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Unit - 4: Higher order derivatives
And its application:
Higher order derivatives: If y = f(x) then the first
dy

derivative is — or y .
dx

The second derivative is obtained by taking the derivative

2
of y and given by %_IZ or y.

The third derivative is obtained by taking the derivative

4 . dsy “
of y and given by T or y and soon.

The nth derivative of the function y = f(x) is denoted by

d'y (m)
or %)
paC 7 (x)
Example 1: Find the second derivative of the following
functions: (a) y=8x’-9x’ +6x+4
Solution: y =8x’ —9x® +6x +4 , Differentiatew.r. t. to x.

%=%(8x3 -9x? +6x+4)

=> y =12x* -18x+6 , Differentiate againw.r.t.to x.

i(ﬂ}=i(12x*—18x+6)
dc\dx) dx

2
-y i—{=24x—13 Ans.

_4x+2
3x -1

(b) y

_4x+2

31 , Differentiatew . r. t. to x.
x —

Solution: y

¢_1y_=_¢_1'_(4x+2] use quotient rule
dx dx\3x-1
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(3x..1)§ (4x+2)—(4x+2)%(3x-—1)

Y _

N Gx-1y
4 _ (Bx-1)4)-(4x+2)3)
" & (B3x-1)

B f@. _12x-4-12x -6
dx (B3x-1)

- dy 10

oA (3x 17

Differentiate againw.r.t.to x.

i(@i] :x ~10Bx-1)7]

dx \ dx
= SF =-10(-2)3x- 1)"’—(3x 1)

=20(3x-1)"(3)

2
=> di} = 60 Ans.
de*  (3x-1)
Note: If s is displacement then the rate of change of
displacement is called velocity . i.e.

ds
velocity =v=— ...... i
Y= (1)
The rate of change of velocity is called acceleration . i.e.
2
Acceleration =a = id_v_ = -‘i—— ....(ii)
at d?

Example 2 : An object is moving along a straight line with
its position s(¢)(in feet) at time t (in seconds) :
s(t)= -2t -7t+9
(a) Find the velocity at any time t .
(b) Find the acc>leration at any time t.
(c) The object stops when velocity is zero. For >0 , when
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does that occur.
Solution: s(t) =¢> =22 -7t +9 ..... ()
(a) velocity : Differentiate (i) w.r.t. to t.
g zﬁ-(r" -2t -7r+9)
dt dt
=>v=32-4t-7 ...
Eq(ii) shows the velocity at any time t.
(b) Acceleration : Differentiate (ii) w.r.t. to t.

dv
E}-=-g;(3r’ —-4:-—7)

=> ag=61—-4 ... (i5d)
Eq(iii) shows the acceleration 2t any time t.
(¢) Put v=0 in (i)
3t2-4t-7=0
=> 32 +3t-7t-7=0
=>3t{t +1)-7(t +1)=0
= (t+1)(3t-7)=0
=t+1=0 , 3}-7=0
= t==1 , t= .
3
Since time is non-negative thus the object stops after -}

Seconds.
1:nth derivative of /(x) = (ax +b)"
As J(x)=(ax+ "
f(x)=m(ax+b)"".a
f (%) = am(ax +b)™*
f ) =a*m(m~1)(ax+b)""
£ (x) = a*m(m —1)(m - 2)(ax + b)"™*
General

F(x)=a"m(m=1)(m=2)....(m = (n-D)(ax+b)""

- T |
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_(a"m(im=1)....(m—n+1)(m-n)(m-n-1)..2.1 o
) [ (m- my(m-n-1)...21 ](ax +of

S . SR (i)

(m—n)!

Eq (i) shows that nth derivative of f(x)

If m=n then putin (i)
n!

AR Ca
= f'(x)= a".—g-:(ar-l-b)o As 0'=1

> ffx)=a"n

7

nth derivative of y =

1
ax+b
y=(ax+b)" —
» =(-Da(ax+b)?  As y, isthe first derivative.
v, =(~1)(=2)a*(ax+5)>
¥y =(=1)(=2)(=3)a’(ax+b)™*
¥y =(-1y’(1.2.3)a’ (ax +b)™
g’
' (ax + b)"

ax+b

As y=

¥y =(=1)’
General:
_(=1)".nla"
" (ax+ b)™
If y=In(ax+5), Find the nth derivative y,
As y =In(ax +b)

U B 0 U UUuuu

Y, Ans.

|

= b7 =;—x—%_—g=a(ax+b)"
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= y,=(Da’(ax+b)7

= yy=(-1)(-2)a’(ax+b)"

= Ys =(-D(-2)(-3)a*)ax+b)™
=P Ve =(-1)°(1.2.3)(a* ) ')"4
h _(-D.31a"

Y= @x+ by
D44l g
- = (-1".4 .(:
(ax+b)
In General:
N\l i
- 2 =( D" (n-D)ia P
(ax +b)”
4: If y =sin(ax+5),
Find the nth derivative y,. As cosf = sin[9+£)
2
As  y=sin(ax+b) de-(sin(ax +b))
=5 = acos(ax +b) i)

— -051n[ax+b+ J

— YV, =a cos(ax+b+2]

= y =azsin(ax+b+£+£]
4 \ z 2
0, i : 2"’)
= Y, =a’sin| ax+b+——
\ 2
. 2::)
= Y3 =a cos ax+b+—2-—
\

e\ i 2.’: (4
y;=a’ sin .'zx+b+-:—2-+-é-

i ( 3::']
=3 y; =a’sin ax+b+—-2--
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" InGenmeral: -
= ¥, =a”sin[ax+b+-’%;-) Ans.
S: If y=cos(ax+b),
Find the nth derivative Ve ~sin@ = cos(& + EJ
2
As Yy =cos(ax + b) }% (cos(ax + b))
=3 =—asi +b
L = —asin(ax + b)
= y,=acos[ax+b+—;£}
2 . ¥4
= Y, =-a sm(ax+b+—2—J
=5 y —azcos(ax+b+£+£)
i 2 2
b it ¥
=> Y,=a’cosl ax+b + T
= e -—a’sir{ax+b+%£)
= y3=a3cos[ax+b+%‘£+£]
g 2
i LR , 3:-:]
= =a’cos| ex+ 5122
Vi L 5
In General:
nr )
= '» =a" CoS| ax +hH+— Ans.
’ [ 2)
6: If y=a™ find y,
Sol: As y=g™
= =ma™.lna
= y;=m’a™(lna)’
=  y;=ma™.(lna)’
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In General: y, =m"a™ (Ina)”
7: If y=e™
=>  y, =me™
=> y, =m’e™
=y, =me™
In general y =m"e™ .
Example 3: Find the 5™ derivative of the following
functions. (a) f(x)=(6x+4)
Solution : As we know that if f(x)=(ax+b)

!
Then f"(x)=———a"(ax+b)"" ....(i)
m—n!
Put a=6, b=4 ,n=5 and m=9 in(i)

5 9' 5 9-5
=——=6"(6x+4
Bl
— fs(x)=9.8.7£.5.4!
=6°(15120)6x +4)°  Ans.
1
4x +3

Solution: As we know that if f(x)=

6°(6x + 4)'

() f(x)=

1
ax+b

then

- D"nla" :
(x) =+——— ....
S (x) T ®
Put a=4, b=3. n=5 in(i)
son (1S4 514
¥ (4x+3) (4x+3)
(¢) f(x)=In(4x+7)
Solution: A -ve know that it f(x)=In(ax+ b} :he-

Ars.
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Put a=4,b=7 and n=5 in(3)
sy (104’ 4
)= (4x+7)  (4x+7) s
@ f(x)=6"
Solution: As we know that if f(x)=a™ then
f"(®)=m"a™(na) ...... @)
Put a=6, m=4 and n=35 in(i)
fi(x)=4°6"(In6) Auns.
(e) fqr) = e
Solution: As we know that if f(x)=e™ then
S[r(x)=m"e™ ....... ()
Put m=4 , n=5 in(i)
fs (x) = 43343
® f(x)=sin(5x+7) |
Solution: As we know that if f (x)=sin(ax+b) ,then

f"(x)=a”sin[ax+b+%7£) ....... 0)
Put - a=5, b=7 and n=35 in(i)
f’(x)=5’sir{5x+7+s—;—) Ans.
Derivative of parsmetric function : If x=/(f) and y=g(;)

are pgramgtxic functions then
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dt
R

dc d*y dy d’x

o 4y _a '’ ad’ | g

dx? ( Q&T """"
dt
Eq (A) Shows the second derivative of parametric function .

2
Exampie .6: Find the second derivative % when

x()=1+1 and y(t)=r +217 +1

Solution: Given x=1+1" ..... (i) and y=£ +2* +1 ....(ii)
As we know that
ks dy b dx
d A2 e dt?
s S Bl G )
* (é"_\
dt )
dc d 2

—=—\1+t")=2f .eevens a
e
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_ i(é]_i(g)
dat\dr)
d*x
= ——=7F el
dr’ )
Now P12 £1)=32 141 ()
dr dr
> 4(2)_ L)
dr\ dt t
dy
= ZX-6t+4 ..(d
B~ o (d)

Put (a) , (b), (¢) and (d) in(A)
d’y _(2)et+ 4)—(3:2 +4:X2)

2 3
dx (2:}
- d’y 120 +81--0t” -8t
ax’ 8:°

dy 6% 3

=> — = —3' =
dx- 8t 4t

Ans.

OR
By Alternate method:

As we know that
dy _Jy dt

dc dr dr) b N 28
Differentiate (i) and (ii) » .r. . to t.
N ;
% =4 ;’;U +r‘)= 2 e (iii)
d 1 :
2 e e
dcx 2

Novy ifi=i(r3 +27 +1)=312 + 4
dt dt

Put (iv) and (v) in (B)
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Yo v 1)1

dx \ 2F 2t
3t+4
= g_ﬁiz ..... (vi)
dx 2
Differentiate w .r.t. x.
(&) d(ut)_d(3), )
dx\dc) dx\ 2 dx\ 2 dx
d’y 3dt . dr 1
=37 -—-—2-=-£Ex—-+0 put  from (iv) E=E;

rd

Example. Use MAPLE command differentiate
f(x)=x*+x*sinx+x+2 w.rt.to x.

Solution: Contenx Menu.

Open the MAPLE programme and new document
in MAPLE and use keyboard keys and write
diff (x4 + x~2 *sin(x) + x+ 2, x, x);

press enter key you get
Command:

dxjﬂ"(x" + x"-sin[x) +x+2x x) :

12 + 6xsin(x) + 6% cos(x) — sin(x)
Exercise 4.1:

Q.1: Find the indicated higher derivatives of the following

functions.

® f(x)=3x+4x+5 , f(x)
Solution: f(x)=3x’ +4x+5

4 (=9 e
dx(f(x))_dr(?’x +4x_+5)
= f(x)=9x*+4

= E(f'(x))=‘%(9x2_+4}
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= f(x)=18x Ans.
(®) f(x)=x+% , ()

Slfop:  Fld=n+ {-
gr-(f(x)) = %(x +x” )= 1-x7?

d(d 4
== a—[—d,—xf(x)) =-§;(I e )
= f(x)=-(-2)x> =2x>
o A ()= Do,
o 276)L6c)
- )= 2-Dxt = -;67 Ao

(c) s®O=J5t+7 , 5()
Solution: s(t)=~/5t+7

d d 1
= s(t) = = (5t+7)
= Fi= -;-(Sr +7)i(5)= g(sH E

d . di{5s L1
=> -;.S' (!)——[E(Sf'l"?) 2]

= s ()= (%I— %](5: + 7)'"%" ©)

=> s‘(:):—-?(&w)'f? AAns.

x+1
d y=—,
x-1

Solution: y = Lot
x-1
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Il

\%
‘t -
I

(x-1)_§(x+1)-(x+1)§(x_1)

AT
-y D - (§+ 1X1)
-1

= x-1)7

d(n_ .d, 3
dx (y ) - dxl l)

=> _}2- = (-* ZX"‘ ?..\?-‘ 1)_3 = ""‘""4""—3‘ Ans.
(x=1)
Q.2: Use implicit . ..;e to find out the second derivative of the
following funct: 1s.

