KPK MORE BOOKS, NOTES VIST NOW: PERFECT24U.COM

Differentiation:
Independent variable: The domain or input values is
called independent variable.
Dependent variable: The range or output values is
called dependent variable.
For example if y=x*+2x+3

Here x is independent variable and y is dependent

variable.
Rate of change: Let y= f(x) ...(i)
Then y+Ay = f(x+ Ax) ....(ii)

Subtract (i) from (ii)
y+ly-y=f(x+80)- f(x)
= Ay=f(x+Ax)— f(x) .....(iiQ)
Both sides of eq(iii) divided by Ax
&y = JE+8)— 7@ voene(iv), where Ax=x+Ax—x
Ax Ax
The eq(iii) shows the average rate of change of function
y= f(x) per unit change in x.
The average rate of change is also called the slope of the

Secant line .
Example. 1: Determine the average rate change of y

per unit changein x for y=x*>-6x+5,as x increases

from x=1 to x=3.
Solution: Since the average rate of changein y per unit

in x is given by
Saw Sl L
Ax Ax
Since y=f(x)=x* —5x+5 .....(ii)
Then f(x+Ax)=(x+Ax)f —6(x+ Ax)+5

=x? + (Ax)’ +2x.Ax — 6x — 6Ax +5......(jii)
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C 7 Put(i) and (i) im@®. T
Ay _ x* +(Ax) +2xAx—6x—6Ax +5—(x* —6x+5)
Ax Ax
x* +(Ax) +2x.Ax —6x —6Ax +5—x* +6x—5

- Ax

_ (Ax)? +2xAx — 6Ax

o Ax

_ Ax(Ax+2x-6)

- Ax

As x changes from 1 to 3, Then
Ax=3-1=2

Put x=1 and Ax=2 in(iv)

%=2+2(l)—6=2+2-—6=—2 Auns.

Definition: Derivative: The instantaneous rate of change
of afunction f(x) with respect to independent variable x

at particular point P is called derivative of f(x) at that
point P.
Let y= f(x) ...(0)
Then y+Ay = f(x+ Ax) ....(iD)
Subtract (i) from (ii)
y+ly—-y=f(x+Ax) - f(x)
=> Ay = f(x+Ax) - f(x) .....(iii)
Both sides of eq(iii) divided by Ax
Ay fCx+ ) - £(x)

. Take Lim on both sides
Ax—0

Ax Ax
WL = [y LEH A= TC) | o
Ax—0 Ax Axr—0 Ax

If above limit exist then it is called derivative of f(x).
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Also Lz’m—ﬂ-’—Ji 4 or Liméz- =y or f(x)
A0 Ax  dx A0 Ay
Then eq(iv) can be written as
dx A0 Ax
or f(x)=Lim JlEtao)~ 108 )

Ax—D Ax
Eq(iv) or (v) is called first principle rule of derivative of f(x)
with respectto x .

. Ay dy. ; ¢
Lim——=-=is called slope of the tangent line at particular
a-0 Ax  dx
Point P.

The process that we find the derivative of a function is
called differentiation .
Note: The slope of the secant line is called the approximate
rate of change.
The slope of the tangent line is called the exact rate of
change .
Example .3: Determine the derivative of a function

f(x)=x*—6x+5 by first principle rule at a point P(4, —3)
Solution: As by first principle rule
oy T i S (X AX) = ()
J (x)=Lim e

Since f(x)=x*=6x+5 .....(ii)
Then f(x+Ax)= (x+Ax)2 —6(x + Ax+S
=x? + (Ax) + 2xAx - 6x — 6Ax +5...(iii)
Put (ii) and (iii) in (i)
x? +(Ax)! +2xAx — 6x— 6Ax +5— (x* — 6x+5)

§o™e =
_ i Xt (Ax) +2xAx—6x - 6Ax +5—x" +6x 5
= a Ax
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= lim
Ar—0 Ax
o i Ax(Ax +2x-6)
Axr—0 Ax

=> f(x)= gr_g(Ax +2x—6)
=> f(x)=0+2x-6
= f(x)=2x—6 ......(iv)

Eq(iv) is the derivative of f(x) or slope of the tangent line

at any point P(x,y) onthecurve f(x)=x>-6x+5
Now derivative of f(x) atpoint P(4 ,-3)
Then put x =4 in eq(iv)
f4)=24)-6=8-6
=> f(4)=2 at point P(4 ,-3).
Equation of tangent line:
Equation of the tangent line on the y = f(x) at point
P(x ,n)is  y-y =/ (®)Ex-x)
Example .4: The function is f(x) = x*.
(a) Find the derivative of a function at point P(3 ,9) .

(b) Find the tangent line on a given curve y =x’ at point
P(3 9%
(c) View the slope of the tangent line on a curve y =x’ at _
point P(3 ,9) graphically .
Solution: (a) As by first principle rule

w\ Y fErA)-fR) .
KOs Lim I 2120 @

Since f(x)=x* .covee (ii)
f(x+ Ax) = (x + Ax)?
= x? + (Ax)’ +2xAx ........ (iif)
Put (ii) and (iii) in (i)
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x* +(Ax) +2xAx - x*

f(x)=lim =
(Ax) + 2xAx
= h
= fx)= m o
= lim Ax(Ax+2x)
Ar—30 Ax
= ETO(M + Zx)
= f(x)=0+2x applying limits
= f(xX)=2% .cereee (A)

At point P(3,9): Put x=3 in(A)
f®=23)=6 ....B)
(b) Slope of the tangent line at point P(3 ,9) on a curve
y = x"is the derivative of f(x) at point P(3 ,9).
Thus from eq(B) the slope of the tangent line is
F(B)=6 ...(iv)
As equation of the tangent line on the y = x° at point
PB,9is y-y =1 k=2 e0n )
Put x,=3, =9 and [ (x)=6 in(v)
y-9=6(x~3)
= y-9=6x-18
=> 0=6x—y-18+9
or 6x—y-9=0 .isthe required equation.
n) The graphically view of the slope of the tangent l.ne
is under.
rom the graph we see
at dy=6 and Ax=dx =1
fius slope of tangent line

) . dy 6 _
t t P(3,9) is =—=~=—
point P(3,9) is .
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3.1.6: Differentiation of y=x" by first principle rule.
Solution : As by first principle rule
f'(x)= Lim f(x'i‘AX)-f(X)
Ax—+0 Ax

Since f(x)=x" ...... (ii)

f(x+Ax)=(x+Ax)" As by binomial exp ansion

n(n-1) 2
2

=x" +mx"Ax +

Put (i) and (ifi) in (i)

x" +mx" Ax + f_(_’?_,z:Q x"(Ax) + ... —x"
X )=
£ —
L. Cad) VTN SN
= lim 2
Ax—0 Ax
Ax[nx n(n2 D X" A + .. )
= lim
Ar—0 Ax
—_ lim mn-l g n(n l) n—lm_*‘
Ar—0
Applying limits

] n(n—1
=> £ (%) =" +-—(-E—-2x"“2(0)+0+....+0
%N (x)=m"" Ans.
3.1.7: Differentiation of y=(ax+b)" by first principle rule.
Where n=§— , p and q are integers and g #0

Solution : As by first principle rule
f(x+Ax)- f(x) -
f(x)=Lim - ceeeee (1)

Ax—0
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_(ﬁg._l_: if n is positive integer .
Since f(x)=(ax+5b) ...... (i)
f(x+Ax) = (a(x + Ax) +b)’

= ((ax +b) +aAx)’ As by binomial expansion
=(ax+b) +nlax +b)" (aAx) + n(nz— D (ax +B)*(aax) +
Put (ii) and (iii) in (i)

1 [(crx-i—b)" +n(ax+b)’"‘ (alx) + ]

..... (#it)

o 1
T 0 D) ) e =45

e + b (ahx) + P80 (5 DY (A 4 ...
= lim 2
Ax—0 Ax
Ax[na(ax +b)" + il U (ax+b)a’Ax+ )
= lim 2
Ax=0 Ax
= g{g(na(ax +b)™ + _n(nT—l)‘ (ax+b)a*Ax+ )
Applying limits

= f'(x)=na(ax +5)"" +f—(%_—ll(ax +b)a*(0)+0+...

= f'(x)=nalax+5)"" Ans.
This is the generalized power rule of differentiation .
Case: 2: If n is negative integer or friction . Then

F(x+Ax) = (a(x + Ax) + b =((ax +b) + aAx)

alx
(ax+b)

) As by binomial expansion
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put (i) and (iv) in (i)

n aAx ) n(n-1){ alx ;
f,(x)zgyoi_x_ (ax+b)[1+n[ax+bj+ = [(ax+b] +.}

= lim
Ar—0 ‘Ax
(ax+b)” n[ alx )_{_n(n—l) alx 2+
ax+b 2 (ax+b
= lim
Ax—0 Ax ‘
Ax(na(ax +b) + e (ax + b)Y a’Ax + J
= lim
Ax—0 Ax
= ixix_g(na(ax +b)" + n(n2— 2 (@x+b)a*Ax + )
Applying limits

=> f'(x) =nalax +5)"" + @ (ax+b)2a*(0)+0+...

=> f(x)=na(lax+b)" Ans.
This is the generalized power rule of differentiation .

Exercise 3.1:
Q.1: Find the average rate of change of the following functions
over the indicated intervals.

(@): y=x*+4 from x=2 to x=3
Solution:  Since the average rate of changein y per unit
in x is given by
Ly _JerE0-J&E) o
Ax Ax

www.perfect24u.com


https://www.perfect24u.com/
https://www.perfect24u.com/
https://www.perfect24u.com/

KPK MORE BOOKS, NOTES VIST NOW: PERFECT24U.COM

As y=f(x)=x*+4....(i)
Then f(x+Ax)= (.7c+Ax)2 +4
=x? + (Ax)’ +2x.Ax +4....(iii)
Put (ii) and (iii) in (i)
Ay 2 +(Ax) +2xAx+4—(x* +4)
Ax Ax .
Ay  x*+(Ax) +2xAx+4-x* -4
Ax Ax
_(Ax) +2xAx
T Ax
_ Ax(Ax +2x)

Since x changes from 2 to 3 ,then Ax=3-2=1
Put x=2 and Ax=1 in (iv)

A 142(2) =1+ 458 Ns.
Ax

(b) y=x2+%x from x=-3 t0 x=3

Solution: Since the average rate of change in y per unit
in x is given by
&y _ [lx+a)-f(x)
Ax Ax

As y=f(x)=x2+—;—x ....... (ii)

Then f(x+Ax)=(x+Ax)2+%(x+ﬁx)

=x? +{Ax) +2x.z‘_\.r+%x +%Ax ..... (iif)
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Put (ii) and (iii) in (i)

x? +(Ax) +2x..A.7c+lx+l£kx-—[x2 +lx)
&y _ 3773 3
Ax Ax
2 2 1 1 3 1
@.’_:x +(Ax) +2x.Ax+§x+§Ax—x —gx
Ax Ax
(Ax)? +2x.Ax+%Ax
B A
Ax(Ax+2x+%]
B Ax

=> é}i= Ax +2x +l — ]
Ax 3

Since x changes from -3 to 3 , then
Ax=3-(-3)=3+3=6
Put x=-3 and Ax=6 in (iv)
LT A Wy
Ax 3 3
() s=2=-5t+7 from r=1+t0 t=3
Solution:  Since the average rate of change in s per unit
in ¢ is given by
& _fE+AN-1O | o
at N Bemas
As s=f()=20-5t+7 ...(ii)
Then f(t+At)=2(t+At) —5(t +At)+7
=2 + (A)® +302A1 +31(AD? ) 5(t + A) + 7
=2 +2(At) + 617 At +6t(At) =5t —5At +7 .....(iii)
" Put (ii) and (iii) in (i)

=l Ans.
3
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At
20 +2(Ae) +612At + 6t(Ar) =5t —5At+7 -2 +5¢t -7
- At
_2(Ar) +612Ar + 6t(Ar) —5A¢
- At
A AH(2(A1)? +66% +6t At-5)
At At
=2(A)* + 682 +6tAt—5 ... (iv)
Since ¢ changes from 1 to 3 , then
At=3~1=2
Put t=1 and At=2 in(iv)

‘if" =2(2)* +6(1)* +6(1)(2) - 5

=8+6+12-5= 21 Ans.

