3+3)
=>45+9+18=18C => 18C=72
—— I B
Put valuesof A,B and C in (i)
502 -3t+18 2 3 4
———— =—+——+—— Integrate
tB-t)3+t) t 3-t 3+t

2
fSr -—3t+18dr=£2[2+ 3 +-i-]d:

:(9-:’) t 33—t 34t
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—fdeL ————dt+_|; ————dr
=2Ind]; —3I(3 1) + 3111(3 +1);

=2(ln2-In1)-3In(3-2)-1n(3-1)]+4[In(3 + 2)- In(3 +1)]
=2(0.693-0)-3[In1-In2]+4[In5-1n4]
= 1.386 —3(0 - 0.693)+ 4(1.609 — 1.386)
=1.386+2.079 + 0.892

=4357  Ans
b) _[-—d:

2 4 2 4
Solution: I-—;————- dt = I
T (U +4 ¢
Lot sed 4, Bt+C
f* +4 ) t
Eq(i) is multiplied by (> +4).
4= A(r* +4)+(Br +CXr)
=> 01 +0t+4=A +44+ Bt* +Ct
= 0 +0++4=(4+B) +Cr+44
Equating the coefficients of x* ,x and constant.

A+B=0 ... (ii)
= =y and 44=4
== d =N

Put 4=1 in(ii) => 1+B=0 => B=-1
Put values of A, B and C in (i)

integrate
rir +4i
2
-!rir ey i ’"Ir e
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=lnt|f ——:l!-lrl(l‘2 +4]|2 use I‘;(( ))a"x In[f(x)]

=1n2—1n1--;-[1n(4+4)-1n(1+4)]

- 0.593—0-%(2.03 -1.61)

=0.693-0.235

=0458 Ans.

Q.3: Use the definite integral to find out the area b etween the
curve f(x) and the x-axis over the indicated interval

[a,5]).
(@ f(x)=4-x*,]0, 3]
Solution: f(x)=4-x* .....(0)
First we find intercept of f(x) on the x - axis .
Put f(x)=0 in (i)
4-x'=0 or x’=4
= p=2
Thus the subinterval of the interval [0, 3] are
[0, 2] and |2, 3]
Since f(x)>0 in [0, 2] and f(x)<0 in [2,3].
Then the area is given by

A= j f(x)dx+j F(x)dx put valueof f(x)

= A= j(4 x Jie j(4 < Jie

3\ 3\?
=[4x—x—1 —[4x-x—J
3 ) 3 )
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=> A=4(2) -%(2)’ - [4(0) -g} —[4(3) —%—)J- —{4(2)_%)1}]

3 A=8—§——0-[12—9-[S—§)]
3 3

- A=M_(3-Zﬁﬁ]=£_iﬂ
3 3 J 3 B

16+7 23

= A= 1 =7.67 square units  Ans.

M) f(x)=x*-5x+6, , [0, 3]
Solution: f(x)=x*-5x+6 ....... (i)
First we find intercept of f(x) on the x- axis.
Put f(x)=0 in (i)
x?-5x+6=0 = x*-2x-3x+6=0
= x(x-2)-3(x-2)=0 = (x-2)x-3)=0
= x-2=0 and x-3=0
= x=2 and x=3
Thus the subinterval of the interval [0, 3] are
[0, 2] and 2, 3]
Since f(x)20 in [0, 2] and f(x)<0 in [2,3].
Then the area is given by

2 3
A= _[ f(x)dx + I — f(x)dx put valueof f(x)
0 2

=> A =‘:.:.(Jcz -5.1i:+6}1‘£t—_1-(x1 -5x+6}ir
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2
= A= §—10+12—0)— (9—£+18J-—(—8-—10+12J
3 2 3

=> A =§+2—[18—_M—[§+2J]
3 2
=!i_[2,.£‘i)=.li_?_+1_‘£
2 3 3 2 3
= A= i_—%?—iz—g- = —269— Square uniits.
(c) f(x)=x*-6x+8 , [0, 4].
Solution: f(x)=x>-6x+8 .....(0)
First we find intercept of f(x) on the x- axis .
Put f(x)=0 in (i)
x?-6x+8=0 = x’-2x-4x+8=0
= x(x-2)-4(x-2)=0 = (x-2)x-4)=0
= x-2=0 and x-4=0
= =2 and x=4
Thus the subinterval of the interval [0, 4] are
[0, 2] ana [2 , 4]
Since f(x)20 in [0, 2] and f(x)<0 in [2,4].
Then the area is given by