@) b*x* +a*yr- b
Solution: 5’x” +¢ °

R O ()

-g;c-(bzxz-f-a_ = -; i:;cﬁ’:vz)
=7 bz-g;x2+c."-ff—_1 =)

ice
(LY

-
= 2b*x+2ay—= =0

7 = —: =

=> r:fz-‘}'—
X

_ Ay 2bx
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da,_ bdfx
dx a’® dx\y)
d dy )
2 }’E(x)—x‘(é '
=y =-— 5 put thevalueof y from (ii)
a B
J

% b b2x? ¥ ey %"
z>y = - 3 2(}?-!-' ]:-— 3 2[ yazy | .-.(lll)

ay

From (i) put b°x’+a’y* =c’b* in (iii)

. b* (a*bh’ Wy
hen ¥ =y (TJT

®) x*+y'=r
Solution: x*+y*=r%...... (i)

W L
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1 x
e
Yy
1 [ x’)
=__T y+——-
Y 4
2 2
=> f:-——%{y +x] put x*+y'=r?
% 4 ¥
2 2
==y ='-"li'(r_)=—:_f Ans.
¥y iy Y
(¢) y'-2xy=0
Solution: y?-2xy=0 ...... (i)
d (1 d
2 G oml=2 0
>4 29 (5)=0
dx dx
dy dy ]
= 252 o x N Lo
> Zydx 2 xdx+yr:b:
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put (ii) in(iii)

~ gl 5
( yz

-
=> y —. - -+
G- y-x "’]
. ’y’—yx—y’ﬂ’—yx]
(y-x)\ Pk

oo L [y .
o o)
Put (i) in (iv)

y.=(y-lx)h2[ygx

(d)e*+x=¢"+y Solution: e“*+x=¢e"+y ...... (i)
d d
—le*+x)=—Ie” +

dx
. dy dy
> e*+1l=e +

=> (e” +l)-g-=e“ +1

)=0 Ans.
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= y‘ B (e" +1)2
(e’ +1Xe‘)—(e‘ +IXe-")Q
. P dx (i)
e’ +1
Put (ii) iin (iii)
- 1 o™ 4 ¢F -—(e”"+e”{ex +1ﬂ
ks (e” +1)z e’ +1
1

gtk e

& o 1 I+y+y + e-’-‘"}' & e:«‘y + e.r o 81"'7” __ex*'J‘ __eﬂr _eJ’)
Y = 2
(e" +1)1

e.r+2y _e2.r+y i ex _ey

RS (e" +1)3
. eF—e? ="k pe e’
= (e" +1))
i i (e‘ —-e")—e’*’(e‘ e’)
(e’ +1)3
= y'= (ex —e’Xl—e‘*’ Ans

: d? y
Q.3: Use parametric differentiation to find out = for

the following parametric functions.
(@) x=4>+1 , y=6t"+1
Solution: x=42+1 @ , y=6+1 o (i)
As we know that
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dx d’y dy d’x
d’y _ g d dt dr’
o = L = L a .. (A)
(%)
Differentiate (i) w.r.t. to t

2‘ :(4: +1)=8¢ .....(iii)

Differentlate (i) w.r.t. to t.
dy 2
— =—(6+1)=18% .....
dt ( ’ ) )

-3;(‘;1’) £ i)

2
5 %;‘-’ = 36F vvonn ()
Put (iii) , (iv) , (v) and (vi) in (A)
d’y (8:)(36:)—(1 8¢2)8)
de (8f)3
d*y 288t* —144r* 144¢
= = =
dx? 512¢° 512
32t
(b) x=3ar* +2 , y=6*+9
Solution : x =3ar’ +2

As we know that

weoe@) 5 Y =614 +9 ... (i)
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&y b ds
= 8y _dt"d’ at'd’ (A)

dx! (EJ}
dt

Differentiate (i) w.r.t. to t

% = %(3,3:2 +2)=6at ... (i)

d (i"’i‘_) =4 (6ar)
d\ dt dt
d’x

=> EIT =6a (ZV)

Differentiate (ii) w.r.t.to t,

dy _d (., 3
—— =—|\6t"+9)=241 .....
dt dt( “ ) ®)

s i(@]=£"—(24:3)
dt\ dt ) dt

Put (iii) , (iv) , (v) and (vi) in (A)
d’y _(6at)\722)- (241 Y6a)
dx? (6ar)J
432at’ —144ar®  288ar’® 4
= = e Ans.
216a’t 2164’  3a
(¢) x=acos2t , y=bsin2t
Solution: x=acos2f ....(iy , y=>bsin2t .....(i0)

As we know that

dx d’y dy d’x
25 AR e e
= };= dt_dt cgt d’_ ... (A)
@)
dt

www.perfect24u.com


https://www.perfect24u.com/
https://www.perfect24u.com/
https://www.perfect24u.com/

KPK MORE BOOKS, NOTES VIST NOW: PERFECT24U.COM

Differentiate (i) w.r.t. to t

% = —g- (a cos 21‘) =-2asin2t ... (7i)

d(dx d .
= E(E] = —Jr- (-— 2asin Zt)

2
e -‘?—i£=—4ac052t eeeen(iV)

Differentiate (i) w.r.t. to t.

& dg .
= = = (bsin2t)=2bcos2t ...
~ dr( sin 2¢) = 2bcos 2t )
d(dy) d
—| = |==(2bcos2t
dt(dr} 3 et
d’y 8 :
- =—4bsin2t ... (vi)
Put (iii) , (iv) , (v) and (vi) in (A)
d’y (-2asin2t)—4bsin2t)—(2bcos 2t - 4acos 2t)

=>

det (-2asin2:)
& Fe 8absin® 2t +8abcos® 2t 8ablsin® 21 + cos® 21)
—8a’ sin® 2t 84’ sin’ 2¢
& b
=> = A 3
s a’sin® 2¢ @
3at 3ar’
d — _
W & 1+ X 349
3at 3at?
Solution: =3 wewll =— . il
Solution: (F<5—5 @, y T (ii)

As we know that
dy dy at
== (A
A dt dx (&)
Differentiate (i) w.r.t. to t.
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d d
” d(éﬂfT)=3a (1+r3)5(:)-r?(1+r’)

ey

=t ﬂ_—_3a[1”3“‘(3’2)]—3“(1'2‘3) o)

dt L) - (1+£)

_ G _ 1+£ i)
dc 3ali-2¢7) 77

Differentiate (ii) w.r.t. to t.

& df3ar (1+r3)%(r2)—tzg;(l+r3)'
5;75(1—:.?]:3“ (ve)

_ @ _ A+ -1 (3)
> -
_ @ _3alr+2t -3) 3af2e-r) L
dt (3 (+2f

Put (iv) and (v) in (A)

dy _ 3a(2t-t4)x (+f 2r~#
dx (+} 3all-27°) 1-27
Now eq(vi) differentiate w.r.t.fo x

2 N
dx\ dx dxl 1-2¢
dy_d(u-i)a
de*  dt\1-2¢ | dt

L ]
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) [Q-zrslz —47)- (2 —-r‘x-srz)} (341 - 27 )]

(1-27F T
_dy _3a(a-4P 48 +8° +120 - 61°)
T oa (1-2 J1+7°)
B 3a(2r6 +48 + 2)

(1-27 J1+¢%)
0Q.4: Find the indicated higher derivative of the following
 Functions: (a) f(x)= (x3 +4x— 5)4 NG, (x)

Solution: f (x] = (x3 +4x— ST
gx—f(x)=—§x—(x3 + 4x—5)4
= fx)= -ﬁl(x3 —!-43':—5)3 %(x3 + 4x—5)
=4(.7c3 +4x - S)S(sz + 4)

‘3; fx)= % [4(x3 +4x-50(3x% + 4)]

= flx)= 4(x3 —}-4x-—5)3 —%(33:2 - 4)
+4(3x% + 4)% (x* +4x -5
= f'(x)=4(x* +4x-5] (6x)
+ «4(3.752 + 4)3(::3 +4x— 5)2(33:2 + 4)
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= f(x)= Zfix(x’ +4x— 5)3
+12(x* + 4x - 5F (3x? + 4f
d

= —;‘-!x—f'(x)=§c—[24x(x3+4x—-5)3] |
| +12-§;[(x3 +4x—5)2(3x2 +4)1]
= f"(x)=24(x* +4x—5)’E"‘;-(;vc)+:zf4zc-cf"‘;—(:c3 +4x-5f
+12(x° +4x—5)z-§-x—(3x2 +4)2+12(3x2+4)2§x-(x3 +4x=5)

= f(x)= 24(x3 +4x —Sy +72x(x3 +4x - 5)1 (S:c2 + 4)
4 24(3:3 +4x -5 (3x* + 416")
+2403x? + 4] (x* + 4x - 5)3x% +4)
=> £"(x)=24(x* +4x 5] +72(x* + 4x -5 3x* + 4x)
+144(x* + 4x - 5Y Bx + 4x)+ 24(3x7 + 4f (¥* +dx - 5)
%f“(x)= 72(3:3 +4x- S)Z(Bx2 +4]+ 72(::3 +4x —5)1(9;.:2 +4)

+144(x* + 4x =537 +4)3x° + 4x)+144(x° + 4x - 5] (9x> +4)
+288(x +4x-5(3x" +4)3x° +4x)+24(3x> +4) (3x* +4)
+72(3x* + 4) (6x)x* +4x - 5)
£()=72(x* + 4x -5 3x? + 4)+ 72(x* + 4x 5] (0x* + 4)
+144x(x> + 4x - S)3x* + 4] +144(x* + 4x - 5] (9x? + 4)
+288x(x? + 4x - 5J3x? + 4] +2403x + 4] (3x* + 4)
+432(3x? +4f (x* + 4x - 5)

® flx)=tan’x , f(x)
Solution: f(x)=tan® x
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%f(x):%tmzx => f'(x)=2tanxgt-tanx_
= f'(x)=2tanxsec’x = %f(x}:Z%(tanxseczx)

= f(x)= 2t:emJn:g-x-(sec2 x) + 2 sec? x%(tanx)

=> f"(x) =2tanx. 2secx.secxtan x + 2sec’ x.sec? x
= f'(x)=4tan’x. sec’ x+2sec’x

=> -——f (x) 4—&-—(tan X. sec x)+2-3x-sec X
= f (x) 4 tan® xdx( sec’ x)+4 sec xgx-(tan x)

+2(4)sec’ x % secx

= f"(x)=4tan’x. 2secx.secx.tanx+4 sec’ x.2tanx.sec’ x
+2(4)sec® x.sec x tan x

= f(x) =8tan’ xsec’ x+8 sec’ xtan x
+8sec’ x.tan x

= f"(x)=8tan’ xsec’ x +16 sec* xtanx

= f"(x)=8tan® x{1 + tan? x)+16 (1+tan®x) tanx
1 o -
(c) f(x)=-2-eg WAL
Solution: _)f‘(Jnc)-—-%\‘a's“r
ld 9.:

2 ur

2 16)= > f()=5e"<0%)
> =3 = _f(x)_i_d_ i

= f)=2e20) = it
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@ s)=x"1() , 1 7(x)
Solution: f (x)—x ln(x)

*—f x)-*-—[x ln(xz)l
= f(x)=x* % 1n(x2)+ In(xz)% (x*)
=5 '(Jc)=J‘c“.—-1—.‘,_—.—‘:-1:1;—(3:2)-&~lrl(xz)‘i}»x3
= f(x)=x"'.=2x+ 111(:.:2 )ﬁlx3
= f(x)=2x° +4ln( )x
e ——f(x) ZEx +4 [nfx* )]
= f(x)=6x +41n(x )?i—xz +4x3§x-[ln(xz)]

= f(x)=6x>+4 In(x2)3x2 +4x>. ;15-.2;:

= f'(x)=6x"+12x* ln(x2)+ 8x?
= f(x)=14x* +12x? In(x?)

= LA 14 2 112 D 15 1
= — [ ()=14—-x"+12—x In(x*}]
= [(x)=14.2x)+ 12x2.§x—[in(x2))+ 121n(x? ){“E;-x2

= 77(x)=28x+ 12x2.£f 2x +121n(x* J2x

=> f'(x) =28x +24x + 24x1n(x2)
£ (x)=52x+24x l.n(xz)

Q.5: Use MAPLE command “diff ” to find the indicated
higher order derivative of the following functions.
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(a) f(x)— Vsec2x, f(x)
Solution: Open MAPLE programme . Then in MAPPLE
open new document and use keyboard keys and write

diff (sqrt(sec(2x)), x, x);
Command:

diff (sqrt(sec(2x)),%,x); press enter key we get J (%)
sec(2.x) tan(2x)2 ++/ sec(2x) (2+2tan(2x)?)
() f(x)=sin(sinx), f (%)
Solution: Open MAPLE programme . Then in MAPPLE

open new document and use keyboard keys and write
diff (sin(sin(x)), x)
Command :
diff (sin(sin(x)), x) ; Press enter key and get result
cos(sin(x) ) cos(x)

Q.6: Find the indicated derivative of the following by
using rule. (a) y = (3x +7)", 77 derivative
Solution: The nth derivative of y=(ax+b)" is

m! ~s ;
e 0

Put a=3 ,b=7 ,m=11 ,n=7 in (i)
! 1

11! 37 (3x + 7)11-7 . 11.10.9.8.7.6.5.4!

(11-7) 41

=1663200.3(3x + 4)°

(b) y=1n(2x—4), 20™ derivative

Solution: y = In(2x —4) = In(2x + (—4))

The nth derivative of In(ax+5) is

N -D"'(n-Dla” .
= Fh o iy (i)

Put a=2 ,b=-4,n=10 in (i)

=Y. =a

3'Bx+7)

Yy =
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y _ 0™ fo-1)y 2"
10 (2 . 4)10

e 1y.91.2°
=> J’w (2 __4)
=> y, =—-2".(181440)(2x - 4)™ Ans.