(d) h=+J2r+4 from =8 fo

r=835
Solution:

Since the average rate of change in # per unit
in £ is given by
M _fexM)~f@)
Ar At sheid

As h=f() =2 +4 ....(i)
Then f(t+At)= \}Zir W AL) +4 ... (iii)
Put (ii) and (iiii) in (i)

A v AD +4-(2r +4)
At At

V2t +2Ar +4-+[2t -4

At
V2t + 241 -2t
= % srik V)

Since ¢ changes from 8 to 8.5 , then
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: At =85-8=0.5
Put t=8 and At=0.5 in(v)

Ak _ \J2(8) +2(0.5) - /2(8)

At 0.5
s i‘_}i - M =0.25 Ans.
At 0.5

Q.2: Use definition for the rate of change to find out the
average rate of change over the specified interval for the
following functions :
(@) s=2t-3 from t=2 to t=5
Solution:  Since the average rate of change in s per unit
in ¢ is given by

A FErA-FO

= s
As s=f({f)=2t-3 ... (if)
Then f(t+Af)=2(t+At)~3

= +20 -3 i (1)

Put (iii) and (iii) in (i) .

As  2t+2Ar-3-(2t-3)

At At
_ 2t +2MNf-3-21+3
At
=5 £=£=2 Ans.
At Ar

Asfrom t=2 fto t=5
Then  At=5-2=3
(b) y=x*—-6x+8 from x=3 to x=3.1
Solution:  Since the average rate of change in y per unit
in x is given by
y_fEra)-f@
Ax Ax
As v=f(x)=x*-6x+8 ....(i)
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Then f(x+Ax)=(x+Ax) —6(x+Ax)+8

=x +(Ax) +2x.Ax — 6x — 6Ax +8.....(jii)
Put (ii) and (iii) in (i)

é-)izxz +(Ax) +2x£\x—6x—6¢x+8—(»:2 - 6x+ 8)

Ax Ax
Ay x* +(Ax) +2xAx —6x-6Ax +8—x’ +6x =8
Ax Ax
(&) +2xAx - 6Ax
- Ax
_ Ax(Ax +2x-6)
- Ax

5 g 8B i)
Ax

Since x changes from 3 to 3.1 , then
Ax=31-3=0.1
Put x=3 and Ax=0.1 in(iv)

%:2(3)+0.1——6=0.1+6~6=0.1 Ans.

(c¢): A=nr? frgm r=2 o r=21
Solution:  Since the average rate of change in A4 per unit
in » is given by
M LN P0) | 6
Ar Ar
As A= f(r)=nr? ....(i)
f(r+br)=n(r + ArY = 2(r? + () + 2rAr)
=nr’ +a(Ar)’ + 2mAr ... (i)
Put (ii) and (iiii) in (i)
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(2]
|~
0
=]
%
[/
=4
=]
B
[ &)
-
=]
N
[y
=
1]
=]

% =7(0.)+2Q)7 =01z +4r =417
@ h=+t-9 from 1=9 to t=16
Solution:  Since the average rate of change in / per unit
in ¢ is given by
M _ f+A)- £()

v X (i)

As h=f@©)=~t -9 ....(i0)
Then f(t+At)=~t+At -9 ... (i)
Put (ii) and (iii) in (i)

an_rrar-9-[i-9)

At At
_At+At-9-t+9
At
AR AJt+ At -4t ;
= e —— . (IV)
At At

Eq (iv) multiplied and divided by r+Ar +7
Ah_t+Ar-t Jt+ar+qt
At At i+ At 4t
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(JHm)2 (f}z
 Atlr+Ar+4t)
t+A-t N _
Ar(\/z‘+At+J;J_Ar(«/r+Af+JT)
=> g= e v)
i+ At +4t
As t changes from 9 to 16 , then
At=16-9=7
Put t=9 and At=7 in(v)
Ah 1

Jﬁ +49 J—ﬁ +3
e
443 7
Q.3:A ball is thrown straight up Its height after t seconds
is given by the formula % =-16¢> +80¢ .Use definition
for the rate of change to determine the average

velocity —i{—}l for the specified intervals .

(@) From r=2¢t t=21 (b) Fromt=2 to1t=2.01
Solution:Since the average velocity of change is given by
An _ fe+AD-f() 0
- v
As h= f(f) ==161 + 80 .....(ii)
= f(t+Ar)=-16(t + Ar)* +80(z + Ar)
= —16(r? + (Ar)? +2tAr)+ 80t + 804t
=-16t* —16(At)* - 32tAt + 80t + 80A¢.....(ii1)

Put (i) and (iii) in (i)
Ah _ 1662 ~16(Ar)* ~32¢Ar +80¢ +80Ar — (~16¢* +80r)
At At
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_ ~16t* —16(At)* —32tAt + 80t + 80At —16t> — 80t
At
e 16(;!3.1‘)2 —32tAt + 80A!?

At
_ Ar(=16Ar - 321 +80)

At
Ah -
= E= —16At—32:+80 .....(iv)

(@) From t=21 t=2.1

Then At=2.1-2=0.1

Put 1=2 and Af=0.1 in(iv)
= %’ = _16(0.1)~32(2) + 80

=-1.6-64+80=144 Ans.
(b) From t=2 to t=2.01
Then At=2.01-2=0.01
Put t=2 and At=0.01 in (iv)
=> %h; = —16(0.01)-32(2) + 80

=-0.16-64 +80=15.84 Ans.
Q.4: The rate of change of price is called inflation .The price

Pin rupees after tyears is P(t)=3t>+¢+1 .Use

definition for the rate of change to determine the
average rate of change of inflation from r =3 0 =35

years .What the rate of change means ?. Explain.
Solution: The average rate of change of inflation is given by

AP _p+MN-p®) o
= =
As p(f) =3 +1+] .. (i)

p(t+AD=3(t+ A +t+At+1
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=3 + (A1) + 2A1)+ 1+ Ar +1
=317 +3(A0)? + 6tAL + t + Af +1.......(jii)
Put (ii) and (jii) in (i)
AP 3£ +3(A1) +6tAt +1+Ar+1— (37 +1+1)
At At
324 3(AD? +61AL + 1+ At +1-3¢7 —£ -1
At ;

_ 3(A1)? + 61At + At
At
_ Ar(3Ar+61+1)

At
=> A—P-=3At+6¢+1 ....... (iv)
At

Since t changes from r=3 0o =5 ,then
At=5—-3=2
Put =3 and At =2 in (iv)

%=3(2)+6(3)+1=6+18+1

=25

Thus At=2 and £=25
At

Thus the average rate of inflation per year is Rs 25 rupees
per year. :
Q.5: A farmer plants x acres of sugar beets . The profit
generated is f(x)=1800x—9x® . Determine the average
rate of change of the profit , when the planted area is in
between x =20 acres and x =S50 aceres . what the rate
of change means ? . Explain.
Solution:
As by definition of average change of f(x) is
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M) _fera)-S) o
Ax Ax
Given f(x)=1800x-9x7.....(i)
=> f(x+Ax)=1800(x + Ax)-9(x + Ax)
=1800x +1800Ax — 9(:’ +2xAx + (Ax)z)
=1800x +1800Ax — 9x? —18xAx — 9(Ax)’...(ii)
Put (i) and (ii) in (a)
Af(x) _1800x +1800Ax — 9x? —18xAx — 9(Ax) - (1800x - 9x?)
Ax Ax
_ 1800x +1800Ax —9x” —18xAx — 9(Ax)' —1800x + 9x*
Ax
_ A(x) _1800Ax —18xAx - 9(Ax)’
Ax Ax
_ Ax(1800-18x-9Ax)
- Ax

5 %f-)-=1800—18x-9.ﬁx ....... ®)

As given x=20 fo increase x=50
Now => Ax=50-20=30
Put x=50 and Ax=30 in(b)

- %‘_)=1soo-1s(so)—9(30)

=1800—-900-270= 630 Ans.

The profit is increasing at the rate of Rs 630 per acre
When number of acrs increases from 20 to 30.
0.6:Use first principle rule to determine the derivative of the
following functions.
® f(x)=3x
Solution: As by first principle rule
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_ 7. J(x+Ax) - f(x)
f (x)=Lim - 1)

As  f(x)=3x ....(ii)
S (x+ Ax) =3(x+ Ax) = 3x + 3Ax.....(iii)

Put (ii) and (iii) in (i)
f-(x)=£{’£3x+?:;§:—3x_h ?_?‘_x_

A0 Ax

= f(x)=3 Ans.

®) f(x)=(5x+6)
Solution: As by first principle rule

f'(x)=£ggf("+‘“2"f(") ...... )

As  f(x)=(5x+6)? ... (i)
_ f(x+Ax)=[5(x+6x)+6]:lT

L
= (5x+6+5Ax)i = [(Sx + 6{1 + SSAx )]2

x+6

1 7 ;
=(5x+6) (1 + Ssixﬁy expand by binomial expansion
x

x+6 2!

_(5x+6)‘+ (5x+6)'( 6]"';_ 2(122 s +6)‘( xtxﬁ)z

=(5x+ 6): Hz (Sx + ¢s)a'l (5Ax)- < (Sx + 6)3'2 (5Axy

5
LI LN 5
=(5x+6)§ l+%(556x ]+2 : [ SAx J -
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=(5x+ 62)% + % (5x +6)72(5Ax) % (5% + 6) 3 (5Ax)? ....(iii)
Put (ii) and (Eii) in (i)

= fg’g -Al-; (Sx + 62)% + -21-(5x + 6)'%(5&:)—— —;— (Sx + 6)—:“(5 dx)’
| —(5x + 6)%

Fam ﬁ@gi % (5x+ 6)‘%(5&)—%(53: + 6)"%(5&)’]
= Lim %x"- B- (5x+ 6)‘% (5)- % (5x+ 6)'%(25&)]
- fx%[% (5x+6)2(5)- %(Sx +6)3 (25&)}

(5x+ 6)‘% (5)-0 Aplying limits
— 5 —1 5 >
2sx+6)i  2VSx+6

(© f(x)=x"+1
Solution : As by first principle rule

£ ()= Lim f ("Mg =7 )
As f(x)=x*+1 ....(i)
Then f(x+Ax)=(x+Ax)f +1

=x? + (Ax) + 2xAx +1.....(#ii)
Put (ii) and (iii) in (i)

1
2
Ans.
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=1 xz+(Ax)2+2xAx+1—(x2+1)
& —-Arg’g Ax
. x?+(Ax) +2xAx +1—-x" =1
- T2
(Ax)* +2xAx

= Lim
Ax->0

_ Lim 8x{8x +2x)
4x0 Ax

= Lim(Ax+2x)=0+2x
Ax—s0

Thus f (x)=2x Ans.

@ f(x)=12-x
Solution : As by first principle rule
S(x+Ax)—- f(x) )
Ax

f@=Dim————""" ... i
As f(x)=12-x" .....(i})
Then f(x+Ax)=12—(x+ Ax)
=12- (x2 +(Ax) + .’2xAx)
=12-x? - (Ax)" - 2xAx.....(jii)
Put (i1) and (iii) in (i)
. — x? = (Ax)’ - 2xAx - (12 - x?
f(x)'—"fj_’:gm x? - (Ax) Ajmx -]
_ e —(Ax)’ ~2xAx =12 + x*
Ax—0 Ax
—(Ax)* - 2xAx
Ax
Ax(— Ax —2x)

=Lim
Axr—0

=Lim
Axr—0

= Lim(—-Ax-2x)=0-2x
Ax—0
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Thus f(x)=-2x Ans.