A= If(x)dx+_[—f(x)a§t put value of f(x)
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r’xs 2 xs
= A=|"—-3x?+8x| -] =—-3x +8x
\ 3 A 3

= A= [[%i -3(2) + 8(2)] -(0-0+ 0)]
& [[.(i‘si -3(4) + 3(4)] - [%)i -3(2) +s_(2)]]

=> A=(§—12+16J—[(Z—4—48+32)—(§—12+16]]

=_§_+4_(ﬁ_16_§_4J=a;12 _64—483-3-12

= 4 =2———4=M =£= 8 Square units.
3 3 3 3
@ f(x)=5x-x* on [I, 3]
Selution: f(x)=5x-x" ...... (i)
First we find intercept of f(x) on the x- axis .
Put f(x)=0 in (i)
S5x—x*=0 = x(5-x)=0
=> x=0 and 5-x=0 => x=5
Thus f(x) intercepts x—axis at x=0 and x=35
Then there is no subintervals of the interval [1 i 3] :
And f(x)>0 in [1, 3].
Then the area is given by
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537 _( ]_(5(1)’ _W J

=>A=
[2 3 2 3

_;4?__9_[_5__1)_45-18_15—2

2 2 3 2 6

- A=ZZ_.1§.=§!;12 A=§=3—4 Square units.
2. 6 6 6 3

Q.4: Set up definite integrals in problems a to 4 that
represent the indicated shaded areas.

(2) (b)

v v ! =
'v'
=
m‘l
. ‘l N [ i L T LTI, TPy
"
W
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Solution: (a) Here f(x)= £ ;

From figure (a) weseethat f(x)=0 in [1 3 2] and
f()<0 in[2 ,3].
Then the area is given by

2 3
A= If(x)air+f-f(x)dr put valueof f(x)

2 & X 3 2 _ 5
% A e Ede-—j‘ e e e
2 2

3

=> 4 =%(e2x--e‘]:l -——12-(e2x-e']2

=> A= -:!2-[2e2-e2 —(¢? —e')]—-;:[3e2 X ¥[2¢? —ez)]

o 4-f_2'-¢ 2718 2(7.389)-20.086
2 2 2 2
=> A=1.359+2.654=4.01 square units.
(b) f(x)=¢"-e
From figure (b) we see that f(x)20 in [l, 2] and
f(x)<0 in [0 ,1].

Then the area is given by
1 2

A= I-— f(x)dx + J. f(x)dx put valueof f(x)

i(e e+ je ~et

B 4= (e‘—-xe] + (e --:ce]2

= A=-|e—e)-(e°-0)|+|e* - 2e-(e-e)]

(=]
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=> A=-(0-1)+(e* -2¢)=1+7.389-2(2.718)

=> A4=2953  Ans.
() Here f(x)=2-0.5x .....(i) .

From figure (ac we see that f(x)20 in [0 ; 2] and
f(x)<0 in[2 ,3].

Then the area 1s given by

A= _[ f(x)dx +J f(x)dx put value of f(x)

=> 4= j’(z 0.5x" Jix— f(z 0.5x" Jix

3 3 3 10 3

8 3 8 16-9+16
= A=—-"¢f—=—1n-— "
3 273 6

23 :
= A SF 3 square units.
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(d) Here f(x)=x*-2x

From figure (d) we see that f(x)=0 in [—1 . 0] and
f(x)<0 in [0 ,2].

Then the area is gwen by

A= I f(x)dx +I f(x)dx put valueof f(x)

= A=@{0Ji(‘;;-(l)’:-[[(zj-(z)zJ—(g-oﬂ
=> A=0- -—1—1]— §-—4—0\
3 3 y

4) (8=124(~4%4 8
=A== =-=|- =—+—=— Square unils.
3) 28/ 3 3

Q.5: An oil tanker is leaking oil at a rate given iin barrels per

Hour BANEL) 801n(r +1)
dt t+1
hour after the tanker hits a hidden rock (when t=0).

(a) Find the total number of barrels that the ship will leak
on the firstday.

(b) Find the total number of barrels that the ship will leak
on thesecond day.