(c) g(x)=4cos(3x+8), 6™ derivative
Solution: The nth derivative of y=c. cos(ax+b) is

= -9.8.7.65.4.32.2°(2x—4)™

Putc=4 ,,a=3 ,b=8,n=6 in(i
ys =4.3° cos[3x +8 +6?ﬂ) =4.3%cos(3x +8+37) Ans

(d) h(x)=7¢*** , 12" derivative
Solution: The nth derivative of y=c.e™*" is
¥ 26878 s )]
Put c=7,a=5,b=4,n=12 in(i)
=  y,=7.5%"" Ans.
Taylor series : If f(x) be function and has n - derivatives

at x=x, Then

Fly= f(x)+(xx)f(x)+( )f(x)+( ff(x)

+.........................+-(f_—x"-)-"-f"(x‘,) ....... (4)

OR
G =1, +R)= S5+ B (5)+ 2 £ () +%f'(x,,)

 —— *kT (%) ween(B)
Y
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Eq (A) and (B) is called Taylor Series.
Example 8: The function f(x)=e* and its derivatives

evaluated at x, =0 are known by f(0)=1, f'(0)=1

£ (0)=1, £7(0)=1, f*(0)=1.Usefourth order Taylor
polynomial about x, =0 to estimate f(0.2) ar x=0.2
Solution: As by Taylor series

fx)= flx,)+(x- x)f(x)+( )f(x)+(x x),f( *
+£{:§f—°——)if"(xa) Puromneranscnnuil i)
Put x, =0 in (A)

f(x)= £O0)+xf (0)+~f(0)+~f (0)+ f“'(O) (B)
Put £(0)=1, £(0)=1,/ (0)—1, f(0)=1 ,f’"(0)~1 in(B)

e . .
(x)“1+x+—2T+—éT+E ............ (C) , put x=0.2 in(C)
F02)=1+02+ 02 ©2) (02)

=1+0.2+0.02+0.00133 + 0.00007 =1.2214
Maclaurin , s _series : Put x, =0 in (A)

fx)=f0+h)=f0)+hf (0)+—f (0) + ——f'(O)

+.........................+§f"(0) ....... ©)
OR

PO ;) S ¢ ; )

Eq (C) and eq (D) shows the macularian series.
Example 9: Use Taylor,s series to approximate the value
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of a function f(x)=¢" at a point x, =2
Solution: f(x)=e¢* , x,=2
Put x=2 => f(2)=¢*>=7.3891
f(x)=e" = f(2)=e*=7.891
f(x)=¢* = f(=e"=7891
ffx)=¢ = f'(Q)=¢=7891
And so on.
As by taylor series at x, =2 .

f(x)= f(2)+(x—2)f'(2)+(i—§,g)ﬁf"(2)+

Put values

(x-3)
31!

£+

vl
e* =7.3891+(x-2)7.389 1)+(—’5:21ﬂ(7.389 1)

+ —(-x—;—?j-(7.3891) + ool
Example 10: Use ;llaclaurin series to approximate the value
of afunction f(x)=a" at apoint x, =0
Solution: f(x)=a* => f(0)=a’=1
f () =a"Ina => f(0)=a’lna=Ina
f®=a*a)’ = f(0)=a"(lna)’ =(nay’

f'®=a*tha} = = f"(O)=d"(lna) =(na)’
And soon.
As by maclaurin,s series

2 3
f(x)=f(0)+xf'(o)+-’-;— f"(0)+";—, 4 L — (A)
Put values
= @ =1+xmna+ (naf +2 (naf
== a =1+ na-&-E na +—-?—’i- 19 5 1l [ = ORI e gy

Example 11: Use Maclaurin,s series to approximate the
value of a function f(x)=¢* at a point x, =0
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Solution : f(x)=¢€" = f(0)=¢"=
f)=e = f(0)=e =1
f@)=¢ = f(0)=1
ff=e = f(0)=1

And so on.
As by maclaurin,s series

f(x) = £ +x'(0)+ 3‘5 0+ 537 Tl (1 T (A)

Put values

Example 12: Use maclaurin series to approximate the value
of afunction f(x)=sinx at apoint x, =0
Solution: f(x)=sinx => f(0)=sin0=0
f(x)=cosx => f(0)=cosO=1
f(x)=-sinx => f (0)=-sin0=0
f (x)=-cosx => f (0)=-cos0=-1

And soon.
As by maclaurin,s series

Fx)= 7(0)+xf (0)+-;—'— £ 0+ ”';T( Vil i) T (A)
Put values

sinx=0+(x)(1)+§(0)+—§—(—l)+ ......

3 xﬁ 7
Example 13: Use maclaurin series to approximate the value

of afunction f(x)=cosx at apoint x, =0
Solution: f(x)=cosx => f(0)=cos0=1
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f)=—sinx => F(0)=—sin0=0
f(x)=—cosx => f (0)=—cos0=-1
f(x)=sinx => f(0)=sin0=0

™ (x)=cosx => f®(0)=cos0=1

And soon.
As by maclaurin,s series

2 3
f(x)= f(0)+xf ’(0)+% 77(0) +% PO e v (A)
Put values

cosx=1+(x)(0)+—§!—(—1)+%;-(0)+%(1)+ ......

4
X x6

X X
= ¢osx=]l——+———+.......

Example 14: Use maclaurin series to approximate the value
of afunction f(x)=tanx at apoint x, =0

Solution: f(x)=tanx => f(0)=tan0=0
f(x)=sec’x => f(0)=sec’(0)=1
f"(x) = 2sec x(sec x tan x) = 2 sec? x tan x
= £7(0) = 2sec*(0)tan 0 = 2(1}0)=0
f7(x)=2sec? x.sec? x + 2sec x(sec x tan x) tan x
=2sec’ x +2sec’ xtan® x
=> £ (0)=2sec’(0)+ 2sec’(0)tan*(0)
=2(1)+2(1)(0) =2

And so on
As by maclaurin,s series

F(x)=£(0)+xf (0)+ %— £0)+ 3‘3-' Fal() (A)

Put values
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tanx=0+(xX1)+£;i-(0)+-;—:+(2)+ .....

3
=> fanx=Xx+—+ v
3!

Example 15: Use maclaurin series to approximate the value
of a function f(x)= loga(l-f x) at a point x,=0

Solution: f(x) =log,(1+x)
f(0)=log,(1+0)=1log,1

fx)= Lloga e=(+x)"log,a
1+x
£(©=-=log, e =log, ¢

’ . 1
F{E)= ——(I - x) 2 log,e = —mloga e

- 1
0)=--—xlog,e=~log, e
f ( ) (1+0)2 Oga ga
!
F@)=1)-2)1+x)"leg e = < log, e
(1+x)
- 2!
0)= log_e=2llog, e
f (0 10y 8a 8.
And soon.
As by maclaurin,s series
2 3
f@)= £+ O+ 57 O+ TS O s erne®)
Put values

2 3
log,(1+x)=1log,1+xlog, e+ % (-log, e)+ -%— 2llog, e +....

2 3
loga(l-i-x): log, 1+ xlog, e —%loga €+£3—10ga €=

Example 16: Use maclaurin series to approximate the value
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of afunction f(x)=In(l+x) at apoint x, =0
Solution: f(x)=In(l+x) = £(0)=In(l +0)= 0

e el .
f@=r—==0+x]" = fO=1 0 1
) :-—]_ -2=-—-—1—7~ - 3 =-—-—-—--1---—=-—
Flll=Aa gy = SO~
21
F =Rl =
— 2 —_ N
=3 (0)--(1 0)2—2.
And so on
As by maclaurin,s series
2 3
f(x)= FO)+xf '(0)+% f"(0)+53-,- Fmr 1V (A)
Put values |
In(l + x) o+(x)(1)+-£( D)+=—@2)+.....
= 1n(1+x)=x~—2+x?3—%+ ......

Example.17: Use MAPLE command taylar for the function
(@) f(x)=e* by taylar series expansion to first four terms
(b) f(x)=sinx by taylar series expansion to first five terms

Solution: (a) Open MAPLE programme . Then in MAPPLE
open new document and use keyboard keys and write

taylor(e* x,x = 0,4}, then press enter kkey
Command :

raylor(e",x 0, 4);
14 In(e) x + —-21— In(e)?2 + —é— In(e)> 2 + O(+*)

(b) Open MAPLE programme . Then in MAPPLE
open new document and use keyboard keys and write
taylor(sin(x),x=0,5); press enter key
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Command:
taylor(sin(x), x=0, 5);

x— %x’ +0()
Equation of the tangent line and normal line to the curve

at given point :
The equation of the tangent line at the point P(xa 5 ya) is

y-y,=f(x,)x-x,) ,where m=f(x,) is the slope of
the tangent line atthe point P(x, ,y,) and f'(x,) is the
derivative of f(x) atpoint x, .
The equation of the normal line at the point P(x, ,y,) is

I
y=re =g~z

Example. 18: Find the equations of the tangent and normal
lines on a curve y=x° at a point P(Z < 4) d
Solution: y =x" .....(i)
Differentiate (i) w.r.t.to Xx.
& = . (xz ) =2x
dx dx
=> f(x)=2x Put x=2
= f(2)=2(2)=4 ,Thus m=4
Now equation of tangent line is
=y =m(x—xa) sput x,=2 , y, =4
= y-4=4(x-2)
= y-4=4x-8
=> 0=4x-y-8+4
= 4x-y-4=0 Ans.
Now equation of normal line is

y-y, =—l(x—xa) put values
= ]
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=> 4y—-16=—x+2
=> x+4y-16—-2=0
= x+4y-18=0 Ans.

Example 19: Find the equations of the tangent and normal
lines onacurve y=9-x’ at apoint,when y crosses the
X — axis .

Solution: y=9-x% ...... (i)

As y crosses x—axis then on thex—-axis y=0
Put y=0 in(i)
0=9-x
= x'=9 = x=13
Thus we have points A(3,0) and B(-3 ,0)
Now differentiate (i) w.r.t. to x,

-2‘2 =—d—(9- xl)
= f (x) =-2x .......(i0)

At point A(3, 0): Put x=3 in (i)

m=f (3)=-23)=-6
Now equation of tangent line is

Y-y, =mx-x,) ,put x,=3, y,=0
y—0=-6(x-3)

= y=-6x+18

=> 6x+y-18=0
Now equation of normal line is

y=y,= 2 (x- x,) put values
m
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= 6y=x-3 = (=x-6y-3
Or x-6y-3=0 Ans.
At point 4(-3, 0): Put x=-3 in (ii)
m=f(-3)=-2(-3)=6
Now equation of tangent line is
y-y,=mlx-x,) ,put x,=-3, y,=0
y=0=6(x-(-3))
= y=6x+18
=> 0=6x—y+18 or 6x—y+18=0 Ans.
Now equation of normal line is

y-y, = _.!_(x-xa) put values
m

= y-0=-(s~(-3)

=> 6y=—(x+3)
= 6y=-x-3
=> x+6y+3=0 Ans.
The Angle of intersection of the two curves : If m, is the

slope of the first curve and m, is the slope of the second
curve then the angle of intersection between the two curves

tanQ:M "
1+ mm,

Example 20: Find the angle of intersection in between the
curves y=x"-2x+1 and y=x’+1 atthe point of
intersection (2, 5).

Solution: y =x’ ~2x+1....(J) and y=x"+1 ...... (ii)

is
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Put (i) in (ii)
¥ =2x+1=x+1
= x’-x*-2x+1-1=0
= x*=x2-2x=0
=> x(xl—x-2)=0
=>x=0 and x*-x-2=0
= x*+x-2x-2=0
=> x(x+1)-2(x+1)=0
. = (x+1)x-2)=0
= x+1=0 and x-2=0
= x=-1 and x=2
Thus x=0, -1, 2.
Put x=0in(i) => y=0-200)+1=1
Put x=-1in()) = y=(-1f -2(-D+1=-1+2+1=2
Put x=2in(Q) = y=02)-202)+1=8-4+1=5
Thus we have points of intersection A(O ,1) . B(~1 " 2)
and C(2, 5).
Now we find tangent line equation at point C(2, 5).
Differentiate (i) w.r.t.to x .

ilIZ’--;—-G'-’—(J:’—-23:4—1)
de dx

= DA -2 N.... (iii)
dx
Put x=2 in (iii
m, =(ﬁ‘§’-) =3(2) -2=12-2=10
dx (2.5)
Now differentiate (ii) w.r.t.to x .

www.perfect24u.com


https://www.perfect24u.com/
https://www.perfect24u.com/
https://www.perfect24u.com/

KPK MORE BOOKS, NOTES VIST NOW: PERFECT24U.COM

Put x=2 in (iv)

my = (gxy—lz. = 2(2)=4

The angle of intersection between the two curves is

tanf="2""2 Pput m =10, m,=4

1+mm,

0-4
s e

1+(10)4)
o B 8
T 1+40 41

=> @ = tan"(—fi-J =0.1453 Aws.