(® f(x)= 16x? - 7x
Solution : As by first prmuple rule
_ 7. S(x+Ax) - f(X)
b (x)_{,x:_r.no e (@)

As f(x)=16x%=Tx ....(ii)
Then f(x+Ax)=16(x+ Ax)’ - 7(x + Ax)
=16(x? + (Ax)? + 2xAx)- 7x - TAx
=16x* +16(Ax)® +32xAx — 7x — TAx.....(iii)
Put (i) and (jii) in (i)
- 2 - - B 2 _
£ = Lim 15" +16(Ax) +32xAx — 7x - 7Ax - (16x% - 7x)
Ar—0 Ax
iy 165 #16(Ax) +32xAx - Tx— TAx ~16x" +7x
- Lim 16(Ax)’ +32xAx - TAx
Ax
Ax(16Ax +32x~7)

-L
—m06éx+32x-7)=0+32x—7
=> f(x)=32x~7 Ans.
7
@® f(x)ﬂ-;
~ Solution : As by first principle rule

S fx+A0)- f(x)
f(x)=Lim S 0

A f(x)=-} .. (i)

Then f(x+Ax)=x:Ax

© Put (ii) and (iil) in ()
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’ ” -7
@)= ﬁlﬁ x(x+ Ax)

Q.7: Use the graph of a function f(x)=x>-7x+6 to do

the following :
(2) Find the derivative of the function at point P(5, -4) .

(b) Find the slope of tangent line on the curve y = x* - 7x+6
at a point (5 , -4)

(c) View the slope of the tangent line on the curve at P(6 , 0).

Solution: As by first principle rule

_ . S(x+4x)- f(x)
f(x)-ﬁguc et (i)

Given f(x)=x*-7x+6 ...... (if)
flx+Ax)=(x+Ax) -7(x +Ax)+6
=x? + 2xAx +(Ax)’ — 7x - TAx +6....(ii)
Put (i) and (iif) in (i) ( )
: _ x*+2xAx+(Ax) —7x-TAx+6—(x* -7x+6
f (x)=Lim = -
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presi Ax
2xAx + (Ax) - 7Ax

= Lim
Ax—0
Ax(2x+ Ax—T)

Ax
= Lim(2x + Ax - 7)
Ax—0
=> f'(x)=2x+0-7
= f(x)=2x-7 .....(iv)
Eq(iv) is the derivative of f(x) at any point P(x, y)
(a) The derivative of f(x) at point (5, -4 ) .
Put x=5 in (iv)
Slope = 2(5)-7=10-7=3
(b) The slope of the tangent line at (5, -4) .
Put x=5 in (iv)
Slope = 2(5)-7=10-7=3
(c) The slope of the tangent line at (6 , 0) .
Put x=6 in (iv)
Slope = 2(6)-7=12-7=5
Q.8: Use definition of deriwative to determine the slope of
the tangent line to the curve at a given point and then

find out the tangent line equation on the curve at the
same point , for the following curves .

@ f(x)=-x"+7x, x=3
Solution: Slope of the tangent line is given by

f (%)= Lim 4 ("*“32“f & .6

As f(x)=—x*+7x .....(i0)

=Lim
Ax—0
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Then f(x+ Ax)=—(x+Ax) +7(x + Ax)
= --(x2 +(Ax)? + 2xAx)+ Tx+7Ax
=—x* - (Ax)’ - 2xAx + Tx + TAx..... (i)
Put (ii) and (jii) in (i)
-— B — -_— ) —— 3
7 x? = (Ax) = 2xix +7x+ TAx Lx +7x)
Ax->0 Ax
—Lz’m_xz —(Ax) = 2xAx + 7x + TAx + x* = Tx
T a0 Ax
—(Ax)' = 2xAx + 7Ax
Ax
Ax(- Ax - 2x+7)
Ax
=Lim(-Ax-2x+7)=0-2x+7
Ar->0

= f(xX)=-2x+7 ....(iv)
Eq(iv) shows the slope of the tangent line at aﬁy point to the

given curve.
Now the slope of the tangent line at x=3
Then Put x=3 in (iv)

f3)=-203)+71=—6+7=1

Now we find the point (3, f(3)) on the given curve.
Put x =3 in (ii) -

fB)=—3)+73)=-9+21= 12
Now equation of tangent line at the pomt (3, 12)is -

=3 =f0x-x) wu
Put x, =3, y, =12 and f(3)=1 in(v)
y—12=1(x-3) '
This is the required tangent line equation .
(b) f(x)=6x*-11x-10, x=1

= Lim
Ax—0

= Lim
Ax=0
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Solution: Slope of the tangent line is given by
f‘(x) = Lim f(x.’-Ax]—f(x)
x>0 Ax

As f(x)=6x? —11x-10 .....(i)
Then f(x+Ax)=6(x+Ax) —11(x + Ax)—10
= 6(x? + (Ax)? +2xAx)~11x-11Ax 10
= 6x? + 6(Ax) +12xAx —11x —11Ax - 10.....(iii)
Put (ii) and (jii) in (i)
2 —— -— -—
£ =Lim L 6x +6(Ax) +12xAx~11x—11Ax ~10
&0 Ax| - (6x* —11x-10)
L 6x* +6(Ax) +12xAx -11x-11Ax-10
&0 Ax| —6x* +11x+10
i 6(Ax) +12xAx—11Ax
Ax—0

Ax
Ax(6Ax +12x -11)
=

= Lim
Ax—30
= Lim(6Ax +12x-11)=0+12x~11
Ax—0 :

= f(x)=12x=11 ....(iv)
Eq(iv) shows the slope of the tangent line at any point to the
given curve.
Now the slope of the tangent line at x =1
Then Put x=1 in(iv)
f)=12)-11=12-11=1
Now we find the point (1, (1)) on the given curve.
Put x=1 in (ii) ' |
f)=6(1)*-111)-10=6-11-10=~15
Now equation of tangent line at the point (1, -15) is
y=n=rOkF-%) «..()
Put x, =1, y,=-15 and f(1)=1 in(v)
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y= (—15) I(x-1)
= y+15=x-1
This is the required tangent line equation .
© f(x)=3x*-6x-10, x=0
Solution: Slope of the tangent line is given by
@)= {.ggf(“ Ag"f(’) ...... @

As f(x)=3x*—6x—-10 ....(ii)
Then f(x+ Ax)=3(x+Ax) —6(x + Ax)-10
=3(x? + (Ax)* + 2xAx)- 6x — 6Ax—10
=3x* +3(Ax)’ + 6xAx - 6x — 6Ax —10.....(ii7)
Put (ii) and (iii) in (i)
)= le__[Bx +3(Ax)? + 6xAx - 6x — 6Ax — 10]
50 Ax( (357 —6x-10)

. 3x? +3(Ax) + 6xAx - 6x—6Ax~10
a0 Ax| —3x? +6x+10

= il 3(Ax)’ + 6xAx — 6Ax
Ar-+0 Ax
Ax(3Ax +6x - 6)
Ax
= Lim(34x+ 6x~6) =0+ 6x—6

= f(x)=6x—6 ...(iv)

Eq(iv) shows the slope of the tangent line at any point to the
given curve.
Now the slope of the tangent lineat x=0
Then Put x=0 in (iv)
£ (0)=6(0)-6=—6

Now we find the point (0, f(0)) on the given curve.
Put x=0 in (ii)

f(0)=3(0)* -6(0)-10=0-0-10=-10

= Lim
Azx-»0
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Now equation of tangent line at the point (0, —10) is
y=3n=1Ox-%) ()
Put x, =0, y,=-10 and f(0)=-6 in(v)
¥ —(~10) = —6(x-0)

= y+10=-6(x-0)
This is the required tangent line equation .

d f(x)=2x*+3x-4, x=1
Solution: Slope of the tangent line is given by
£ )= f(x+ Ax) /)

As f(x)=2x’ +3x—4 .....(n)

Then f(x+Ax)=2(x+Ax) +3(x+Ax)-4
= 2(x? + (Ax)? + 2xAx)+ 3x 4 3Ax — 4

=2x + 2(Ax)’ + 4xAx + 3x + 3Ax —4.....(jii) -

Put (i) and (iii) in (i)
(2x? +2(Ax ) + 4xAx + 3x + 3Ax — 4)

1
F e ‘{I‘Tg-&; -:(2x2+3x—-4)
g L 2x2¥ +2(Ax)? +4xéx+3x+3Ax—4J
&0 Ax | —2x* -3x+4
2(Ax) +4xAx +3Ax

= Lim
Ax—0 Ax
R, 4 Ax(2Ax +4x +3)
Ar—0 Ax

=Lim(2Ax+4x+3)=0+4x‘+3

= f(x)=4x+3 ....(iv)
Eq(iv) shows the slope of the tangent line at any pomt to the

given curve.
Now the slope of the tangent line at x =1
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Then Put x=1 in (iv)
=41 +3=4+3=7
Now we find the point (1, f(1)) on the given curve.
Put x=1 in (ii)
fO=21)2+31)-4=2+3-4=1
Now equation of tangent line at the point (1, 1) is
y=-n=f OFx-%) ..o}
Put x,=1, y, =1 and f()=7 in(v)
y=1=7(x-1)
This is the required tangent line equation .

Theorems of Differentiation :

(i) Constant rule %(c) =0 ,where c isconstant.

Proof: Let f(x)=c¢ ... ()
f(x+Ax)=c ......(if)
As by first principle rule

£ )= Lim A (”Ag“f @) i)
Put (i), (ii) in (iii)

: . c=¢C|_
f(x)=Lim—— =0

Ax
(ii) Constant multiple rule: gx_ [qf (x)] =c % f(x)
Proof: Let y=c¢f(x)—-—--- (@),

v+ Ay = cf (x + Ax) — —(ii)
(i) — () = Ay =cf (x + Ax) —cf (x)
Ay Lim of (x + Ax) - cf (x)

= Lim—=
Ar—0 Ax Ax—0 Ax
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dy f(x+Ax)- f(x)

= E— =C. {;l_?g Ax
G _.4
= =/
dr d
=l @]=e—(r()

. 4 _4 4
(ii)  Sum Rule: ‘&[f(x)+g(x)] 2 () +—g(x)

Proof: Let y = f(x)+g(x)———-(D)
y+Ay=f(x+Ax)+ g(x+Ax)————— (ii)
Now (i1) — (1)
=  Ay=f(x+Ax)+g(x+Ax)- f(x)-g(x)
Now
Lo _ o G- f(x)+ g+ A%) - g(3)
A0 Ay A0 Ax
b fGHA)-fG) . g+ A)-g(x)
dx a0 Ax A0 Ax
= % =-i—-f(x) +%g(x) Proved

(iv) Difference rule: % [f(x) - g(x)] = -i— f(x)- % g(x)
(v) Product Rules:
L 1e)gel=F@g )+ £ g

Proof: Let y = f(x).g(x)————(i)
y+A4y = f(x+Ax).g(x)————()
Now (ii) — (i)

= Ay = f(x+Ax)g(x + &x) - f(x).g(x)

:}Lim.é?.’. = Lim S (x+Ax)g(x+Ax) - f(x)_g(x)
Ar—0 Ax  Ar-»0 - Ax
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f(x+Ax)g(x+Ax)~ f(x+ Ax)g(x)]
+ f(x+ A)g(x) - f(x).g(x)}

g
¢
&l

%ﬂ{g(xwx) g(x)}

f(x+Ax)—f(x)}
Ax

g(x+4x)-g(x)
S (x+0).Lim= =

f(x+Ax) S ()
Ax

=Li
it

+ Lim g(x){

RS

:}-—-—:

+ g(x).&r
=2 - 102 (5)+ 80 (1)

=2 9)=/ZD+8@S ) Proved

(vi) Quotient Rule:
[ ] B =@ 1) 20
g(x)] o
Proef: Let y=LCA0N ] )
; g(x)
_ f(x+4&x) o pu
y+ay= vy Y ~(i)
Now (ii) — (i)
" _fx+80) )
g(x+Ax) g(x)
N _ S (x+8x)g(x) - g(x+4x) f(x)
g(x+ Ax)g(x)
- < Fing 1 [f (x+ Ax)g(x) - f(x)-g(x) ]
&0 Ax.g(x + Ax)g(x)\— g(x + &x).f(x) + f(x).g(x))
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&__ 1 St - 1)
d glx+A0g() {g - M
_f(x)_g;{?g g(x+ A;z = g(x)}

1
T g(®gk)

d d
R UG TG
[e»)]?

d d
" i[f(x)J _ 200~ /x) = g)

Proved
AP o o

Example S: Differentiate the following constant
functions .