(c) What is happing over the long run to the amount of oil

leaked perday ?.

, where tis the time in

dL _80in(r+1)

Solution: Given that
S dt t+1
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@) dL= 80In(t+1)
P41
The total number of barrels that the ship is leaked on the

first day (0 to 24 hours) is
2
B= sol[Mdr o)
s I+l

d du

Let Iniz+1)= = —In{t+1)=—

et In(t+1)=u >dt (t+1) ;-
1=du

= ——=— or ——=du
t+1 dt t+1
When #=0 then u=ln(0+1)=0
When t=24 then u=In(24+1)=In25

Put values in (i).

In25 i e
B =80 [udu =so(—]
0 2 0
=> B=40|(ln25) —0|=40(3.22)" =414.44 barrels first day .
(b) The total number of barrels that the ship is leaked on the
second day (24 to 48 hours) is

B= so]M: ..... (ii)

t+1
Let ln(t+l)=u = %ln(:q-l):E
1 du dt
= or =du

t+1 dt t+1
When =24 then u=In(24+1)=1n25

When =48 then u=In(48+1)=1n49
Put values in (ii) .

In 49 u?
B=80 judu Y so(—-)
m2s 2

In49

In 25
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=> B = 40|(In49) — (In25) |- 40|(3.89) - (3.22)?|
=> B =40(15.15-10.36) = 191.6 barrels second day .

(c) We see that the amount of oil leaked per day is decreases
when the number of days are increases.
Thus over the long run the amount of oil leaked per day
1s decreased to 0.
0Q.6: Use MAPLE command “int” to evaluate

(@) f(x)=x"+3x+1 ,w.rt.to x.

) f(x)=e*sinx w..r.tto x.
Solution: (a) Open the MAPLE program . Then open
the new document and use the keyboard keys and
write int(x2+3*x+1,x} press enter key we will get
the following command and result.
Command:
> intf{Z +3x+1,x);

1 3
3.?+2x2+x

(b) Open the MAPLE program . Then open
the new document and use the keyboard keys and

write int(e” x *sin(x), x); press enter key we will get
the following command and result.
Command:

int( & sin(x), x); .
¢ g tan[% l exin(E) . 21n(e) e:tln{e] ta.n{—%— I)
In(e)* + 1 In(e)® + 1 In(e)® + 1

1 2
1+tan[-i-x]
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Review Exercise 6:

Chose the corect option.

Q.1: The process of finding antiderivative is called
(a) differentiation (b) integration
(c ) probability (d) linear equation

(i) [tan&d6 =.......
(a) Injsing|+c (b) Infcosé|+c
(c) - ln|cosé'| +c (d) - ln|sin 9| +c
dc  _
(iii) I e

(a) lnlx +x? +a2l (b) sin"Z
x

(c) sin ["J-rc ) cos-‘[i)n
a a

“’)J. at o
V1 -36
t—6 1 |t-6
____1 =
v P ® s
2
(©) ln[ii’-—— “"6'36] ) %{m-‘é—ﬂ +6J+c

v) J (x —4){11: =

(a) ——--4x+C (b) %—-—4x+C

x' v o4y 4
N ey O R . T
) 4 * @ 4 3 2 g
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@ f (x)g(x)+fg ()f(x)x () f(x)g(x)- _[g(x)f (x)ex
© £ (x)g(x)- [ (x)f (xax (@) f(x)g(x)-[2(x)f(x)ax

(vii) j’ tan® xdx = .....
(a) %—tan’x+x-tanx+c (b) %ta.n’x+x—tanx+c

3
(c) -—-tanzx—x+tanx+c (d) 3tan’x +x+tanx+c

(viii) I —64

1|x 1
(a)ln]x—8|+c (l:o)-z—ln]x2 —64|+5'§+1|—51n

1. 1%
-=In—-1
S

+C

+C

N
]

+C

LY |
2|8

(c) lh'nlx2 - 64] ot
3

1
d) =In—+1l+—=In—-1
@ 0‘8 ZQ‘S
e -1 e -1 e -1

@ ferd = @ S ) £t ) £ @)
0

4 2 2 2

2
&) [Pde=.... @1®2 (c)3 (@4
0

Answers: (i) b (i) ¢ (iii)c (iv)c (v)a (vi)b
(vii) b (viij)e (ix)a (x) d
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