Example.21: Find all the points on the curve y =2x’ + 4x?
where tangent line is parallel to the line y =8x—4.
Solution: Since the given line y =8x—4.....(I)

Slope of the given line is % =38

Given curve y =2x° +4x? ...... (ii)

Differentiate (ii) w.r.t. to x.
D _ 9 (25 +4x%)
dx dx

Put %=8 in (ifi) => 6x? +8x =R

= 6x’+8x-8=0

=> 2(3x?+4x-4)=0 both sides divided by 2
= 3x’+4x-4=0 = 3x’-3x+4x-4=0
= 3x(x-1)+4(x-1)=0 => (x- 1)3x-1)=0
=>x-1=0 or 3x-1=0
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Put x=1 in(ii)) = y=2(1) +4(1) =2+4=6

Pat x=— (i) = —2(1J3+ lJz
3 S 3

2 4_6+4_10
27 9 27 27
Thus the tangent line to the curve y =2x’ +4x? is parallel
to theline y =8x—4 at the points (I, 6) and (% ] —;—3—)

Exercise 4.2:
Q.1: In each case, find the equation of the tangent line to
the curve at the indicated value of x:

(a) y=\[xT ; x=3
Solution: y= Jx+1 . (i) put x=3 in(i)
y=3+1=4=2
Thus the point is P(3, 4).
Differentiate (i) w.r. t. to x,

b _d o
a2

= fhals -;—(:c+ l)l'% = %—(x+ 1)‘%

. )
24x+1
1 1
Thus m=-1-
4

Now equation of tangent line is
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x=3+8 x+5
= — y =
) y=sin(2x+7) , x=0
Solution: y =sin(2x +7) ....... (i)

Put x=0 in (i)

y=sin(0+7)=sinr=0

Then the point is P(0, 0)

Now differentiate (i) w.r.t. x
% = de— sin(2x + 7)

= f'(x)=2cos(2x+ ) put x=0
=> m=f(0)=2cos(0+x)
= m=2cosx =2(~1)

=>y

= m=-2
Now equation of tangent line is
y=Y, =m(x-x,,) sput x, =0, y,=0
= y-0=-2(x-0)
=> y=<2x Ans.
() y=x%e*, x=1
Solution: y=x%"" ....(J) put x=1in @)

e\ 1
LU =

Thus the point is A[l ; -1—] . Differentiate (i) w .r. t. to x.
e
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=> f(x)=-x%" +2xe™ ..(i}) put x=1in(ii)

m=f(1)=—01)e" +2()e

1 2 1
= Mm=—-——+—=—
e e e

Now equation of tangent line is

s, =il ) S Bl 5 S

e
11
y—;'—';( 1)
—pox_1.1
¥ e ¢€e ¢

=> y=£ Ans.

e
X
d = - 5 X}
@ x2+i
Solution: y= zx ...... (i) put x=1in (i)
x"+1

_ 11 38 1 =l
M*+1 1+1 2

4

Thus the point is P[I , %J .Now

2
dc  dx\x*+1
d d
241 L) —b* 41
o e
(::c2+l)2
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_ . _:4:2+1-—(.7|:)(2x)_x2+1~—2x2
b d (x? + 1)2 (x2 +1)
= f(x) =-(;1-2-‘-§); (i) put x=1 in(i)
1-1 0

m=f'(1)=m=z

= m=0

Now equation of tangent line is

y=y, =mlx—x,) ,put x,=1, y, ==

2
1
=> y——=0(x~-1
y-z=0k-1)
1
2 -—-—-:.."0
Y73
=5 y=% or y=0.5 Ans.

Q.2: In each case, find the equation to the curve at the
indicated value of x:

B y=x® 5 =1l
Solution: y=xe* ....(i), put x=1 in(i)

y=1le =e

Then the pointis P(I , e). Differentiate () w.r. t. to x,
f}'_ = i(xe’)
dx dx

= f(x)= x‘—i—e‘ +e % (x)

= f(x)=xe*+e* put x=1
m=f(D=le'+e' =>m=e+e=2e
Now equation of normal line is
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y=y,=-—(x-x) (i)  put x,=1,y,=¢,m=2e
y7e~=—a-1=:(x—l)
2e "
— X — 2
S e 1+.¢3 B g x+21+2e 4
-

b y=02x+1)°, &0
Solution: y=(2x+1) ...... (i), x=0

Put x=0 in (i)
y=(00)+1) = (1) =1
Then the point is P(0 , 1).
Differentiate w.r.t.to x,

d_d iy 4
dx-dx(2x+l) —6(2x+1)sdx(2x+1)
= f(x)=122x+1f  put x=0

= m=f(0)=12(0+1) =12
Now equation of normal line is

1 >
y—y, =——(x—x,) ..a(i))
m
Put x,=0 , y,=1 and m=12 in (ii)
1
- (x2 0
y = (x-0)

=> y=——1§2-+1 Ans.

(c) y=cos(x—;r) y x=-27£.

Solution: y=cos(x-7) ....(i) put x =-§ in (i)
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Y= cos(—g- - x} = cos[— g—) =0

Then the point is P[—Z— ; 0). Differentiate(ij)w.r.t. to x.

%:gx-cos(x-zr)

= f'(x)=-sin(x-7) put x=%

Now equation of normal line is
1 i
o =—\x—-X sesaslll

i m( o) eennd(ii)

/4

Put xo=5 , ¥,=0 and m=1 in (ii)
n
—0=-1 g2
: (x 2]

T
= y=-Xx+— Ans.
> 2

@ y=xhisNx=1
Solution: y=x'Inx...... () put x=1 in (i)

y=({1)In1=0
Then thé point is P(1, 0) . Differentiate (i) w .r. t. to x.
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dy _ %(x’ lnx): x3 -:—tlnx + lnx-i—(x’)

= f(x)= JC3.1+(anc)(3x2)=;vc2 +3x°Inx put x=1
x

= m=f (1) =01 +3() Inl
= m=1+3(0)=1
Now equation of normal line is

y—y, = -——l—(x—-xa) v eene(i)
m

Put x, =1, y,=0 and m=1 in (il
y-0=-1(x-1)
=> y=-x+1  Ans.
Q.3: (a) Find an equation of the tangent line to the curve
x*+y*=13 at the point (-2, 3).
(b) Find an equation of the tangent line to the curve
sin(x-y)=xy at (0, 7=).
(¢) Find an equation of the normal line to the curve
X*+2x=y at (1 ,-1).
(d) Find an equation of the normal line to the curve
x}Jy-2=3"=3x—-1 at (1, 2)
Solution: ‘a): x’+y’ =13 ...... (i at (-2, 3).
Differentiate (i) w.r.t. to x -
d(2, .2\_4@4
Ex-(x +y?)= —(13)
b 0

=> 2x+2y—=
Yk

=> 2y%=—-2x

dy

b
= —=—= put x=-2 , =
s ) P y
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m—f(—Z)———-B— =D mhg

Now equation of the tangent line is
F o m(x —x,) ....(ii)

Pt B2 . =l m=-§- in (i)

y-3=2(:-(-2)

=> y+3=—§—(x+2) Ans.

() sin(x-y)=xy ....()) at (0, 7).
Differentiate (i) w.r.t. to x.

d . _d
;,;sm(x-y)— — ()

= cosl—y) (=)= Ly

e & _)_ g

= cos(x—y T dr]_xdx+y
dy\_

= = ——r | =
> cos(x y{ de T g

=> cos(x - y)—cos(x - Y)% = x%* y

=> cos(x-y)-y= x% +cos(x - y)%

or (x+cos(x— y))% =cos(x—y)-y
@ _ cos(x—y)-y
dx  x+cos(x-y)

(dy] cos(0-7)-7
m=| — —
dx )y 5 0+cos(0-7)

put x=0 and y=nx
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Now equation of the tangent line is
y=y, =mlx-x,) ....(i0)
Put x, =0 , y, =7, m=1+x in(ii
y-m=(1+zfx-0)
=> y—m=x(1+7) Ans.
(¢) x*+2xy=y at (1,-1).

d (., d(,
—x " +2xy)=—
d(2),,4 2 Ay
= —x°)+2—xy)=3y"—
> dx(x) - )=3y* =
=> 2:q:+2(x—h-&-;;:—-)-—--3;1;2—5
dc * dx dx
dy 2 dy
=> 2x+2x—+2y=3y" =
> 2x+2x—+2y=3y
Y 2
=> 2x—-3 ==2x-2
> xa‘x y x—2y

=5 (2x—3y2)% =—(2x+2y)

__dy  2x+2y

dx 2 x—Gpd
m=[a§:) =_2(1)+2(-I)=__2-2
(,-1)

put x=1, y=-1

dr 20)-3(-1) 2+3
= m=0
Now equation of normal line is

y-y,= --l—(x-x,,) veena(i)
m

Put x,=1, y,=-1 and m=% in (ii)
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= 0(y+1)=~(x~1)
= 0=-x+1

or x=1 Ans.

@ x*fy-2=3*-3x-1 at (1, 2)

Differentiate w.r.t. to X

%( 2)2J 4 ()2 ~3¢ 1)

= # (-2 + -2k Tx =Ly 3L ()- L)
- xal(y_z)%-’._‘f_(y._z)+(y_z)%.zx=2y%-3

= — x(y )'5-@-+2x(y )=2y%—-3

e e dx+2x(y 2% = 2y—-——3

2();-—2)2
¥* dy dy :
= - = —2y—==-2x(y-2)2 -3
-2 = \&H
[
= x -2y il'—=—2x(y-2)§--3
(2(y-2)p Jd"
( Li
= I2_4y(y-;2)2]z=-2x(y 2)5_3
( 20r-2)
oAy 2)17[-—235()' ) )
AL P @)
& * —4y(y-2)

Put x=1and y=2 in(i)
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| 1 !
& 2(2-2) [— 2(1)2-2): _3} _ 20)0-3) 0
ds 1-4(2)f2-2) -0 1
=" —C-iz- =m=0

dx
Now equation of normal line is

Y=y, ==—(x=x,) cecu(ii)
Put x, =1, y = and m=— in (ii)

1
Pordseg (x-1)
=> 0(y-2)=—(x-1)
=> 0=-x+1
or x=1  Ans.
Q.4: (a) Show that the first four terms in the taylor series

expansion of f(x)=tanx about x :_;_r_ are :

2 3 3
1+2[x-—£]+2(x—-£] +—(x—£]
4 4 3 4

Solution: f(x)=tanx

Put x=213\ =5 Z e =
4 4 4

f’(x)=—‘§-tanx=sec2x
dx

Put x-——% => f'[%]=secz[%]=(~/§)z=2

£ (x)=2secxsecxtanx = 2sec’ xtanx
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(x) (2 sec” xtan x)

d d
= 2sec’ x—tan x + 2 tan x —sec’ x
| e &
=> f"(x)=2sec? x.sec’ x +2tan x.(2) sec x. sec x tan x

=> f"(x)=2sec’ x+4tan’xsec’x put x=2

- Ae)eim{zp (]

=2(V2} + 40P (V2] =2(2)+4(2)
= f"(-ﬁ’-) =4+8=12
The first four terms by taylor series at x= 147- is given by

T

o fep 9 Ll g

3!
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(b) Show that the first four terms in the Taylor series
expansion of f(x)= Jx about x=4 are

1 1 1 3
2+—(x—4)—-—\x—4) +—(x—-4
+2(x ) 64(x ) 512(x )

1
Solution: f(x)=+/x =x?
Put x=4 => f(4)=+4=2

! |
fl(x)=%x2 1 =lx § gty

2 2x
Put x=4 => f[(4)= ! -_1_=l
"Tadd 22 4
g 1/ 1)1 1 2 1
O
& 4x2
3 1 1 1 1
Put x=4 = 4)= = = e e
1 3] 2 3 =2 3
X)=|——|| —— ==X -
£ [ 4J( 9 - ;

3 3 3
Put x=4 = f(H)=——= - =
o @i ©X 256

The first four terms by taylor series at x=4 is given by

76)= 1@+ -y @+ E=L 7 )

+£"_:3_!‘.4_)_3. (@) (4

Put values in (A)
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- 4{4) (x24)2[ 2)+%[£3)

=2+i('c 4)———-{ —4)2+?(x 4)

(c) Show that the i'irst four terms in the Taylor series
expansion of f(x)=x+e" about x=1 are

l:(x ‘—2!1)2 yc; HII)3 L 1)’ +}

(1+e)x+e 3 2

Solution: f(x)=x+e"
Put f()=1+e' =1+e

fx)=1+ef = f()=1+e' =1+e
F(x)=¢" = f()=e=¢
W= = = =
frm=e = ff=e=e

The first four terms by taylor series at x=1 is given by

76)=70)+ G- )+ L g

(x 1)3 () L_;."lf“"(x) P — (4)
Put Values in (A)

7 =tres-1ire)s EL @) B0 ) =l

=l+et+x+xe—1—e+ (x;!l)z (e)+ (x;l)J (e)+ (x;ll)d (e)'
& (1+e)x+e[(x—1)2 + -1 4 G- +}

2! 3! 4!