@ f@)=13 ®) f(x)=3 (© fxX)=Tn
@) f(x)=+149

d d
{g(x)-gx-f (x)-7(x) = g(x)}

Bl& B

Solution: (a) f(x)=13 , differentiatew.r.t.to x

d d
= @)==a3=0

(b) f(x)=3 ,differentiatew.r.t.to x
d d
S U@)=Z-®=0

(¢) f(x)=T7r ,differentiatew .r.t.to x
d d _
ZU@)=—0m=0

(d) f(x) =149 , differentiatew . r. t. to x
d - -
i e (149) =0
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Example 6: Differentiate the following functions .
(@) f(x)=4x’ (b) f(x)=0.555x°

Solution: (a) f(x)=4x’ ,differentiatew.r.t.to x

d d

Nlt e (A °

— F)=—@x)

=4(3)x*! =12x7

(b) f(x)=0.555x° , differentiatew.r.t.to x

2 (1) =2 (0555%")

=(0.555)(6)x*" =3.33x°
Example 8: Differentiate the following functions .
@) y=4r'-2x"+5x (b) y=(x*~2x)x’-3)

By x* +13x+9
x*+11x+3
Solution: (a) y=4x’ —2x*+5x ,differentiatew .r.t.to x
% = £ (4x3 -2x% + Sx) use sum and difference rule
d d d
=2 (ax*)- (222 )+ 2 (5
2 (12)-2 o) £ 52
=4(3)x* -2(2)x+5

=12x*-4x+5
(b) y= (Jr2 — 2xIx3 -3)_ , differentiatew . r.t. to x
% = —gx— ((xz _ 2x)(x3 - 3)) use product rule
= (xz - 2x)-% (x3 - 3]+ (Jr3 - 3)% (x2 = Zx)
= (Jt'2 - ZJcXSJc2 )+ (x3 - 3X2x -2)
=3x*—6x’ +2x* -2x’ - 6x+6
= 5x'-8x’ -6x+6 Ans.
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_Jt:2 +13x+9

5 ; differentiate w .r. t. to- x
x*+11x+3

dj?* ~d [xz +13x+9

use quotiient rule
x? +11x+ 3] ¥

(x* +11x +3)%(x2 +13x+9) - (x? +13“9)-3;—(1.:2 +11x+3)

(x* +11x +3)?

(411 +3)(2x +13) - (x* +13x + 9)(2x +11)
(x? +11x +3)?

1 2x> +13x% +22x* +143x +6x +39
—2x* —11x* —26x*—143x—18x-99

(P £115 53]
1
g ey, (-2x*—12x-60)

dy  2(x*+6x+30)

== —_— -
dx (Jt:2 +11x+ 3)2
Application of Differentiation :
Marginal Cost or Marginal Analysis: The rate of change
of cost is called Marginal cost . It is obtained by taking
the first derivative of the cost. Similarly the Marginal
profit and Marginal revenue is the first derivative of
profit and revenue.
Example 9: The cost in (million) dollars to produce
x units of wheat is given by C(x)= 5000+ 20x + 10vx .
Find the marginal cost,when
(@) x=9 wunits (b) x=16units (c) x=25 units
(d) As more wheat is produce , what happens to the
Marginal cost.
Solution: The cost function is given

C(x)=5000+20x+10Jx ,differentiation w.r.t. to x

Ans.
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(C(x)) —(5000+20x+10J_ )

1
= C()= E(SDOQ) +2OE(x)+ 10-;;(-"55)

= 0+20(1) +(1 0)(—;»);:5"
=20+ Sx_;-
= C(x)= 2D+:§F_ ....... ()

(a) Marginal cost when x =9 units:
Put x =9 in (i)

c'(9)=20;i'=.-20+§

J5

= 60+5 = Z—S = 21.67 dollars.

(b) Marginal cost when x =16 units:
Put x=16 in (i)

C(16) =20+ —= =20+ 2

Ji6 4

_ B0D LN 51 95 doiirs.
A NN

(¢) Marginal cost when x =25 units:
Put x=16 in (i)

, 5 5
C'(16)=20+—==20+=
Ry

= 20 +1=21 dollars.
(d) When more wheat is produce then Marginal cost

is decreases and approaches to 21 dollars.
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Exercise 3.2:
Q.1: Differentiate f(x)+g(x) and f(x)-g(x) if
(@) f(x)=3x+7 and g(x)=6x>+2x-3

Solution: £ (/(x) + gx)) == ((s))+ (g x)

=%(3x+7)+%(6x2+2x—3)

=3+0+12x+2-0
=12x+5 Ans.

(7)) =5 (1)L e

=-:—x(3x+7)—%(6x2 +2x-—3)

=3+0—-(12x+2=0)
=3-12x-2
=1-12x Ans.

®) f(x)=17x*-15 and g(x)=%x2+%x—-5

Solution: < (#(x) + g(x)) = = (1) + =~ (¢(x)

N —15)+£{le +lx-5)
dx ax\3~ 2

=(17)2x)-0 +%(2x)+% -0

=34x+2x+l =102x+2:c

1
+_
3 2
H)_ix+l Ans.
3 2

—

Now
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d d d -
L ()- s =L (1)L elo)

g0 _15)-4 (1.1 _
_dx(m 15) dx(3x o 5]

" Ly
=(17)2x)-0 (3(2x)+2 0)

gy 2, 1 _102x-2x 1
37 2

3 2
3 2

(c) f(x)=x3—% and g(x)=3x" -4x? +2

Solution: < (/(x)+ g(x)) =< (/(x)+ = (s(x)

= -g—t-[xa - %J + %(3;3 ~4x* + 2)
=3x? ~0+303? —4(2)x+0
=3x* +9x* - 8x

=12x* —8x
d
20~ g) = () -5 (el)

_d( 5 3)_4d (3,5 4,
_dx(x 2] dx(3x 4x +2)
© =3x"-0-{33)*-4(2)x+0}

=3x*-9x% +8x

=—6x +8x

@ f(x)=4x'—5x and g(x)= -;—xz 2z

Solution: %U(x)+g(x))fi—(f(x)h%(g(x))
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=12x2 —5+%(2x)-—2
= 12x? +Ex—7
5
4 (16)- 8 = L)~ L ()
=-§;(4x3 -Sx)——gx-[g-xz —Zx]
~12¢? _5_@(2::)—2) |

=12x2—5—%x+2

=12x2—§x—3

Q.2: Use the product rule to find out the derivative of the
followini functions.

@) y=(x* -2)3x+1)
Solution: Differentiatew.r.t. to x
..Z% = dix-((xz - 2)(3_;: + 1)) use product rule
=y =(x*- 2)—% Bx+1)+ (x+ 1)5; (x*-2)
= (x? —2)3)+ (Bx +1)2x)
=3x% —6+6x +2x
=y =9x* +2x-6  Ans.
M) y=(7x*+2x)x* -4)
Solution: Differentiatew .r.t.to x
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((7x +2x)(x - )) use product rule

=(7x* + Zx)% (x* - 4)+ (x> - 4)% (7x* +2x)
= ('7Jt:‘l + 2xx2x) + (x2 ~ 4X281|:3 + 2)
=14x" +4x* +28x° +2x* —112x’ -8
=>y =42x° -112x° +6x* -8 Ans.
© y=02x-3x-1) .

Solution: Differentiatew.r.t.to x ,

Z :x{(lr 3)(:c2 ID . use product rule

. (2;:-3)%(;:% - 1) + (x% - 1}5;‘(2% 1)
= (2x- 3{% xéﬂl} + (x% g 1}(2)
= (2x- 3{% x_;_J o

1 1 1 1 1

1
<z 2 -ix 242x? -2=x?-—x2+2x2 -
2 2

=3x% —%x_%—Z Ans.
@ y=(-3Vx +6)avx -2)

Solution: Differentiatew .r.t.to x ,
dy d

L .S
g Zx{(—:‘:ut:”- % 6)(4::2 = 2D use product rule
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S

2
L VA | 1 4 ol
=(—3x’+6 2% 2}+(4x2—21-——x 2]
. 2

11 1 i
=—6x22+12x 2 —6x* 2 +3x

1
=—6x" +12x 2 —6x° +3x ?
1 1
=—6+12x 2-6+3x ?
1
=> y =-12+15x 2 Ans.
0Q.3: Use the quotient rule to find out the derivative of the

following functions .
3x -5
a =
my=-—
Solution: Differertiationw.r.t. fo x

L i[g'x 5 5] Use quotient rule
de dx\ x-4

: (x—4)gx—(3x—5)—(3x—5)%(x—4)
. -4y
(x—4)X3)-(3x-5X1)
(x~4)
_3x-12-3x+5

oy

: 7
=> =————— Ans.
- 4
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4x° +1
Solution: Differentiation w.r.t. to x

dy d-x*+6x :
___.__[ < J Use quotient rule

dx  dx
- u (41'3 + l)é (— x2+ 6x)—- (— X+ 6x)§ (4.1:3 + 1)

(4x* +1F

(4x’ + IX— 2x+6)- (— x* + GxIIsz)
(4x* +1f

—8x% +24x* = 2x+ 6 +12x* - 72x°
(43:3 + I)z

4x* —48x* - 2x+6

(4x* +1)
5x+6

() y= J;

Solution: Differentiation w.r.t. to x

% =4 [S'H' 6] Use quotient rule

Ans

-_—

ae| 1
»xz

1 X ;
(xi)%(sxw)-—(s”s)%[x%]

G

1
(xi)(S)-(5x+6)(-1-x5")]
\ 2

(1 1 alk
5x? ——2—(5x+6)(x 2)]

o |-

i
|-

\
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Solution: f(p)=

Differentiation w.r. t. to p
8p* +10p-3

dip(f(p))=%[ = J Use quotient rule
(3p+z)i"-(sp2+10p—3)—(3p2+1op~—3)§5(3p+2)
= =
f(p) Gpr2)
:(3p+2)(169+10)—(gp2+10p—3X3)
(Bp+2y
_ 48p* +30p+32p+20-24p* -30p+9
Bp+2)
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: 24p* +32p+29
= = Ans.(
f(p) Gpr2) (h)

Q.4: Find an equation of a tangent line to the graph of the
function at the particular point in the following
problems .
(@ fx)=3x-7 a(3,2)
Solution: f(x)=3x-7 Differentiation w.r.t.to x

%U@) = de-(Bx -7)

= f(x)=3 ...(0)
Now the slope of the tangent line at point (3 ,2)
Put x =3 in (i)
f3=3
Now equation of the tangent line at point (3 ,2) is
y=n=1)x~x) woeaid)
Put x, =3 ,y,=2 and f(3)=3 in (i)
y-2=3(x-3)
= y=3x-9+2

=> y=3x-7 Ans.
(b) f(x)=x at x=—~;—
Solution: f(x)=x" ...(J) Differentiation w.r.t.to x
d o _c_i_ 3
&V @)= 5 (<)
=\ W) =3x* .. (i)

- Put x=—% in (ii)

1 iy 1
f("a)—(—aj -
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‘Now the slope of the tangent line at point (—% g l]

1
Put x=—— in(i
= 4 )]

e 1Y 3
et s | =l
rep=1-1] -3
Now equation of the tangent line at point (-—-;— ; _%} is
1
Y= =L EDE=R) i)

= y+% = —i—[x - —;-) Multipled both sides by 8

1
= Bvals @
> y+ 6(x+2)

=> 8y+1=6x+3

= 0=6x-8y+3-1

=> 6x—8y+2=0

= 2(3x-4y+1)=0

=> 3x—4y+1=0 Ans.

1
(©) f(x)——;—g at x=2

Solution: f(x)= -—1—-5 ...(i) Differentiation w.r.t.to x
X+
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d (oo d (L
E(f( ))-dx[x+3j
(x+3)§(1)~(1)—§;(x+3)
N (Jt:+3)2
o Fin < EH30-1
> J )= (x+3)
1 .
=—(x+3)2 ...... (!1)
Put x=2 in (i)
L _1
FA=31375

Now the slope of the tangent line at point [2 , -é)

Put x=2 in (i)
1 1

f(2)=—(—2:§=—g

Now equation of the tangent line at point (2 y —;—) is
Y=y =1 2(x=%) ciee (iii)
' 1 - 1
Put x, =2 ,y,=— _and 2)=——in (iii
i n=3g S () > (iii)

1 1
J"“S‘—“E(x"z)

=>.25y-5=~(x~2) Multipled both sides by 25
=> 25y—-S5=-x+2

= x+2§y—5—2=0

= x+25y-7=0  Ans.
@ f(x)= at (3, 3)

X

x—
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Solution: f(x)= s Differentiation w.r.t.to x
x—
—g;(f( )}=%(?12] | use quotient rule
(-2 L -2 (:-2)
) (x-2)
e =2 -0
o f(x)_ (x_z)z
_X-2-x
(x-2f
— . =——-—-—-—-—-—~2 [
= (%) (x—-2)2 swussal)

Now the slope of the tangent line at point at (3, 3)
Put x=3 in (i)
; 2 2
) =
f( ) (3 _2)2 (1)2
Now equation of the tangent line at point (3 , 3) is
V=0 = O x=%) coinid)
Put x, =3,y =3 and f(3)=-2 in(i)
y-3==2(x-3)
=> y-—-3=-2x+6

=> y=-2x+6+3
=> y=-2x+9 Ans.

Q.5: For a thin lens of constant focal length P, the object

distance x and the image distance y are related by
the formula l+-1—=—1—
x y p

(a) Solve the above equation for y interms of x and p.
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(b) Determine the rate of change of y with reéspectto x.

Solution: (a) 3 + : = L
x y bp

1.1 1

= —=a——-——

y P X

y xp

=> xp=y(x-p)
or y(x-p)=xp

=> y= o . (!)

(b) Differentiation (i)w.r.t. to x

Q=i 2P| use quotient rule
dx dx\x-p

d TN
- -p)- ()= Gp) = (x- p)
=> y = 3 -
(x=p)
Since p is constant then %:0

B il p()i;i);)gxp)a)

_xp-p'-xp
(x-py

2

i
(x~p)
Chain Rule: If y is the function of » and u isthe

function of x .1i.e. '
y=fw) and u=g(x) Then

=y == Ans.
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Eq(A) is called chain rule of differentiation .
Composite Function: A function A(x) is a composite function

of functions f(x) and g(x) if
h(x) = f(g(x)).
The domain of A(x) is the set of all real nu.nbers x such
that x isin the domain of g(x) and g(x) is the domain
of f(x).
Derivative of composite function:
If y is the functionof u and u is the
function of x .ie. .
y=f(u) and wu=g(x). Then its derivative is
dy dy du
o e (B)
Generalized powerrule: If y=(f(x))' then

C—?- =n(f (x))"'l.ﬁ—{x-(f (x)) is called generalized power rule.
X .

Example 10: Differentiate the following functions
WKt /2

(@) f(x)=(4x-3) () f(x)=15x" +1

Solution: (a) f(x)= (4x -3) Differentiate w.r.t. x .
d ), 3 5
L (£(x))=-((4x-3)’) use generalized power rule
dx dx ;
= 3(4x-3) - (4x-3)

=3(4x-3)4)
= f'(x) =12(4x-3) Ans.

(b) f(x)=+15x*+1 , Differentiate w.r.t. x .
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%(f( ))=-;:—x—(15t —:—1)5 2 ceneralized power ruic
= f'(x)=%(15x2 +1f f;;(lix" -
I
=-—%(15x3 £1]'3(30x)
. N
15 %1

Example 11: The revenue realized by i small city from the
collection of fines from parking tickets is yiven by

R(x)= 8000x
x+2

Where x is the number of work hours each day that can i.e
devoted to parking patrol. At the outbreak of a flu epidemic,
30 work hours are used daily in parking patrol , but
during the epidemic that number is decreasing at the rat o 6
work hours per day . How fast is revenue from parking fines
decreasing during the epidemic .

Solution: Given R(r)=—tX 20}
xX+2
Here the number of work hours cach day= x =30 work hours

Day =1
The rate of decreasing work hour per dav =6

- & -n - - -
ie. A =—6 ...(il) negative sign shows that rate of decreasing

J '3
we will find rate of change of revenue -=- {R(x))
i

As by chain rule d—R=i@£’1—\Z ...... (e
d dx dt
Differentiate (i) w.r.t.to x
dR _d (8000::

x+2

= J use quotient rule
dx dx
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dR (x+ 2) (sooo:c) = (8000):)% (x+2)

o OK 5
dx {ea2F
_ (x+2)8000) - 2000x 1)
(x +2)
_ 8000x +16000 — 8000x
(x + '>)2
16000 '
> R(x)= S s (iv)
(x+2)
Put x=30 in(iv)
dR 16000 16000 .
= —=R'(30)= = =15.625 .....
P R T T, ®

Put (i) and (v) in (iii)
& = (15-625)-6)=-93.75

This shows that the revenue is lost by approximately 94
rupees per day .

Note: . 1 then @ and & are reciprocal of
dx dx dx dy
dy
each other.

Example .12. Varify result -?— = -&1; for the following
X
d

Problems .
@@ f(x)=(4x-3) (b) Flx)=15x* +1
Solution: (a) ——(},)— [(4r 3)]

= %3: 3(4x -3). (4x 3)
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= L _3x-4 ()

i % =12(3x—4) ....()

dx 1
N f = —=—"
ow from (i) & 12(ax—3)
o E— 12(4x = 3) ...... (i)

dx 1
dy  12(4x—3)

From (i) and (ii) it is proved 2}

® <0)=

(152 +1)_ jx(m +1)

dy 15x 15

= —= —_— T iraeas JFf)
& 15y 41| VISE +1 k

Now from (i) => -Ci—{:l{-l—sx—\’:—1
d 15

1 (NN 15
& J15x2 41 A15%% +1
dy 15

From (i) and (ii) itis proved — Y —1— :

Example 13: Differentiate the following functions
w.rt. x
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@) 7(x)=(1x*-7f ®  f)=v2x+11
Solution: (a) f(x)= (1 1x? -—‘?)9 Differentiate w.r.t. x .

%(f (x))= i— ((1 1% 7)3) use generalized power rule
=g(11x* - 7" éx"— (115* - 7)

=8(11x* - 7] (22x)
= f'(x)=176x(11x* =7) Ans.
(b) f(x)=+/2x’+11, Differentiate w.r.t. x .

1
%( f(x))-_—.-gx—@f +11)E use generalized power rule
= f)==[x +11)2 (Zx +11)

1
2
- %(2): 113 (6x7)

3x*

= Ans.
V2x® +11
Example 14: Differentiate the implicit equation
x'y+2y =3x+2y
Solution: x’y+2y° =3x+2y Differentiate w.r.t.to x

d (2 3 ___{1_
-&;(x y+2y )—dx(3x+2y)

=> -i—(xzy)+2%(y3)=3%(::)-{-2%(}»)
WY d( )+(2)(3)y1%=3(1)+2§2’_

dx dx
2 dy 2dy dy

= 2x)+6 -2—=—=3

> x* +y( x)+6y s

= (x*+6y —2)%=3-23y
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Example 15: Find the slope of a tangent line to the circle
x? +y* =5x+4y ata particular point P(5, 4).
Solution: x? + > =5x+4y ....(i)

Since the slope of the tangent line to the curve (i) is % . ol

Then differentiate (i) wr.t.to x .
E—(x?' + y2)= —gx—(Sx? 4y)

dx

4,2 d()_d LAY

= —( )+dx(y) de(x)+4dx(y)
dy dy

=> 2x+2y—=5(1)+4—

e @ e

=> 2yd—y—4ﬂ=5-—2x
dx dx

=5 (2y—4)% =5-2x
dy 5-2x (i)

=> Zx' = 2y 4 X

Now the slope of the tangent
line at point P(5, 4) is

Put x=5 and y=4 in(ii)

aes25) 5-10
dc 2(4)-4 8-4
=> @ »_2 Ans.
dx 4
Exercise 3.3:
Q.1: Determine the indicated derivative in each case:

@ w=4(-4x+2) . %:?
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Solution: w= 4(Jc3 —4x+ 2)5
Differentiate w.r.t.to x by generalized power rule

2 (F@) =nfGf". 5 () . Then

aw
= -5(4(?; ~4x+2))
= (5)@)x* —4x+2)" (x —4x+2)
=20(x’ —4x +2)' (3x* - 4)
=20(x3 —4x+2)4 (L’»x2 —4) Ans.
M) y= ("ﬁ‘_x_L B
5 dx
1\
Solution: y= o _Sx
Differentiate w.r.t.to x by generalized power rule
d . i d
—U@) =rlf@)" -7 () . Then

du
(@ u=31-3¢ , S
1
Solution: u=31-3t% = (1 —3t2)‘5 Differentiate w . r.t. to t

du_i
E_dr(l = )5
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:-1—(1—32);_‘3(1~3r2)
= % —-1-(1-31‘3)'%(—-6:)
=-2(1-37)
2t 2
=— == Ans.
(1—3:2)% Wi-3rF
il s 1 dsz?

Ge+1) T oar

Solution: s= -———I——T Differentiatew . r.t.to t
- (Br+1)

ds_df 1 |t}
dr dt\Gr+)

=(-N@r+1)"" -3; (3¢+1)

= (=73 +1)*(3)
21

Gt+1)

Q.2: Determine the derivative f (x) in each case :,

@ f(x)=(2x-5)(5x-7)
Solution: f(x)=(2x-5) (5x - 7), Differentiate w .r. t. to x.

.i. (f(x)) = % ((Zx ~5)° (Sx - 7)) use product rule

Ans.

=(2x-5) de—(Sx—'?)-i- (5x —?)%(Zx ~5y

=(2x-50 () +(5x - 7)3)(2x - 5)’ -i- (2x —5)
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=> fix)=5@2x -3} -2{Ex - T 2x-5)(2)
=(2x -5 (323 =35+ 6(5x = 7))
=(2x-5)(10x - 25+30x — 42)
=(2x-5)(40x-67)  Ans.

®) 1 )—(“21)

Solution: f(x)= E_'}_"_?I_)f_ , Differentiatew.r.t.to x.

v (f( )= — { (x+ 21)2 ] use quotient rule

g d ;
_ (x—l)—(x+.':)’—(x+z)2_(x—1)
=> f(x): ‘_.it (x 1)2 dx

(x 2)(x 27— (x +2)-(x+2) Q)
(x Iy
_ 2x—1)x+2)-(x+2)
(x-1)
xef2)0 X -2-(x+2)
(x -1y
_(x+2)2x-2-x-2)
fr=1)

= f(x) e-1)

© sw=(22 )

Ans.
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4
Selution: f(x)= (Zx SJ ,Differentiate w .r. t. to x.