Q.5: Find the Maclaurin series expansion for the following
functions :
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e
Solution: f(x):l—l-—— s f(0)=.1+1_0=1
f@=La+a) = (1+x)"——(1+1x),
Put x=0 => f'(0)=-(_l-fa)?=_%=“1

[ (%)= (_IX_2X1+ )-3 (1+ )3

Put x=0 =>f"(0)--m 2

6

- 1 +x)

Put x=0 => f"'(0)=—(1%)-3—=
And soon.

Now by maclaurin series is given by

2 3
f(x) = £(0)+xf (0) +% £(0)+ % P s cmat (A)
Put values in (A)
xl x3
e =1+(x)(—1)+—i—!-(2)+§(— 6)+.rene
=l-x4x* =2+
(b) f(x)=sin’x
Solution: f(x)=sin’x
Put x=0 => f(0)=sin’0=0
f(x)=2sin xcosx =sin2x
Put x=0 => f(0)=sin0=0
f(x)=2cos2x

@)= 23 1+x)" =

www.perfect24u.com


https://www.perfect24u.com/
https://www.perfect24u.com/
https://www.perfect24u.com/

KPK MORE BOOKS, NOTES VIST NOW: PERFECT24U.COM

Put x=0 => f (0)=2cos0=2(1)=2
f(x)=—4sin2x

Put x=0 = f (0)=-4sin0=-4(0)=0
F"(x)=-8cos2x

Put x=0 => f"(0)=-8cos0=-8
And so on

Now by maclaurin series is given by

f(x) = f£(0)+xf (0) + % £ 0+ % ik () T (A)

Put values in (A)

2 3 4
sin’ x = 0+(0)(x)+~:-;?(2)+£3!—(0)+ J—;—;(— )l

(¢) f(x)=coshx

Solution: f(x)=coshx

Put x=0 = f(0)=coshO=1
£ (x)=sinhx

Put x=0 => f(0)=sinh0=0
f (x) =coshx

Put x=0 => f (0)=cosh0=1
[ (x) =sinhx

Put x=0 => f"(0)=sinh0=0
f"(x)=coshx

Put x=0 => f*(0)=cosh0=1

And so on.
Now by maclaurin series is given by
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Put values in (A)

3 3 4
coshx =1+ (x)(o)+-%(1)+3‘3—!(0)+ %(1)-»

2 4
X X

=]+ —+—+...........

21 4l

(d) f(x)=In(1-4x)
Solution : f(x) = In(l - 4x)

Put x=0 => f(0)=In(1-0)=In1=0

F )= =ty
x

put x=0  => f(o)=_1L0=_4

I Q=4 N-4rCO-lry =< 7

put x=0 => f"(0)=———1—-——=—16

(10}
3 ey 128
f7 ) =-16(=2)1- 4x)" (- 4)= -—
64
put x=0 => f (0)——'(-;'6')?—-—64

And soon.
Now by maclaurin series is given by

F()= £(0)+xf (0)+ 121- (0 +% U e it (A)

Put values in (A)
2 3
In(l-4x)=0+(xX- 4)+£2I-[-16)+-’;—'(-128)+......

=—4x—8x2---6-_-:-x3 BT TEREELEE
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Q.6: (a) Use Maclaurin,s series for ¢* to show that the sum

of the infinite series 1+—1-+l+-1—+ ...... s e
o2 3

Solution : As f(x)=e* => f(0)=¢€’ =1
fx®=e = fO=¢"=1

= = f(0)=¢ =1
ff=e" = f(0)=1

And so on.
As by maclaurin,s series

& ¥ B
f(x)=f(0)+if(0)+-2—!-f (O)+~§!-f (0)4F o aenNe: (A)
Put values
2 3
e’ =1+%(1)+ %(1) +‘;—!(1)+ ...........

x x X

=> e =1+E+E!—+—3—!+........... vediass (D)
Put x=0 in (B)
2 3
e‘=1+l+—(l)—+-(-1—)-—+.......
r 2 3!
= e=tais i BN/ 9 ©)
o2t 3

(b) Use part (a) to find out the value of e that must be
accurate to 4 decimal places.
From (C) e =1+l+l+—1-+l+l+l+l+...........
o2t 3t 4 5 6 7
1.3, 4 1 1 1
= e=l+1+—+—+—+—+—+
24 120 720 5040
=> e=2+0.5+0.16666667 +0.04166667 + 0.00833333
+0.00138889 +0.00019841 +....

=> e=2.7183 Ans
Q.7: Find the angle of intersection between the following
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curves.
(a) xz—y2=a2,x2+y2=a1ﬁ _
Solution: x> —-3y? =4’ ....(J) and x*+y’ =a*V2 ......(i)
First we find the point of intersection .
Adding (i) and (ii)

-y =gt
X+yt=a’2
2x* =(V2 + 1)
=> 2__‘\/5'!'1 2 2+1
2 2

2 ‘\/5"1 2 \/_2-""]
= Yy = 2 a > ¥

2-1
Thus the points of intersection are [Fﬁ_ ;1 ' J -\/_2 a]

Differentiate (i) w.r. . to x,

_E{ 2 9 z=d 2

N EA
dy

= 2x-2y—=0

(NS =

Then slope m, == put values of x and y
¥
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= m, =\f(ﬁ+1)z =2 +1

Differentiate (ii) w.r.t. to x,

—‘g\:-(x2 +y2)= fx—azﬁ

=> 2x+2 —-—E=0 = 2 ——E=—-2
X yE 4 X

Now slope m, =.._=_EZ___
T
I R DR ffl”
= =—m=-(f+1)

Let @ is the angle between two lines then
m, —m,

put values
1+mm,

e -W2+1)-W2+1) _ -2lV2+1
1+\«/§+1‘}_‘-’\v’§+1 1=Li2+1
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—2V2+1)  —2lVZ+1)
1-2-2V2-1 -201++2)

=> O=tan"'(1) =§-

=> tanf =

() y*=ax, x° +y3 = 3axy
Solution: y* =ax ....(i) and x* + 3’ =3axy ....(i0)

2

From (i) yde <o (1)
a

Put (iii) in (ii)

»Y ¥ p’
a

a a
= '3:—:+y3—3y3=0 = i—:-—2y3=0
= y°-2a’y’=0 => y’(y3—2c23)=0
= y’=0 , y'-24a’=0

= y=0 , ¥V =28

=> y=(2a’)§ =2§a

=> y=§\[§a

Put y=0 in(iii) => X =

Put y =(2)§a in (iii)
1 2
'n

s 2 )
Thus the point of intersection are (0 , 0) and (23a ,23a)

Now differentiate (i) and (ii) w.r.t. X,
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dy

=> 3j? E—3ax—£x-=—3x" +3ay
=> 3(3/2 —ax)% = 3(ay -—xz)

= L= . 4..(iv)
ax

Then slope m, =£)5)-:—J—c—- put values of x and y.

1 2 )2
a[23aJ—[23a} 1
23
LN 2 =g
1 2 =, = 0
(23.9) _a[zgaJ 23q* ~23q*

Let & is the angle between two lines then
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tand = ; put values
+mlm2
1o 1o s #
23g* -234? _2—;- (23a2—23a2]—(0{2 3]
0
o - - 0
=TT ¥ T4 Y 4
14| 22a =23’ ’2-§] 0+[23.::’E 2%a’ 23]
0
) 0

1
=> tanf = (2‘)5 =316
= @=tan’ (;flg) Ans.
Q.8: Find the points on the curvr y = 5x* —4x* , where

tangent line is parallel to the line y =5x-3.
Solution: Since the given line y =5x—3.....(i)

Slope of the given line is % =35

Given curve y=5x" —4x? ...... (ii)
Differentiate (ii) w.r.t. to x.

L - i(5x3 —4x2)
dc dx

Put %:5 in (iii) =>15x? -8x=5

=> 15x* —8x—5=0 . Then by quadratic formula
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2
-‘b“b s oI
s :a)i,/(-s)2 4(15)-5) _ 8++/64+300
2(15) 30
. _8%+364 _8+44x91
7T 30 30
. _8x291 4+.91
7T 30 15
4—«/9_1 4+~/9_1

hus x= or x=

15 15

Definition : If f(x) be a continuous function in an interval
(a, b) then
(i) f(x) is strictly increasing in the interval if
flr)<flx) 5 for x <x,f
(i) f(x) is strictly decreasing in the interval if
f®)>flx) , for x<x,.
Definition: If a function f(x) is differential in an interval
(a, b) ,Then
(i) f(x) is strictly increasing in the interval if
f(x)>0 forall xe(a ,b).
(i) f(x) is strictly decreasing in the interval if
f®<0 forall xe(a,b).
(iii) The function is neither increasing nor decreasing
at the point (¢, f(c)) if f'(c)=0.Where ce(a ,b).
Example.22: Find the interval at which the function
f(x)=x* isincreasing or dcreasing.
Solution: f(x)=x* , differentiate w.r.t. x

d d{ .,
~(r@)==()
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= FiE=2% wuld
Since f(x) isincreasing if f'(x) >0 .Then from (i)
fl(x)=2x >0 if x >0.
Thus f(r) isincreasing if x >0 or x=(0 ,x)
Since f(x) isdecreasing if f’(x) <0 .Then from (i)
f'(x)=2x <0 if x <0.
Thus f(x) is decreasing if x <0 or x=(-x, 0).
Example 23: Determine the value of x at which the
function f(x)=x"+2x-3 isincreasing or decreasing.
Also find the point at which the given point is neither
increasing nor decreasing.
Solution: f(x)=x"+2x-3 ...... (i)
Differentiate (i) w.r.t. to x,

d d (., %
‘-—gf(x)—a(x +2x-3)
= f(x)=2x+2

(i) we know that f(x) isincreasing if f (x)>0
Then 2{x+1)>0 => x+1>0
=> x>-1
Thus f(x) isincreasing if x>-1.
Thus f(x) isincreasing in (—1 ; 00)
(ii) we know that f(x) is decreasing if 7 (x)<O0
Then 2(x+1)<0 => x+1<0
= x<-1
Thus f(x) is decreasing if x<-1.
Thus f(x) isdecreasing in (~o0, —1)
(iii))To find the point where the function is neither
increasing nor decreasing then f (x)=0
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2x+1)=0 = x+1=0
= x=-1
Put x=-11in (i)
fE)=(-1P+2(-1)-3=1-2-3
= f(-1)=-4

Thus the function f(x) is neither increasing nor decreasing
at the point (—1 ,—4),

Relative maximum: A function f(x) is called relative
maximum at a number ¢ if f(c)2 f(x) for all x in
open interval containing c.

Relative maximum: A function f(x) is called relative
minimum ata number d if f(d)< f(x) for all x in
open interval containing d .

The relative maxima or relative minima is called
reiative extrema .

Critical Values and Critical point : Let f(x) be a function
defined at a number ¢ and either f(c)=0 or f (c)
does not exist . Then the number c is called a critical value

of f(x) and the point P(c , f(c)) is called Critical point.

Note: If f(c) does not defined then ¢ is not a critical value.

(i) If there is relative maximum at ¢, then the functional value

f(c) at that point is the maximum value.

(ii) If there is relative minimum at c, then the functional value
f(c) at that point is the minimum value .

Example 24 : Find the critical values for the following
functions.

(@) f(x)=4x> -5x* —8x+20
Solution: f(x)=4x> -5x* - 8x+20

%f(x)=%(4x3 ~5x? —8x+20)

= f(x)=12x*~10x~8 .......(})
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since f'(x) is defined for all x.To obtained the critical
value then f (x)=0
=> 12x*-10x-8=0 =>12x*+6x-16x>-8=0
=> 6x(2x+1)-8(2x+1)=0
=> (2x+1)6x-8)=0

=> 2x+1=0 , 6x-8=0
=> 2x=-1 s O6x=8
8 4
== X==—= y X=—=—
6 3
ion . 1 4
Thus the critical points are x=-—, y

®) f(x)=——

Solution: f(x): xx_zz ...... () —‘g—f(x) =%|: x? :I

dx x=-2
d (2. .2
= f(¥)= - (;1_2; T2
= f(x)= 2 (ix,z;)); 2
= F(#z (x 4"2‘)2 . f‘(x)=-z-‘£—:%’§ ....... ()

Since f (x) doesnot defined for x=2, but f(x) also
does not defined at x=2 .
Thus x=2 is not critical value . For critical value
f(x)=0
x? —4x

T ey

=0 =>x'—-4x=0
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=> x{x-4)=0
= x=0 ,; x=4=0
= x=4
Thus the critical value is x=0, 4.

1 3
) f(x)=12x7 -2x?
1 3
Solution: f(x)=12x? —2x?
d d 1 3
—&-x—f(x) = -5[12):2 —2x2]
1 3
= f(x)= (1 2{%){;‘ . 2(%);?‘

i
-3x?

-
2

= f(x)=6x

= f‘(x)=%—3J§ sasell)

Since f (x) does notexist for x =0 , but f(x) is defined
for x=0. Thus x=0 is the critical value.
Now for other critical value f(x)=0
6 6 —3x
Jx Vx

=> 6-3x=0

=> Y or x=2

Thus the critical values are x=0 , 2.