Lie)-4(2=2]

-3 &

(x— 4)—-—(2x 5)—(2x— 5)—(x 4)
= Fld= 4( ) —

_4(2x-5)’ [(x—4)(2)—(2x—5)(1)J
(x-a) (x-4)’
_42x-5)'(2x-8-2x+5)
(x-4)°
: 4(2x-5)°(-3) _ 12(2x-5
S = o (Ec_4)f)3
(d) f(x)=xv2x* +11

Y.
Solution: f(x)=x+vZx’ +11 ,Differentiate w .r.t.to x.

_(f(x))_ [x(2x +11)> ]

use generalize power rule

’

Q..\'_'/

2x5

by quotieri rule

Ans

=x.%(2x2+11) +ox +11)i— (x)
- (x)(—;—)(sz +1 z)é' ‘%(hz +11)+ (22 +1 1)5'(1)

< L W1
= “;‘ l_g-‘fz +1 1)_2 (4x)+ (sz +ilp
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_ Dx* 4 (2x2 +11)% (2;!:2 +1 1)% _ 2x? +(2x2 +1 1)_;*%

(2.'!:2 +1 l)% (2x2 +1 1)%

2 2 2
cate f'(x)=2x +2x +11= 4x° +11 Fo

La?s11f  V2r 411

Q.3: Find % of the following functions in term of parameter t.
'r

(@) x=1+¢8 , y=£+2t* 41
Solution: Given x=1+¢" ..(i) and y=¢£ +2¢* +1.....(i0)

: dy dy dt
Since —=—.— ......(4
dt dx 4
Differentiate (i) and (ii) w.r.t.to ¢.
dx _d da 1
1+¢ 2t = —=—
g gt = o » 4
dy d
2 +2t2 +1) =362 + 4t e i
g )= i)

Put (i) and (iv) in (A)
dy 3t+4

1 —
== (362 +4r)5; ==~ dns

(b) x=3a>+2 , y=6*+9

Solution: Given x=3at’+2 ..(i) and y=6¢*+9.....(ii)
dy dt

SInEel AT -— v
dc dt dx
Differentiate (i) and (ii) w.r.t.to
§=i(3a;2+2) = Tl mw
dt  dt dx Gat
‘j; . (61 +9) = 240" ()

Put (m) and (iv) in (A)
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========================2====================================
dx 6cz)t a
all=r* 2bt
(e] == L2 ? T 1
=" . 2bt
Solution: x—a1 - (i) and y= = (i
1+1 1+1

dr dx
Differentiate (i) and (ii) w.r.t.to ¢.

dx _d a!I—IE!
dt  dr\ 1+¢°
d d
T2 (1= =< —12) —{] .k
(H)dr( t)={ t)df(ﬂ)
(+1*¥

=4

(1+12)(=20) - (1-£2)(20)
(1+12)?

) —2:-2:’—2:+2:3]
(1+t2)2

dx
=> — =0
dt
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1+ LO-0La+r)
o dr dt
(1+r2)Z

1+2 = ()20 1+7 =21
=2b spp At e
[ (I-H")z } ( (1+r2)2 J |
dy _26(1-1%) . \
= _cf?_—___—(1+:2)z ....... (iv)
Put (i) and (iv) in (A)
dy _2b(1-r?) -{i+r]
dx - (].].[2)2 4at

2 2
=_b(l—t )=b(r -1) i
' 2at 2at
3at 3at’
W w=raw s IS
2at 3ar? g
tion: x=— d%y = ()
Solution: x 7 () and y 1+r (ii)
. dy _dy dt p
S — = — .
ince 2 i {A)
Differentiate (i) and (i) w.r.t.to ¢.
_cix__i( 3at
dr_er1+r3J

oo _f

& adtk1+t3)
T e 3 3
- (1+r)d{(£) (r)d{(1+t)
ﬁ+ff
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3 _ 23 ) 3 gl
s 1+¢ (r)ES: ) _3gl 121 3t
(1+r3) (\1+e“)2
i dax 3a(1 22‘)
df (1-1"1')

I 503 )
dx 3all-2¢)7
3m‘

f !’
a’( J
:f"L

{(lﬂ)——f:) (rr (1+z3)\‘

‘!

L-H*)'

(l+r)(2r) (3t )J o 2052t =31
(+2] (+£)

dy 3a(2t-—r )« 3ar2-1)

d (1+2] (1+r]2 """

Put (iii) and (iv) in (A).

dy 3a:(2 £) {1+ §
dx (1“ ) 3all - 2¢°
dy _t (2—: )__2:—:4
$ 1-27 1-27
Q.4: At a certain factor , the total cost of manufacturing g
units during the daily production run is

C(g)=0.2¢° +¢g+900 dollars . From experience , it has
been determined that approximately

3a
=oda

Ans.
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g(t) =t* +100¢ units are manufactured during the

first t hours of a production run. Compute the rate
at which the total manufacturing cost is changing with
respect to time one hour after production begins .

Solution: C(q)=0.29%> +g+900 .....{(Q)

gl 2 100 el (i)
-We will find 2 ;
dt
As by chain rule €« = d—C . (A)
dt dq dt

Differentiate (i) w.r.t.to q.
o .2 £ (0.2 +4+900)
dq  dg
=(0.2)(2)g +1=0.4q +1 ....(iii)
Differentiate (ii) w.r. t. to t

dq d ) :
—=—U"+100t)=2t+100 .......
dr dt ( ) N F)

Put (iii) and (iv) in (A)
dC

—-=(04g+ 12t +100) ......(B)

After one hour: Put r=1 in (ii)
g() = (1) +1001)
=> g(1)=1+100=1001
Put =1 and q=1001 in (B)
% = ((0.4)101) +1)2(1) + 100)
=(41.4)(102) =4222.80 Ans.
Q.5: Use implicit differentiation to perform % for the

Following functions. (a) x’ +y° =2
Solution:  x? + y* =25 ...(i) differentiate (i)wr.% to x .
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Solution: xy(2x+3y)=2
2x2y + Bxy2 =X
Differentiate w.r.t.fo x

@)

0

d
dx
= 2%(}:23/)-% 35;(:0}2)

%(2x3y+3xy2)=

_ 2 d _5?_ 2 i 2 2_£f_ _
=> Z[x E(y)+ydx(x )]+3[xdx(y )+y dx(x)]—()
= 2[x2%+2xy)+3(2xy-§xy—+y2)=0

= 23&'2ngi—k4:1.;1;4%63:):@-%3)!2 =0

dx

}2. = 4xy -3y

= (2.11:2 +6xy r

(© (c+y) +3y=3
Solution : (x+y) +3y=3
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Differentiate (i) wr. t. to x.
L7 +3)-L0)

Sy _
=% 3 3 —_— 5=
=> 3(x+y) + (x+y) -:-

=> 3((x +9)% + l)gr— - —3(x +y)

dy__ 3bx+y)

=>
de 3{(x+y)7?+1)
=— (x+y)2 Ans
I(x+y)3+1j '
(@ LPRA Y
¥ X

Solution : L +-l— S |
y x

Differentiate (i) wr.t.to x .
AT 1
z;['; z) &Y

d = § -1
= S PRI ::0
4 dx(y )+dx(x )

www.perfect24u.com


https://www.perfect24u.com/
https://www.perfect24u.com/
https://www.perfect24u.com/

KPK MORE BOOKS, NOTES VIST NOW: PERFECT24U.COM

L _ad_ o
Y
-2 2
=> 92 = —-%z—l{ Ans.
dx y X
0Q.6: Arrange the following functions explicitly to perform
dy

i (@) x>y +)y* =12

Solution: x*y’ +y’ =12
Now differentiatew .r.t. to x ,

gx—(xzy3+y3)=%(12)
o Lay) i)
= ¥ (y‘)+y’i—(x2)+3y2—(y)=0
=> BnyZ—i—(y)+2xy3+3y1%=0
= 3y2(x2+1)%=—2w3
dy 2xy° 2x

% a=—3y2(x2+1)=_3x2+ﬂ A
() xy+2y=x*
Solution: xy+2y=x’...... (i)

=> y(x+2):-=x2

=> =— ... ii
¥ x+2 &)

Eq(i) is implicit form and (ii) is explicit form .
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Now differentiate implicit function (i) w.r.t. to x

%(xy+2y)=%(x’)

= L@)+220)=2x

=> Jl:-:;—}‘:(y)+_y-‘%ﬂ-(x)+2?z~ =2x

=> x£y—+y+2fl=2x
dx dx

== (x+2)§xy—=2x-—y
dy _2x-y

= —=
d x+2
Now differentiate explicit function (i) w.r.t. x

d _d x?
EU)-Z[HJ
(:+2) 2" -2 2 (x+2)
Ger2)
(x +2)2x) - x*
(x+2)2

2x% +4x—x?
(x+2)

\!’l'

U
B &l B
I

|
Y

\II/
B[S
>
[ ]
+
n
=

*h
<+
[ o]

&

—_
[£]
S’
]
-+
Il
Ln

< |-

Solution: x+ L N | |
y

Eq(i) is implicit form
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Now x+l=
y
=> l=5—J:
y
1
=> _—r——— s 11
F=g— wealll)

Eq(ii) is explicit form.
Now differentiate implicit function (i) w.r.t. to x

d 1 &
a["*;}?&@
= ..‘_i.. i Yz
= EE AT =0

= 1L+ (D7 () =0

Now differentiate explicit function (ii) w.r.t. x
LIS i[__l_]
dx dx\S5-x
=> Y =i(5 )’
dx dx

= (D=3 L (5-2)

==(-x)"(-1)

d) y-x=y+2
Solution: xy—-x=y+2 ...... (i)
Eq(i) is implicit form.
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x—1
Eq(ii) is explicit form .
Now differentiate implicit function (i) w.r.t. to x

£ (y-x) =2 (y+2)

d d d d
= a(xy)‘a(")'z(y”zm
d d dy
> x— () +y—()-1=—
= x£}1+y—-1—£y-=0
dx dx

—- (x—l)%=l—-y

p—t
e

i éy—:

dx x-1
Now differentiate explicit function (ii) w.r.t. x

d d(2+x

2 0)-2(22)

gz= (x—l)%(2+x)—(2+x)%(x—l)
dx (x-1y

(x-1)n-02+ xX1)
(1)

=>

\ @_ x—-1-2-x
dx (x—l)2
dy 3

= —_—=—
de  (x-1)
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==============_z====2==========================================
u
Q.7: Let -—2+b—2=1 swhere  a and b are non zero
a

constants . Find : (a) %g- (b) o

2 2

Solution : :—2+%5_.1 eene(d)

(a) Differentiate w.r.t.to u

d(u® v? d
"a;[?b—zJ‘a(l)

a? du b* du
2u 2v d
e Ew
2v dv 2u
= ——==——
b? du a’
dv 2u b*
=> —_——_——— —
du a® 2v
dv bu
— —_— = ——
du a’v

(b) Differentiate w.r.t.to v

d RN v* d
ER_Y -2
dv(a2+b2] dv()

L), 4
T dvla?) avlpt)
1 d 1 d
= =z —2)=0

- 2" d (u) 21:0
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-------------- _ udu_ >
adv b
L b
av b 2u
du a’y
=" —_— = ——
dv biu

Q.8: Determine the slope of the tangent line to the curve
3x? —7y* +14y =27 atthe point P(-3, 0)
Solution: 3x? —=7y% +14y =27 ....(i)

Since the slope of the tangent line to the curve (i) is % ;
Then differentiate (i)wr.t.to x .

%(3:;2 T3 +14y)=gx-(27)

& . ol i d
s J—(@)=T= 14—(y)=0
3" -7 (2)+ : )

Y .Y
=> 6x-14y—=+14—==0
> X ydx E®

= (14 -141;»)%= 7%

dy —6x
dx  14-14y
ady .\’ -6
dx  -14(y-1)

. @ _ 3 »
=> = m wssill 1)

Now the slope of the tangent line at point P(— 3,0)is
Put x=-3 and y=0 in (ii)
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Q.9: Suppose two moter boats leave y

from the same point at the same time

If one boat travels north at 15 miles

per hour and the other boat travels east

at 20 miles per hour . How fast will the
distance between them be changing after 2 hours.
Solution: Let both boats start from point O .Let x is

the distance of one boat from point O towards east.
Let y is the distance of anthor boat from point O
towards north. z is the between the two boats.
From the figure we see that vy is perpendicular,

x is the base and 2z is the hypotenouse.
Then by Pythagorean theorem

2 =XV et (i)
Since distance is a function of “t”.ie. x and y are
the functions of “t”. Then fromeq(i) z also the
function of “t”. Given that

O X E

one boat travels east at 15 miles per hour = % =20

dy

other boat travels north at 15 miles per hour = = =15

Total distance toward east after 2 hours = x = (20)2)
= x=40
Total distance toward nort after 2 hours= y = (15X2)
=> y=30. put x=40 and y=30 in(i)
= z* =(40) +(30) =1600+900
=> z2=2500 Take square root of both sides
=> z=150. Since z is a distance then it is positive.
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Thus z =50
Now we will find how fast will the distance between the

dz

boats be changing . i.e. we find F

Differentiate (i) w.r.t. “t”.

d
L)L ay) = 2E=L() ()

== Zzé’: = 2x—c—@— - 2y£y— both sides divided by 2
dt dt dt

+y
dt dt dt
Put vlues in (ii)

so.g-j— = (40)(20) +(30)15)

=> 50 % =800 +450

t

=> 505€z—=1250 = @22__5_0
dt dt 850

dz
=> — =25 miles per hour. .
at P

Derivatives of Trigonometric Functions:

) i(sinx) =0S X

dx

Broof: As f'(x) = Lim yixt A{g wi? 1. S
Singe 7 (x)=sinx————(ii)
> f(x+ Ax) = sin(x + Ax) — — — —(iii)

Put (ii) and (iiiy in (i)
sin(x + Ax) —sin x

= f'(x)=Lim

Use Sind — SinB = 2Cos(A ; B)Sin[.’g-;.—B)
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[x+ +x] : [x+.&x—x]
i 2 .sin ——
= J(x)=Lim o
2x+ Ax Ax
d 2 ( 7 }Sn-é“
= =l o

Denominator multiplied and divided by 2

J . sm—
=4 Zx’f(x)=~£Lim2t:os(x+—] Lim A,/

Ax
sin
= %f(x) = cos(x +0).1 As Lim——2= /

Ar—0 A/

=3 i(sin x)=cosx  Proved

(ii) gx——(cosx) =-sinx
Proof: Let f(x)=cosx = f(x+ Ax) = cos(x + Ax)
Since f'(x) = Lim N AA’? —J®____

Put values in (1)
Lim cos(x + Ax) —cosx

= fi(x)=
. [x-i-Ax-i—x} . [x+Ax-—xJ
—2sin > .sin >
= ['(x) = Lim =
o AX
Sin
=  f'(x)=-2Lim sin[z" g ] 2!

Denominator multiplied and divided by 2
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- (2%  Ax\SBTH
= fl(x)= —-2&_13: sm[-—- + —

222A%

— Sf'(x) =—sin(x +0).1
= %(cos x)=-sinx Proved

iii) i(tanx) =sec’ x
dx
Proof: Let f(x)=tanx
= f(x+ Ax) = tan(x + Ax)

Sx+A)-f(x)

T ()

Since f'(x) = f,'_’,’.f

Put values in (i)
tan(x+ Ax) —tan x

= f(x)=Lim

- RO Lz‘mL sin(x + Ax) _sinx
a0 Ax | cos(x +Ax) cosx

iy F1(x) = Lim—l- sin(x + Ax)cos x — cos(x + Ax)sin x
ax=0 Ax cos(x + Ax)cosx

reos _ 7a  SIO(X+ Ax—X)
N Ak ﬁl—'g Ax cos(x + Ax) cos x

sin Ax 1
'(x) = Lim———.Li
= AL fx‘—?g Ax Axmcos(x+Ax)cosx

www.perfect24u.com


https://www.perfect24u.com/
https://www.perfect24u.com/
https://www.perfect24u.com/

KPK MORE BOOKS, NOTES VIST NOW: PERFECT24U.COM

= —_ l—
dx 7 COSX.COSX
d 1
= E(tan x)= = =sec’x Proved
(iv) %(eot x) = —cosec’x
Proof: Let f(x)=cotx
= f(x+ Ax) =cot(x+ Ax)
; e pen ] EEAD=FlD) .
Since f'(x) = ﬁ'ﬁig e ()

Put values in (i)

= flx)= Lz’m v [cot(x + Ax) —cot x]

cos(x+Ax) cosx
e f(x) M—ro Ax [ sin(x + Ax) sin x}
_d_ Fa) = 1 | cos(x + Ax)sin x —sin(x + Ax) cos x
dx ﬁx—bo Ax sin(x + Ax)sin x
s & d L e sin{x + Ax)cos x — cos(x + Ax)sin x
dx Ax—0 Ax sin(x + Ax)sin x
o —f(x)-—L 1| sin(x+Ax—x)
pesk] Ax sin(x + Ax)sin x
d sin Ax
— R -
dx Al At-*ﬂ Ax(sm(x + Ax)sin x)
d 1
— =-~Li .L'
TN P Lim= Ax 50 sin(x + A¥)sin x

=1

d
= —(cot 1) ————
dx(co xy={0- sin x.sin x

=—cosec’x

sin? x
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v) gx-(secx) =secxtan x
Proof: Let f(x)=secx
= f(x+ Ax)=sec(x + Ax)
Since f'(x) =£;f_",7§ f(x+A‘;2—-f(x) ————(i)

Put values in (i)
d . sec(x + Ax) —sec x
= =g

1 1 1
= Lim—
h=0 Ax | Cos(x + Ax) " Cosx

d 1 | cosx—cos(x + Ax)
=> —_—
dx A AHO Ax { cos(x + Ax)cos x }
- -E-f(x)--—L! cos(x + Ax) —cosx
dx 80 A cos(x + Ax) cos x
[ xFAx+x) . [x+Ax-x
d -2 sm[—-z———] sm(——-z———-—]
= — f(x)=—Lim = :
dx Ar—0 Ax cos(x + Ax)cos x
2x + Ax
P
=5 f(x) Lim

8550 cos(x + z.}x) cos x Ax
Denommator multiplied and divided by 2

T
sin
= fi(x)=- 2Lzm sm(2 & E) /2

ZAV
: zﬁx]
Sin| x +— Ax
Z 1= [ .

d

~ dx ax-»u cos(x + Ax)cosx ﬂHU A-’f/
d _ sin{x+0)

B dx S=)= cos(x + 0)cosx

www.perfect24u.com


https://www.perfect24u.com/
https://www.perfect24u.com/
https://www.perfect24u.com/

KPK MORE BOOKS, NOTES VIST NOW: PERFECT24U.COM

= — —
dxf( ) cosxxcosx
= -g;(sec x) =tanx.secx Proved

: d
(vi) E;(cos ecx) = —-cosecxcot x

Proof: Let f(x)=cosecx
= f(x+ Ax) = cosec(x + Ax)

As £ =Lin LELEOZIE) )
Put values in (1)
™ 4a f (x) = A,__,O o 08 ec(x+ i:) —cosecx
1 1 1
= —f(x) fﬂg Ax | sin(x + Ax) ~sin x}

- = Lim—
= f(x) Mﬁ&x 1 sin(x+Ax) sin x

1 [ sinx—sin(x+ Ax)}

- —f(r)-—Lzm—-— sn:a(x+Ax)—'smx
40 Ax | sin(x + Ax)sin x
i x+Ae4x) o [(xedr—x)]
i 2cos 5 sin 5
— — f (x)=—Lim— . _
A0 Ax sin(x + Ax)sinx
- -
9 2x + Ax
e sin AJ%
= f (x)=Lim
a0 sin(x + Ax) sinx Ax
Denommator multiplied and divided by 2
-2 cos[x - E) Ax
sin
=y S =7 ()= Lim £ 25 7

ax-0 sin(x + Ax)sin x QMA
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Ax
- cos[x + “) Ax
4 )= Lim sin /

d
=
dx -‘-‘-x-'ﬂ sm(x+Ax)smx ﬁx-‘“
d cos(x+0
= L fiy=-—ErD
dx sin(x + 0)sinx
d cosXx cosx 1
e | e e
sinx.sinx  sinx sinx
= —d—(cosecx)=—cotx.cosecx Proved

Note : (i) g;—(sin u)= cosu% (i) %(cosu)=vsinu%

(i) % (tanu)=sec’u f_dxu (iv) L (cotu)=—cosec’u Eu

dx

v) 5; (secu)=secu.tanu g—;i

d du
v) —|cosecu )= —cosecucot u—
()dx( cu) u Oudx

Example 17: Differentiate the following trigonometric
functions.
x* +tanx

(@) f(x)=secxtanx (b) f(x)=m

Solution: (a) f(x)=secxtanx ,Differentiate w.r.t to x

- (x))= i secxtanx) wuse product rule
dx dx

AN o 8 4
LA (x)_secxdx(tanx)ﬂanxdx(secx)

= sec x.sec’ x + tan x.tan x.sec x

=sec’ x+tan’xsecx Ans.

b) f(x)= x" +tanx

e T , Differentiate w.r.t to x
X+ x
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x“+tanx
S =—| —— """ | wuse quotient rule
(f( )) [3x+2tanx] 4

' (3x +2tf:mx);!;(.:r2 + tanx)— (x2 + tanx)-;; (3x+2tanx)
A o (3x+2tanx)’

(3x +2tan xX2x + sec x) (x +tan xXB +2sec’ x)
(3x+2tanx)’

_ 1 6x? +3xsec’ x +4xtanx + 2tan xsec’ x
(3x+2tanx)2

—3x? -2x*sec’ x—3tanx —2tanxsec’ x

- P = 3x? + x(3-2x)sec? x + (4x — 3)tanx s
(Bx+2tanx)

Derivatives of Inverse Trigouometric Functions

(i) —(sm 'x)= J== xe(-11)

Proof: Let y =sin™" x
= siny=x differentiate w.r.t “x”

d ;. d
= - &;(SHU’)-E(JV)

= cosy.%(y) =]

=ANNAIT As cos’ y+sin’y=1
dx cosy
= g:v_=i ! ———=(@) | cos’y=1-sin’y
dx 1-sin’y
Put siny =x in () cosy=1l:1fl—sin2y
s Wop Ao (i)
dx Jun?
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As y=sin"'x and xe (-1, 1)

Then the value of yis also y=sin" x e (—g, g]
And we know that cosy is +ve for y € (— 525, 22{]
So we take +ve sign of (ii)

= L (sin™ x) = Proved
dx 1-x
5 d a3 1
i —(cos™ x)=—
(@ (o5 =
Proof: Let y=cos™'x = CoOsy=x

=% %(cosy)=%(x) =5 —sinyi—(y):l

Bty ...42. = —— L =% g-_).’. = i_.___—.l.___
dx  siny dx 1-cos?y
By definitionof cos"x, 0<cos'x<7x

or 0<y<n~z then siny is positive.
Then we take positive sign.

dy_ -l
= ——=——=—n put cosy=x
dx  \[l-cos’y
— Q——-— : Proved
dx =’
d 4 1
— =t =
iii . (tan™ x) e
Proof: Let y=tan™'x =  tany=x
d d 5 d
—(tany)=—I(x) = sec" y—(y) =1
dx( ¥) dx() ydx(y)
= ﬂ/-=—--—-1-—2— As sec’@=1+tan’ 8
dx l+tan®y
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= il2: l 2 Put tan y=x
de l+x
8. 1
= (cot s
v et 0=-r7
Proof: Let y=cot™x =  coty=x
d d
—(coty)=—(x
dx‘( y) dr( )
d :
= —cosec’y—(y) =1
ydx(y)
S Q=— l : As cosec’@ =1+cot’ @
dx cosec’y
= . SO - Put cot® y = x
dx l+cot® y
= éx:— : 5 Proved
dx 1+x

d » 1
v —(secx)=
dx xvx? -1

Proof: Let y=sec™ x = secy =x

d d
= Ex-(sec)') = E(x)

d

= tan y—(y) =1
SeC Y B (6]
dy 1

- == A0 As 1+tan’ @ =sec’ @
dx secytany
= 2% : tan’@ =sec’ -1

dx  secyfsec? y—1

Put secy=x So tanf =+/sec’d -1

- -
dx  xax?-1
Proved
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1
T e |

Proof: Let y=cosec”'x =  cosecy=x

2 d Bk
(vi) dx(cosec x)

= —i—(cos ecy)= %(x)

d
=5 —cosecy cot i( =1
Y ydx b 4
m et
dx cosecycot y
=5 L : As 1+cot’8 =cosec’d
dx  cosecy cosecty—1
Put cosecy = x cot’ & = cosec’d -1
So cotf =+/cosec’d—1
s B

Proved
dx xvxt—1

Example 18: Differentiate the following inverse

trigonometric functions .