4 1

@) fl(x)=3x> -12x°

4 1

Solution: f(x)= 3x3 —12x3
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=» fi(x)=4x>—4x3
14
= f(x)=4x} —— ...(})
%3
Since f (x) does notexist for x=0 , but f(x) isdefined

for x=0. Thus x=0 is the critical value.

Now for other critical value f'(x)=0
1
-4

2
3

1 3
4:c3—-iz.-_0 = ﬂ:"__'_i_._zo
x? 4x?

L2
= 4x33-4=0 = 4x-4=0
=> 4x=4 or 13l

Thus the critical values are x=0 , 1.

e f (x) =6x> —4x

s
3

Solution: f(x)=6x® —4x

N 7 () = 5@]5" 4
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Since f (x) does not exist for x=0 , but f(x) is defined
for x=0. Thus x=0 is the critical value.
Now for other critical value /' (x)=0

1
Y
ol eme e
x3 X3
1 1
= 4-4x3 =0 = 4x3=4
1
= 8 ] or x=1

Thus the critical values are x=0 , 1.

Theorem: If a continuous function f(x) has a relative
extremum atc, then ¢ must be a critical value of f(x) .
Example 25: The function f(x) is defined by

f(x)=x"=3x* —=9x +1 . Determine the intervals at which
the function f(x) is strictly increasing or decreasing.

Differentiate (i) w.r.t. to x.
d d { ; 2
”d;f(x):gx_(x ~3x —9x+1)
= f(x)=3x?-6x-9
= f(x)= 3(.'(2 ~2x -3)= 3[::2 +x-3x —BJ
=3[x(x +1)-3(x +1)]
= @) =3G+1)Nx-3) (i)
For critical value put f(x)=0

3(x+1(x-3)=0
= x+1=0 , x-3=0
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Thus the critical value is x=-1,3
To find the interval where f(x) isincreasing or decreasing
we take some points left to and right to critical values .
i.e.
We take a point left to -1 and a point rightto -1.
We also take a point left to 3 and a point right to 3.
We take -2 leftto-1 and 0 rightto-1.
Put x=-2 in (ii)
f(-2)=3(-2+1f-2-3)=3(-1)-5)=15>0
Since derivative of f(x) is positive to theleft of -1.
Thus f(x) is increasing when x<-I
Put x=0 in (ii)
£(0)=30+1}0-3)=-9<0
Now we take 2 to theleft of 3.
Put x=2 in (ii)
£ (@ =302+1)2-3)=33)-1)=-9<0
Thus right to -1 and left to 3 the derivative of f(x) is
negative . Thus f(x) is decreasing in the interval
~lex<ld .
Now we take 4 to the right of 3.
Put x=3 in (i)
£ @)=30+14-3)=3(5)1)=15>0
Since derivative of f(x) is positive to the right of 3.
Thus f(x) is increasing when x>3

Thus f(x) is increasing in the intervals for x <-1 and

for %> 3.
f(x) is decreasing in the interval for —1<x<3.

Example 26: Draw the function f(x)=x>-3x> -9x+1
and its derivatives  f (x) =3x’> ~6x-9 . Use these graphs
to tell about the following questions.
(a) When f'(x) is positive . What does that mean in terms

www.perfect24u.com


https://www.perfect24u.com/
https://www.perfect24u.com/
https://www.perfect24u.com/

KPK MORE BOOKS, NOTES VIST NOW: PERFECT24U.COM

of the graph of f(x) ?.

(b) When the graph of f(x) is decreasing.what does that
mean in terms of the graph of f(x) ?.

Solution: The graph of f(x) (———

and f (x) are [-—{?:-}-__:-tjr__‘[;ﬂé g
shown in figure . TR 6
iy . e -

(@) If f(x)>0 then f(x) isincreasing function .
(b) f(x) is decreasing when f (x)<O0.
First derivative test :
The first derivative of a function can be used to determine
whether the function is increasing or decreasing in a
given interval . The main steps are following .

(i) Find those values of ¢ in which f(¢)=0 of f(c)
does not exist but f(c) is defined. i.e.
Find all the critical values of f(x).
(ii) The point (¢, f(c)) is a relative maximum if f'(x)>0
for all x in the open interval (a ,c) to the left of c,

and f'(x)<0 forall x in the open interval (c , b) to
the right of c.
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(iii) The point (¢, f(c))is a relative minimum if £ (x) <0
forall x in the open interval (a ,c) to the left of ¢,
and f'(x)>0 forall x in the open interval (c , 5) to the
right of c.
(iv)The point (¢, f(c)) is nota extremum if /'(x) has the
same sign in both openinterval (¢ ,c)and (¢ , b).
Example 27:Examine the function f(x)=2x" +3x’ -12x-5
for the relative extrema using first —derivative test.
Solution: f(x)=2x’+3x*-12x-5 ...... (i)
Differentiate (i) w.r. t. to x.
d d (4 3 ) \
— /@) -—-&;(2x +327 ~122~5)
= f(x)=6x*+6x~12
20 f ()= G(x2 +Xx -2)
= 6():2 —x+2x—2)
=> f(x)=6[x(x~1)+2(x-1)]
= f(x)=6(x-1)x+2)7¢.2... (ii)
For critical value put f(x)=0
6(x -1 x+2)=0
x-1=0 , x+2=0
= x AN, £ 52
Thus the critical value is x=1, -2,
To find the interval where f(x) is increasing or decreasing
we take some points left to and right to critical values. i.e.
We take a point left to -2 and a point rightto -2.
We also take a point left to 1 and a point right to 1.
We take -3 leftto-2 and 0 rightto-2.
Put x =-3 in (ii)
F(3)=6(-3+2)-3-1)=6(-1{-4)=24>0
Put x =0 in (ii)
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£ ©=60+2)0-1)=-12<0
Thus the value of f (x) is positive to the left of -2 and
negative to the rightof-2.
Thus x=-2 gives a relative maximum point.
Put x=-2 in(i)
f(=2)=2(=2) +3(-2) -12(-2)-5
=-16+12+24-5
=15
Now we take 0 left to I and 2 rightto 1.
Put x=0 in (ii)
F(0)=6(0+2f0-1)=-12<0
Put x=2 m@)
f@=6(2+2)2-1)=24>0
Thus the value of f(x) isnegative to the left of 1 and
positive to the right of 1.
Thus x=1 gives a relative minimum point.
Put x=1 in (i)
F=201) +30)* -12() -5
=2+3-12-5=-12
Thus f(x) has a relative maximum at (-2 ,15) and a

relative minimum at (1, —12).
Definition: Concavity : A portion of a graph that is
cupped upward is called concave up
and a portion of a graph that is
cupped downward is called N
concave down .
In figure A to C is concave E
down and from C to E
concave up.
Note: The graph of a function f(x) is concaveup in the
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open interval (a, b)if f'(x)>0 for all xe(a,b) and
itis concave downwardif f (x)<0 for all xe(a,b).

Inflection point: The point Plc, f (c)) on the graph of
function y = f(x) atwhich the concavity changes from
upward to downward or downward to upward is

called point of inflection .

If y=f(x)iscontinuous on (a ,b) and x=c is an
inflection point then either f (¢)=0 or f (c¢) does not
exist .

Second derivative test: Let f(x) be afunction and has first

and second derivatives of f(x) exist on an open interval
(@,d). X ce(@a,b) such that f'(c)=0 ,then

(i) if f'(c)<0, then thereis relative maximum at x=c
and the graph of f(x) is concave downward in the
neighbourhood of P(c, f(c)) .

(i) if f (c)>0, then there is relative minimum at x=c
and the graph of f(x) is concave upward in the
neighbourhood of P(c , f(¢)) .

(iii) If f (c)=0 then the second derivative test is fails.

Note: The second derivative test only works for those
critical values for which f(c)=0. It does not work

for those critical values for which f'(c) does not exist
or f(e)=0.If f(c) does not exist or f (c)=0
then find the relative extrema use first derivative test.

Example 28: Use the second derivative test to determine
whether each critical value of the function

f(x)=3x"=5x>+2 corresponds to a relative maximum ,
a relative minimum , or neither.
Solution: f(x)=3x"-5x"+2 ....... @)
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The first derivative of f(x) is given by
-g;- fx) = % (3x° -55° +2)

= f(x)=15x*-15x% ...... (i)
The 2™ derivative of f(x) is given by

d . d 4 2
Ef(x)za(ISx ~15x?)

= f'(x)=60x> -30x .....(ifi)
For critical values put f (x)=0 in (ii)
15x* -15x* =0

= Isz(x2 —1)= 0
= x*=0, x*-1=0
= x=0, x*=1
= x=zl
Thus critical valuesis x=0,-1, 1
Put x=0 in (iii)
f"(0) = (60)(0)~(30)(0)=0
Thus the second derivative test is failed at x=0
Put x=-1 in (iii)
(1) =60(-1) =30(-1)=-60+30=-30<0
Thus the relative maximum at x=-1]
Put x=-1 in (i)
FEED =31 =5(-1 +2=-3+5+2=4
Thus the relative maximum value of f(x)=4 at x=-1
Now put x=1 in (iii)
7 () =600y -30(1)=60-30=30>0
Thus the relative minimum at x=1
Put x=1 in (i)
FO =301 -50) +2=3-5+2=0
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Thus the relative minimum value of f(x) =0 at x=1.
Example.30: Use MAPLE command to compute to
maximize and minimize value of the following functions.
(@) f(x)=cosx (b) f(x)=x'-2x>+3 ininterval [-1, 2]
Solution: (a) Open the MAPLE programme and then open
new document . Use keyboard keys and write
maximize(cos(x).}; and then press enter Key
Command:
> maximize(cos(x)); 1
For minimize Use kevboard keys and write
minimize(cos(x)); and then press enter key
Command:
= minimize(cos(x]}); -1
{b) Open the MAPLE programme and then open
new document . Use keyboard keys and write
max imize( x4 -2*x*"2 +3, x =1..2); press enter key.
Command:
> maximize(x* — 2.2 +3,x=-1.2); 11
For minimize Use keyboard keys and write
minimize(x"4 - 2* x"2 +3,x =1..2); press enter key.
Command:
> minimize(xd =g 3;x=-1 ..2); 2

Exercise 4.3:
Q.1: Find the critical values of the given functions and show
where the functions is increasing and where it is

decreasing .
(@) f(x)=x"+3x"+1
Solution :  f(x)=x’ +3x* +1 ....... (i)

Differentiate w.r. t. to x.
g;—f(x) = -‘%c—(f +3x? +1)
=> f(x)=3x*+6X .u..u. (ii)
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For critical value :
put f (x)=0 in (ii)
3x* +6x=0
= 3x(x+2)=0
= =0 5 x+2=0
=% =<
Thus the critical value is x=0 , -2,
To find the interval where jf(x) isincreasing or decreasing
we take some points left to and right to critical values . i.c.
We take a point left to 0 and a point rightto 0.
We also take a point left to -2 and a point right to -2.
We take -1 to theleftof 0.
Put x=-1 in (ii)
f=D=3-1)+6(~1)=3-6=-3<0
Thus the function is decreasing in the interval x <0,
We take 1 to the right of 0.
Put x=1 in (i)
FO=31)"+6()=9 >0
Thus the function is increasing in theinterval x>0.
We take -3 leftto-2 and -1 rightto-2.
Put x=-3 in(ii)
F(=3)=3(-3)2 +6(3)=27-18=9>0
Thus f(x) is increasing in the interval x<-2 to the
left of -2.
We take -1 to the right of -2.
Put x=-1 in (ii)
F(=D)=3(-1Y+6(-1)=3-6=-3<0
Thus f(x) is decreasing to the left of 0 and to right to -2.
i.e. f(x) is decreasing in the interval (— 3 .0
and f(x) is increasing when x<-2 and x>0 or

(—-oo —-ZX)'(O ; oo) .

() f(x)=x +35x% —125x + 9375
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Solution :
f(x)=x* +35x* —125x+9375.......(1)
Differentiatew . r.t. to x.

2 f(9)=2( 5 +35% ~1255+9375)

= f(x)=3x*+70x-125 ...... (ii)
For critical value
put 7 (x)=0 in (ii
3x?+70x-125=0

= 3x24+75x-5x-125=0

=> 3x(x +25)-5(x+25)=0
=> (x+25)3x-5)=0
=> x+25=0 ,3x-5=0

5
= x=-25 , x==
3

Thus the critical value is x=-25 , —§~

To find the interval where f(x) isincreasing or decreasing

we take some points left to and right to critical values . i.e.
We take a point left to -25 and a point right to -25.

We also take a point left to g and a point right to %

We take 1 to the left of -g

Put x=1 in (i)
£ @)=30) +70(1)-125=3+70-125=-52 <0

: 5
Thus the function is decreasing in theinterval x 45.

We take 2 to the right of % .

Put x=2 in (ii)
F(2)=3(2)*+70(2)-125=12+140-125=27 >0
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Thus the function is increasing in the interval x >% 8
We take -26 left to -25 and -24 rightto -25.
Put x=-26 in (ii)
7 (=26) =3(-26)* +70(-26) 125
=2028-1820-125=83>0
Thus f(x) is increasing in the interval x < -25 to the
left of -25.
We take -24 to the right of -25.
Put x=-24 in (ii)
f(-24) =3(-24)* +70(-24) - 125
=1728-1680-125=-77<0
Thus f(x) is decreasing in the interval x> -25

From above f(x) is decreasing in the interval x <§

and x>-25 .lie. [-25 ,-;-]

and f(x) is increasing when x>§ and x<-25 or

- _zs)u@ | w) :
Q.2: Find the critical values of the following functions.
(@ f(x)=2x>-3x"-72x+15
Solution: f(x)=2x-3x*=72x+15 ....(i)

Differentiiate (i) w. r. t. to x.

gx- f(x) = g; (2x3 -3x"=72x+1 s)

= f(x)=6x?—6x-72 .....(ii)
For critical values put f (x)=0
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=> 6x* -6x-72=0 => 6(x* —x-12)=0
= x'=x=12=0 = x*+3x-4x-12=0
=> x(x+3)-4(x+3)=0 =>(x+3fx-4)=0
= x+3=0 , x—=4=0
= x=-3 , x=4
Thus critical values x=-3, 4.

(b) f(x) :%x"‘ —%*=15%+6...

Solution : £ (x) =%x3 S | (i)

Differentiate w.r.t. to x.

d d(1, ., )

— f(x)=—|=x"—x"-15x+6

citf() dx(?a ,,I

= f(x)=x*=-2x-15 ...... (i)

For critical value put f (x)=0 in (ii)

¥ =2%-15=0 => 2% —-15=0

= x(x+3)-5(x+3)=0 => (x+3)x-5)=0
=5 x+3=0 , =50

= x==3 , &5

Thus the critical value is x=-3 , 5.
2
(©) f(x)=6x*—-4x
1
Solution: f(x)=6x> —4x
2 2

gx-f(x) = %[§x§ -—4x] = (@)= 6[%)3:3-1 —4

1
= f(x)=4x3-4 ..., (i)
For critical value put £ (x)=0 in (i)
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il 1
= l=x =x=()=1
Also from (i) at x=0 then f (0) does not exist
But f(0) is defined . Then 0 is also the critical value.

Thus the critical valueis x=0 , 1 .
4 1 :

(d) f(x)=3x3-12x°

4 1

Solution: f(x)= 3x3 —12x°

d . df, 4 !
Ex"f(x)—--fi {Bx -12x )

X

- f®)= 3(%1-);:?’ " 12[-%};5_]

= f(x)= 4x% =4 3 LM (i)

For critical value put f (x)=0 in (i)

L2
3

4x3 —4x 3 =0
1
=> 4x3—i2=0 = 4x24=0
x3 x3
=> 4x—-4=0 = 4x=4
=% x:l

Also from (i)at x=0 then f (0) does not exist
But f(0) is defined .

Then 0 is also the critical value .
Thus critical values is x=0, 1.
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Q.3: Determine whether the given function has a relative
maximum , a relative minimum or neither at the given
critical values for the following problems.

@) fx)=(x-3x+1] ,at x=1, x=-1
Solution: f(x)= (x3 —~3x+ 1)7

-:&f(x) =-éx--(x3 —-3x+1)7

= ) =7(x-3x+1f(3x>-3)

= (7)) - 3x +1f (+* ~1)
= £ =21 -3x+1f(x* 1) .ceuee. 0)
%f'(x) = 21%[{::’ ~3x+1J(x? —1)]

= f'(x)=(21)x - 3x+1f gc-(xz -1)
+21(x? —l)gx—(x’ —3x+1f

=> £ (x) =21(x* —3x+1f (2x)
+21(x* ~1)6)* —3x+1] (2x—3)
= f'(x) = =3x+1) [s2x +126(x? = 1)2x = 3)]......C3D)
Put x=1 in (ii
£ M=0-3+1042+1260-1)2-3)]
= ') =(-1)(42+0)=-42 <0
So f(x) has relative maximum value at x=1
Put x=-1 in (ii)
D =(1+3+1)[42+1260 -1)(-2-3)]
= f"~)=03y(@42+0)=3°42>0
Thus f(x) has relative minimum value at x=-1.

®) f(x)=(x*-4x+2f at x=1
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Solution: f(x)= (x —4x+2)5
—f(x)— (x x4+ 2]
= f(x)= S(x —4x+2T(4x —4)
= f(x)=20(x"-4x+2)'(x* 1) .....()
-;—i-f'(x) = 20-3;(;:‘ —4x+2)(x* -1)
£ () =20(x* —4x +2) 32 )+ 20)(@)x* - 4x +2) (4x° - 4)
= ()= (x* —4x+2) [60x2(x* - 4x +2)+ 80(4x* — 4)]...Gii)
Put x=1 in (i)
F 0 =(-4+2)[60(1-4+2)+80(4-4)]

=(-1P(-60+0)=60>0
Thus f(x) has relative minimum at x=1.

) fx)=(-4f(x*-1] , at x=1, x=2.
Solution: f(x)= (xz —4T (xz £ IT

% fx)= %[(x’ - 4)4 (J:2 - 1)3] use product rule
= f(x)=(x*-4) i—(xz i (37 ml)’gx-(xz 4
= f(x)= ( —f-"l)“(fi)(x1 - 1)2 (2x)+ (x2 -—1))(4 X —4))(2x)
( 4)] (x - 1)1 [6x(x -4)+ Sx(x ——1)]

(x* = 4] (x* 1) (62> —24x + 8x* - 8x)

= (x? - 4f (x? =1) (14x° - 32x)

%f'(x) =£—[(x —4)3 x —1)2 14x° —32x)] use product rule
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f(x)=(x*-4f (x* -1} (4247 - 32)
+(x? - 4] (14 - 32x)2)(x* —1)2x)
+(x? =1F (142 - 322)3)(x* - 4] (2x)
= £'(x)=(x* -4 (x* -1} (42x* - 32)
+ 4.1:(1:2 - 4)3 (14x3 - 32xXx2 - 1)
+6x(x? ~1)142° = 32x)x? =4) ocooeen (i)
Put x=1 in (ii)
£ O=01-4@1-1)'(42-32)+4(1- 4y (14-32)1-1)
+6(1-1)14-32)1-4)

=5 f 1)=0

Also put x=2 in (ii)

We get [ (2)=0

Thus the given function has no relative maximum nor
relative minimum at x=1 , x=2 .so f(x) is neither.

(d) f(x)=¥x>-48 , at x=4
Solution: f(x)=3x’-48 = (x3 -—48)%
d d (3 .
—f(x)= -d—x(x’ ~48f
= f(x) =-:1;(x3 —48}3—l (33:2)
> x:"(x3 - 48)_j ........ Q)

— 2x(x’ —48)3 [_ 2(x -48)" + 1] ..... (ii)
Put x=4 in (ii
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. 24
=> 4)=— <0
bl Voot
Thus f(x) has relative maximum at x=4.

Q.4: Find all the critical values of the functions in the
following problems and determine where the graph of the
functions is rising , falling , concave up or concave down.
sketch the graph .

(a): f(x)=2(x+20) ~8(x+20)+7 ....(0)
Solution: f(x)=2(x+20) —8(x+20)+7
Differentiate w.r.t. to x,

éd;(f(x)) = —g—r-(Z(x+2O)2 —8(x+20)+ 7)
= f'(x) =2(2)(x+20)-8
=> f(x)=4x+80-8

= f(x)=4x+72...(i).

For critical value f'(x)=0
Then from (ii) => 4x=-72

= x=-18 st -
The critical value is x=-18 . %-;—j
Now the critical point : {a)

put x=-18 in (i)
f(-18)=2(~18+20) -8(-18+20)+7
=2(2) -8(2)+7=8-16+7=-1
Thus the critical pointis (x, f(x))=(-18, -1).
The function f(x) is risinging(relative minimum) in the
interval if f'(x) <0 in that interval..
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The From (ii) => f(x)=4x+72<0
= 4x<-72 => x<—:?-
=> x< -18.
Thus the function f(x) is risinging in (-, —18).
The function f (x) is falling(relative maximum) in the
interval if f (x) >0 in that interval.
The From (ii) => f'(x)=4x+72>0
=>4x>-72 => x>—§
= x>-18.

Thus the function f(x) is falling in (—18, o).
The graph is concave up .

(b) f(x)=1x"—9x+2

Solution: f(x)= % x* ~9x+2 LA

Differentiate w.r.t. to

d d(l ; ; . '"“*’——"
i R CERLEREY B So—" —o—"
= f.(x)=%x1"9
=x2 -—9
= (x —3)x +3)...(ii)
For critical value f‘(x)=0 ' (b)

From (ii) => (x-3)}x+3)=0
= x-3=0 or x+3=0
=> x=3 or x=-3
Thus the critical values are x=3 or x=-3
Critical point: put x=3 in(i)
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fB3)==03BY-9(3)+2=9-27+2=-16

put x=-3 in (i)
FE3)=3E3 -93)+2=-9+27+2=20

Thus critical points are (3, —=16) and (-3, 20)
To find the interval where f(x) isincreasing or decreasing
we take some points left to and right to critical values. i.e.
We take a point left to 3 and a point rightto 3.
We also take a point left to -3 and a point right to -3.
We take 2 to the left of 3.
Put x=2 in (i)
F@=02-3)2+3)=-1(5)=-5<0
Thus the function Is decreasing in the interval x <3.
We take 4 to the rightof 3.
Put x=4 in (ii)
f@=(4-3f4+3)=17) =7>0
Thus the function is increasing in theinterval x>3 .
YWe take -4 leftto-3 and -2 rightto-3.
Put x=-4 in (i)
f(4)=(-4-3)-4+3)=(-7(-1)=7>0
Thus f(x) is increasing in theinterval x<-3
We take -2 to theright of -3.
Put x=-2 in (ii)
F2)=(-2-3)-2+3)={(-5f1)=-5<0
Thus f(x) is increasing in the interval x>-3 .
Thus f(x) is decreasing to the leftof 3 and to right to -3.

i.e. 7(x) is decreasing (falling) in the interval (-3 | 3)
and f(x) is increasing (rising) when x<-3 and x>3

or (-oo -—3)U(3 . co) ‘

Now we find relative maximum and relative minimum :
As derivative of f(x) is negative to the left of 3
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and positive to the right of 3.
Then the critical value 3 leads to relative minimum
point. x=3 in(i)

| f(3).-..;.(3)3 ~9(3)+2=9-27+2=-16

Thus the relative minimum (3 ,~16).
As derivative of f(x) is positive to the left of -3

and negative to the right of -3.
Then the critical value -3 leads to relative maximum
point. Put x=-3 in (i)

f(=3)= %(—3)3 -9(-3)+2=-9+27+2=20

Then relative maximum is (-3 ,20)

The graph is concave up (O ; co) and concave down
in (~o, 0).

Q.5: Find all relative extrema of the following functions.
@ f(x)=x*-3x+1

Solution: f(x)=x’-3x*+1 ...... )

The first derivative of f(x) is

%f(x)=%(x3 -3x? +1)

= f(x)=3x’-6x ...(i)
For critical vulue put f (x)=0 in (ii)
3x*-6x=0 => 3x(x-2)=0
ag= 0 , x—2=0
= x=2
Then the critical values are x=0, 2
The second derivative of f(x) is

d . df2_
=1 ==(x* - 6)
=> f“(x)=6x-6 ...... (iil')
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Put x=0 in (iii)
£ (0)=6(0)-6=-6<0
Then jf(x) hasrelative maximum at x=0
Put x=0 in ()
f(0)=0-30)+1=1
Thus the relative maximum of f(0)= 1 at x=0.
Put x=2 in (iii)
f(2=612)-6=12-6=6>0
Then f(x) has relative minimum at x=2 .
Put x=2 in (i)
Ff@)=(2) -3(2f +1=8-12+1=-3
Thus the relative minimumof f(2)=-3 x=2.
) f(x)=x*+6x*+9x+2

Solution: f(x)=x>+6x>+9x+2 ...... )

4a

d

=> f(x)=3x+12x+9 .....(ii)
c% £(x) = %(3;;2 +12x+9)

fx)= -i—(x’ +6x% +9x+2)

= f(x)=6x+12 .....(iii)
For critical values put 7 (x)=0 in (ii)
3x2 +12x+9=0 then by quadratic formula

~b+b* -4ac
2a

Put a=3 , b=12 and c=9 in(A)
_=12£4J(12) -4(3)©9) _ 12144108

2(3) 6
—12+/36 -12+6
=2 x= 6 = p3
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~12+6 -12-6
=> = 5 =
6
== X=—— 5 —_.]:._8...
6
= xz—l . x=—3
The critical values ar x=-1 . x=-3

Put x=-1 in (iii)
f (=D=6(-)+12=6>0
Then f(x) has relative minimum at x=-1
Put x=-1 in (i)
FED =1 +6(-1P +9(-1)+2=-14+6-9+2=—-2
Thus the relative miinimum of f(-1)=-2 at x=-1.
Put x=-3 in (iii)
f(-3)=6(-3)+12=-18+12=-6<0
Then f(x) has relative maximum at x=-32.
Put x=-3 in(i)
F(3)=(-3) +6(-3) +9(=3)+2=-27+54-27+2=2
Then f(x) has relative maximum of f(--3)=2 at x=-3.
Q.6: (a) Suppose f(x) isa differentiable function with

derivative f (x)=(x-1) (x -2 x—4)x+ .‘3)‘1
Fiind all critical values of f(x) and determine whether
each corresponds to relative maximum , a relative
minimu , or neither.

(b) Suppose f(x) is a differentiable function with

Derivative [ (x)= (2x - 1)(x2+ 3) .
(x-1)

Fiind all critical values of f(x) and determine whether
each corresponds to relative maximum , a relative
minimu , or neither.

Solution: (a) f (x)=(x-1](x=2Xx-4Xx+5)" ....())

For the critical values put f(x)=0 in(i)

www.perfect24u.com


https://www.perfect24u.com/
https://www.perfect24u.com/
https://www.perfect24u.com/

KPK MORE BOOKS, NOTES VIST NOW: PERFECT24U.COM

(x=1P(x-2Xx-4)x+5)' =0

= (x-1)!=0, x-2=0, x-4=0, (x+5)*=0
=xxele=l) , =2 |, x=4 , x+53=0
= x=1,2,4,-5
Thus all the critical values are x=1, 2,4 and -5 .
Now to find the 2™ derivative of f(x) .

Then taking log of eq(i) of b oth sides

Inf (x)zlnT(x—l)z (x—2)(x—4)(x+5)dj

=In(x~1f +In(x~2)+In(x— 4)+ In(x + 5)°
=> In f'(x) = 2In(x 1) + In(x ~ 2) + In(x — 4) + 4In{x + 5)
Now differentiate w.r.t.to x,

%m Fl= %[2 In(x~1) + In(x — 2) + In(x —4) + 4 In(x + 5)]

= ! f(x):—z—-l- 1~+-—1~4- "
Fix x-1 x-2 x-4 x+5
i B 1 1 30
=> # ()= 1 (x) B + - = | eoa(i)
LX=1 x2\xy=% x+35

Put (i) in (ii)
2(x—2 x—-4)x+5) ]
oy P2 8 5) |+ G- - Y +5)
(x—l)(x—2)(x—4)(x+5) +(x-—1Xx—2Xx+ 5) |
| +4(x-1)x-2)x—-4)

[2(x—2)x—4)x+5) ]
A N\ +(x-—1Xx—4)(x+5)
== N (;r:)—(x-~1)(x-l~5)j +(x—1)(x—2)(x+5) i)
|+ 4(x—1)x-2)x—4)
Put x=1 in (iii) weget f (1)=0

Also put x=-5 in (iii) weget f (=5)=0
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Thus the critical values 1 and -5 does not give relative
maximum nor relative minimum .
Then the function is neither at x=1, -5

put x=2 in (iii) %
F@=02-12+57[0+(2-1{2-4)2+5)+0+0]
=7(-14)<0
Thus at x=2 , f(x) has relative maximu.
Put x=4 in (iii)
@ =@-1)4+5P[0+0+(@-1X4-2)4+5)+0]

=(3)9) (54) > 0-
Thus at x=4 , f(x) has relative minimum.
von (2x=1)x+3) :
(b) f (x) - (I = 1)1 . ""(1)

For critical value put f(x)=0 in(i)
(2x—-1)(x+3)
2 =0
(x-1)
= 2x-1=0 ,x+3=0
= 2x=1 , x=-3

= (2x-1)x+3)=0

Also f(x) doesnot exist at x=1
Then the critical values are x=1 ,-;-, -3

Now from (i)
f(x)=

2x% +6x-x-3

(e-1)

2x* +52~3

=> f'(x)=w
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d d[2x*+5x-3
s ("’“?.E[‘ o1y J

(x-1Y %(2;:2 +5x-3)-(2x2 +5x—3%(x—1)2
=
- Fle—e ( =Y. L= (ax+4)~(2x* + 52 -3)2)(x-1)]

- f(x)=

iy P ooy )4 L e —1)dx+4)—2(2x? + 52 -3)]

7 1)3(.4;; +4x—4x—4—4x2 ~10x+6)
X -
= F (x)=%c1—1°)’; ...... (if)

As from (ify f (x) doesnot exist at x=1

Then f(x) is neither at x=1, Put x:% in (ii)

f--(1)=1’@')

. f"(l)=(2‘“5 o =SB0

Thus the function has relative minimum at x = %

Put x=-3 in(i(i) )
\ 2-10(-3) 2+30 1
7 9= (C3-1f -—64 == <k

Thuis the function has relative maximum at x=-3.
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Q.7: A company has found through experience that
increasing its advertising also increases its salesup to a
point . The company believes that the mathematical model
connecting profit in hundreds of dollars P(x) and

expenditures on advertising in thousands of dollars x is:
P(x)=80+108x-x> , 0<x<10
(a) Find the expenditure on advertising thatleads to

maximum profit.
(b) Find the maximum profit.

Solution: Given P(x)=80+108x—x" ....(I)
The first derivative of (i) is

P(x)= —i—(SO +108x —x’) => P'(x)=108-3x% ..... (i)
The 2™ derivative is
P’ (x) =i{108-—3x3)= =60 W..(IW)
dx

Put P()=0 in (ii)

108 —3x? = 0
- 108 =3x’ or x =36
= ¥=446

But given that 0<x<10 then x=6
put x=6 in (il
P’ (6)=-6(6)=-36<0
Thus the maximum profit is get at x=6

(a) The expenditure on advertising that leads to maximum
Profit at x=6

(b) Maximum profit: put x=6 in (i)
P(6) =80+ (108)(6) — (6)’ =80+ 648216
=> P(6)=512 hundreds dollars.
Q.8: The total profit P(x)( in thousands of dollars) from the
sale of x hundred thousands of automobile tyres is
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approximated by P(x)=-x’+9x*+120x-400, 3<x<I15
Find the number of hundred thousands of tyres that must
be sold to maximize profit. Find the maximum profit .

Solutiuon: P(x) = —x* +9x* +120x - 400 ...(i)
The first derivative of (i) is

zj" P(x) = g; (- +9x? +120x - 400)

= P(x)=-3x+18x+120 ... (i)
The second derivative is

%P'(x) =%(—3x2 +18x+120)=> P"(x) = —6x +18 .......(iii)

Put P(x)=0 in (ii)

—3x?+18x+120=0
=> —3(x>=6x-40)=0 => x*—6x-40=0

= x?+4x-10x-40=0 => x(x+4)-10(x+4)=0
=> (x+4Xx—lO)=0
= x+4=0 , x-10=0
= x=-4 z X=10

Since 3<x<15 then we take x=10

Put x=10 in (iii)

P(10) = —6(10) +18 =—60+18=—-42 < 0
(a) Thus the the number of tyres that must be sold to

maximize the profit x =10 hundred thousands tyres

or x=(10)100)1000)=1000,000 tyres.
(b) Maximum profit: put x=10 in (i)
P(10)=—(10) +9(10)* +120(10) - 400
=> P(10) =-1000 + 900 +1200 — 400
=700 thounsands dollars
Or P(10) = (700)(1000) = 700000 dollars.
Q.9: The percent of concentration of a drug in the
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bloodstream x hours after the drug is administered
4x

3x* 427
(a) On what time intervals is the concentration of the
drug increases ?. - -
(b) On what time intervals it decreases ?
{¢) Find the time at which the concentration is a maximum .
{d ) Find the maximum concentration .
Selution: K(x)= 24x
3x° +27
Differentiate (i) w.r.t.to x.

o _d( 4x \
K(x)“dx[3x2+27}

(3x* + 27)% (4x)— (4x) % (322 +27)

is given by KX(x)=

= K(x)=
: (3x? +27)
o 403x%+27)-(4x)6x) 12x% +108 - 24x
g K ();) — " —3 2
(322 +27) (3x* +27)
1942
= K'(;:)=M )
(3x2 +27f
_ 2
Put K'(x)=0 in(ii) => 'E'QBT%;‘){:O
3x° +
=> 108-12x2=0
= 12x?=108 = x*=9

=> x=13
Since x represents hour so x is non —negative
Then we take x=3
To find the intervals where the function is maximum or
minimum then we take a point left to 3 and a point
right to 3. In this case we use first derivative test.
let put x=2 in (ii)
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— 2 —
K'(2)=108 12(2) 108—-48 60

= = 0
B +27) (2+27) (39) g
Put x=4 in (ii)

K'(d) = 108-12(4) _ 108-1922 - 842 <0
@y +27f (@8+27F  (79)
(a) Thus the concentration of the drug increase in the
interval for x <3 . Since x is non-negative , then

the concentration of the drug increase in the inteval (0 ,3).
(b) The concentration of the drug decrease in the inteval

B, )

(c¢) The time at which the concentration is a maximum x=3
(d) Put x=3 in (i)
KG)= 43) _ 12 12

d =—==022%
332 +27 27+27 54

OR K(3)= % ~ 0.0022

Q.10: A diesel generator burns fuel at the rate of

G(x) = 2%(}-@ + 2x] , gallons per hour when
x

producing x thousands kilowatt hours of electricity .

Suppose that fuel costs 2.25 dollars a gallon and find the
value of x that leads to minimum total cost if the

generator is operated for 32 hours. Find the minimum
cost .

Solution: Given that fuels in gallons per hour given is

G(x) = L(EO_O + 2x) where x>0
48\ =x

Since total hours =32 hours
Per gallons cost =2.25 dollars.
Thus the total cost in dollars
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C(x) = (number of gallons per hour)x (the number of hours)
x (the cost per gallons).

300 72(300
Thus C(x )_—-(—;—+2 }(32)(2 25) = 48( - +2xJ

=> C()=-2{§@ 2} ..... )

X

The first derivative of (i) is given by
—~C( )_3’..‘1[299 +2x ]
dx 2\ x
=> C(x;—é[—@+2j or => C(x)-———ig-g+3 .(i1)
28 X x

The 2™ derivative of C(x) is given by

d d{ 450
-d-x-C(x) —(_? 3}-—? C(X) (—450)dxk )+0
= C'(x)=(-450)-2)x" ——900 ..... (iii)
For critical value put f (x)-O in (ii)
450
——2'-+.‘J=-"0
X
=> -450+3x* =0 => 3x? =450
= x° =154 = x= %4150

Since x shows hours so x is positive

Then we take the critical value of x =+/150 put in (iii)
900

C (28.3)=@>0

Thus the cost will be minimum when x=4/150
Then the minimum cost will be obtained by putting

x=+150=122 in (i)
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C(12.2) = -3-[3’9 + 2(12.2)J =73.48 dollars.
2\122
Review Exercise. 4:
Q.1: Chose the correct option .
D If y=3t*+4¢-5 then f(¢) is
(@) 3t —4t+5 (b) 6t+4 (c)12 (d) 6t-5
() If f(t)=3>+4t-5 then f(t) is
(@) 3t* -4t +5 () 6t-4 (c) 6 (d) 6+5
GIE =™ ity Ll

n

X
(a) me” log(e") (b) m"e™ (¢) me™ (d) me"e™
(iv) The fifth derivative of f(x)=¢" is
(@) e* (b) e (c) 5¢° (d) &
(v) The fourth derivative of y=sinx is

4 E)
(a) fo =sinx (b) firi’ = C0SX
3 4
-(¢) ‘;’xi’:—sinx (d) fo=*cosx
(vi) f f(x) and its derivativeat x=x, are f(x,),
f'(xo) ; f"(xu) SE , (xu) then the nth order

polynomial In(x) of f(x) will be

@ 76+ (-2} ()t T2 )

B) FRIYN*—2 ) )+ +Qf:flf"(xo)
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(vii) To calculate the first five terms of talor series for
f(x)=e* the MAPLE command is used

(@) taylor (x, "ol 0) (b) taylor (e“‘ )
(c) taylor (ez‘, x=0 ,5) (d) taylor (ez’, x=5)
(viii) The equation of normal at point (xv ; yo) is

@ x-x,==(y-3,) ®) y-,=—(:-x,)

m
©) y=y, =mlx-x) @ y-y,=-—(x-=)

(ix) The angle of intersection of the two curves can be
calculated by using the formulas.

(a) &=sin™ L+ iy, (b) 6 =tan™ 1-mm,
—mm, 1+ mm,
5 | mi — mz (d) 9 - Sin_l mi + m2

(c) f=tan
_ 1_+mm, d+mm,

(x) If f(x) is differentiable on the open interval (a, b)
the f(x) is strictly increasing if :
@@ f(x)>0 M) f(x)>0 ) £ (x)>0 @ f(x)<0

Answers: ()b (i) ¢ (iii) d (iv) a (v) a
(vi) b (vii) ¢ (viii)d (ix) ¢ (x)b
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