(a) y=tan™vx (b) f(x)= COS"[x — x:1 }

X+X
Solution: (a) y=tan™ Jx wses{l)
Let u=+x ...(ii) put (i) in @)
Then y=tan™ u .....(iii)
dy dy " du

N by chai le —=—x— .....(4
RPNy chaln rule —-=— % (4)

Differentiate (ii) w.r.t.to x

du_df H)_ 1 4
dx dx 2
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du 1 -5 1 .
= —=— S 144
dc 2 B

Differentiate (iii) w.r.t.to u

Hos di ok
= (Y)—du(tan u) e
Put (iii) and (v) in (A)

dy 1 . 1
—= — ut u=J;
dx 1+u® 2Jx e
dy i 1 1
= == X = Ans.
d 11(Vxf 2Vx  24x(1+x)
-1
(b) f(x)=cos-1[""x_,] o)
X+x
1
goaggd BT
Let u=——-= .
xtx” .1
X
x* -1 - v S
= Y e €1))] put (i) in (i)
x“+1
f@)=cos™ u .....(iii)
Now by chain rule éz:ﬂxgﬁ ......... (4)
dx du dx

Differentiate (ii) w.r.t.to x
ﬁ{_(u _dfx-1
dx )_afx x*+1
D (x2 _,_1)_‘1 (x2 - 1)— (x2 —-l)gx— (Jr2 +1)
N EZ - (Jr2+1)2
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(xz +IXZ,\:)— (:u:2 - 1X2x)
(xz 4-1)2

du 2%’ +2x-2x+2x  4x

= —= = — (iv)
dx (x2 + 1)2 (xz + IY
Differentiate (iii) w.r.t.to u

dy d( - 1 x
— =—(cos ur)=—xh_m;7 put u:x1+l
N 1

du du
EeE

X +1 (x* +1)
dy 1
=> —— =
du Jxt +2x% #1-x +2x* -1
(xz +1)
dy  x*+1 x*+1
== —— = ey — /
du Jax? 2x ™)
Put (iv) and (v) in (A)
dy _ x2 41 4x 2

dc  2x X(x1+1)2 =_x2+1

Note: (a) gx- (e‘ )= e

d 1
(b) E(lﬂx)-;

The proof of (2) and (b) are in the next exercise.

Exercise 3.4:
Q.1: Use the rule of first principle to differentiate the
following functions .
(a) y=sin2x
ot As Pie LiglEEAD-F0)
Solution: As f’'(x)= ﬁ:_rg e )
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Since f(x) =sin2x—~—~——(ii)
= S (x+ Ax) = sin2(x + Ax) — — ——(iii)
Put (ii) and (iii) in (i)

i sin(2x + 2Ax) —sin 2x
= f()=Lim

Ax
Use Sind—SinB = 2003( . ;’ s )Sm[-‘%ﬁj
2x+2Ax+2x) . (2x+2Ax—-2x
d 2cos > .Sin >
= ‘&x“f(x) = Lim r
4x+2Ax) . 2Ax
= — = L
dxf(x) im =
d sin Ax
= Ex—f(x)———LImZCos(2x+Ax)£ﬁrg T

— Ef(x) = 2cos(2x +0).1

=5 L3 (sin 2x) = 2cos2x
dx

(b) y=cot3x
Solution: Let f(x)=cot3x

= f(x+ Ax) =cot(3x + 3Ax)
fe+d)-—flx) "
Since f'(x) = {Jxx_rfg A =)
Put values in (i)

= )= Lfm 4 [cot(Bx +3Ax) — cot 3x|

= —f(x)

.3.(—)(.‘ Ax

cos(3x +3Ax) cos3x
[ sin(3x+3Ax) sin3x
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= d £ = Linm J_[cos(3x + 3&\.?) sin 3x — sm(_3x +3Ax) cos 3x]
dx 8:—0 Ax sin(3x + 3Ax)sin 3x

s % Fayme ﬁf"g 1 [sm(ox + 3Ax) cos3x — cos(3x + Ax) sin 3x
t —3

| IR

Ax| sin(3x + 3Ax)sin3x
. k3 FE) =~ L 1 s‘111(3x +3Ax —l3x)~|
dx a0 Ax | sin(3x + 3Ax)sin x_]
- i'f(x) . i _ sin 3Ax :
dx a0 Ax(sin(3x + 3Ax) sin3x)
d sin3Ax 1i 1

=3 — f(x) =-3Lim .Lim — :
dx a0 3Ax a0 gin(3x + 3Ax)sin3x

1

d
== —(cotx) =-3(1).——— ——
d::( ) M sin 3x.sin3x

=— 3 =-3cosec’3x

sin’ 3x
(¢) y=cos3x+tan3x
Solution:Let f(x)=cos3x+ tan 3x

= f(x+ Ax) = cos(3x + 3Ax) + tan(3x + 3Ax)

Since f'(x) = f,‘_’,’é 2. S A;z i) - -()

Put values in (i)
cos(3x +3Ax) — cos 3x + tan(3x + 3Ax) — tan 3x

Ax
- cos(3x + 3Ax) —cos 3x

= f'(x) = Lim

+ Lim tan(3x + 3Ax) — tan 3x

= F'xic N

A0 Ax a0 Ax
. (3x+3Ax +3x) . ’3x+3Ax—3x)
—2sin .sin
o y 2 L 2
= fi(x)=Lim w
1 [sin(3x+3Ax) sin3x |
+ Lim— -
&0 Ax| cos(3x +3Ax) cos3x_l
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6x + BM] sin34%)
2  Ax
o Fis [sm(&x + 3Ax) cos 3x — cos(3x + 3Ax) sin 3x:|

=5 J7(x) =—2£{fgsm(

Ax=0 Ax cos(3x + 3Ax)cos 3x
in 3Ax
3 6x 3Ax)Sin /
=5 f(x)=-2. 2Lzmsm( + ) 3&/
Ar=0

. sin(3x + 3Ax — 3x)
+ Lim
4:-0 Ax cos(3x +3Ax) cos3x

sm3A}£
=5 Fx)= —3Lzm sm(3x +— ] fxr_r.?g 3Ay

. sin3Ax
+3Lim im
&—0 3Ax &0 cos(3x + 3Ax) cos 3x

sin 34%
As Lim /2

Ax—0 3A./

= f'(x) ==38in(3x + 0).1+3.1.

1
cos 3x.cos3x

=  f(x)=-3sin3x+ 12 =—3sin3x+3sec’ 3x
cos” 3x

(d) y=cot’x
Solution: Let f(x)=cot’x
= f(x + Ax) = cot?(x + Ax)
Since f'(x) = Lim Joet ’ﬁﬁ el ) SN

Put values in (i)

) 200y _ D
s F(x)= I,,'fﬁ,’ cot”(x + Ax) got x
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[cot(x + Ax) + cot x Jeot(x + Ax) cot x]
Ax

- m L _
= fi{x)= %irgz(cot(x + Ax) + cot x). I;,'LT ¥ [cot(x + Ax) —cot x]

= fi(x)=

d 1 | cos(x+Ax) cosx
= Fon (%)= (cot(.x +0) + cot x)L:ﬁ e l: e — sinx]

cos(x + Ax) sin x — sin(x + Ax) cos x
sin(x + Ax)sinx

= (cot x + cot x) Lim —1—[
Ax=0 Ax

sin(x + Ax) cos x — cos(x + Ax) sin x}

=-2cot L
=% f(x) O e A ﬁx[ sin(x + Ax)sinx

—> —f(x)——2cothzm+~— sty Ax g
ax-0 Ax | sin(x + Ax)sin x

= -gc— f(x)=-2 cot x.Lim S

Ax(sin(x + Ax) sin x)
d sin Ax 1
7 dx PRt L:_r:g Ax f‘,_,g sin(x + Ax)sinx

— ¢ £ (cot? x) = =2 cot x.(1).
dx sin x.sin x

2cotx
=Y =-2cotxcosec’x
sin” x

‘) y=tan/x

Solution: Let f(x)= tan +/x
= f(x+Ax) =tanVx + Ax
S Ax) - f(x)
Ax

SceNY'(x) = {,xx_r’na ——(i)

Put values in (i)

: _L.mtaan+Ax-tanwf;
= ['(x)=Lim =

www.perfect24u.com


https://www.perfect24u.com/
https://www.perfect24u.com/
https://www.perfect24u.com/

KPK MORE BOOKS, NOTES VIST NOW: PERFECT24U.COM

1 |sinVx+Ax sinvx
=% "(x) = Lim— -

/') ﬂ*"“Ax[cos\/x-kAx cosJ;:|
::bf'(x)=LimL sinvx + Ax cos Vx — cos v/x + Ax sinVx
ar—0 Ax cost+éxcosJ;
=5 F= T sm(«/x_+.ﬁx—-\/;)

ﬂ““ﬁxcos\/;+Axcos\/;

i !
; _ sin((x + Ax)2 —x2?)
e x)=Lim
, A &0 Axcos+/x+ Ax cosx

1
lr g =
sin(xz Ll + ET - x? J
x
— f'(x)=Lim

&0 Axcos/x + Ax cos«/;
Expand by bionomial expansion .

[‘( 1 Ar ] l)
sin| x2| 14+—.—+...] =x?
;o

=5 f'(x)=Lim

a0 Axcosy/x+ Ax cos/x
Since Ax — 0 then neglect those terms which cantains
(Ax)> and high powers of Ax .

1 1 1
sin| x? +lx2_£_x2
2 ¥

Axcos\/x+ Ax cosx/;

| {Ax}
s ——p
7 s 2x5
= x)=Lim
S®) &-”Axcos«fx+dxcos\/;

= f@=Lin
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Sin[_@’f_.]
= f()=Lim 2Vx

=0 Ax cos+/x + Ax cos+/x
; . (2\!_ ] 1
Y Ll
= 7 ekt 5. 2% Ax ¢ cosv/x + Ax cos/x
2Wx
, 1 24Jx 1
= Lim ;
- e 2x o Ax  cos+/x+0cosx
2x
_ \ i 1 = | 1
2vx " cosv/x.cosvx fx cost/x
= 2}; sec?/x  Ans.
) y=sin’x
Solution: As f'(x)= fx"’;‘ A (x+¢2 i - —=()
Since f(x)=sin’ x - ———(ii)
= f(x+ Ax) = sin® (x + Ax) — — — —(iii)
Put (ii) and (iii) in (i)
im sin’(x + Ax) —sin® x
= f(x)= e
LN | (it &) ~ st sin”(x-+ Av) +
&0 Ax sin(x + Ax)sin x + sin® x
(0= Lim [(sm(x +Ax) —sin x)] . (Sm (x+Ax) + ]
Ax—50 Ax el sin(x + Ax)sin x +sin’® x
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X+Ax+x) . [x+Ax—x
) cos( T) sm(—z—) ]
= Fizsy=TLim

Ar—0 Ax J-
[sin2 (x +0)+ sin(x+ 0)sin x + sin? x]

[2x+&x} . Ax
2cos .Sin —
. 2

=Lim

Ar—0 Ax

.(sin"‘ x +sin? x + sin? x)

Denominator multiplied and divided by 2

= f ()= LI L:m2cos(r+é£] (_’osin2 x)

Ax—0 Ax/

Ax
= £~ Conperilasin?s) | ds Lim 22 2y

Ar—0 AX/
= f(x)=3sin’ xcosx

0.2: Differentiate the following trigonometric functions by
using any suitable rule.

(@) y=x"cot3x

Solution: y = x*cot3x , differentiate w.r.t.to x.
-g;(y) = -g; (xz cot 3x)

=> % = x? % (cot3x) + [% (Jc2 )) cot3x
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= -g— = x?(—cosec’3x) —i— (3x) +2xcot3x
= % = -x’(cosec?3x)(3) + 2x cot 3x

b _

=> = 2xcot3x—3x2cosec?3x Ans.

(b) y=(sin2x +cot3x)’

Solution: y = (sin2x +cot3x) , differentiate w.r.t.to x.

&

= de- (sin 2x + cot 3x)’

= 2(sin 2x +cot 33:)2'1 c_‘i.i: (sin 2x + cot 3x)

dy ; a . d ]
=> —=2sin2x+cot3x}] —sin2x +—cot3x
dx (1 X X dx dx

= 2(sin 2x + cot 3x{cos 2x. gx_ (2x)+ (—— cosec’ 3x)§r- (Bx)J

= 2(sin 2x + cot 3x)(2 cos2x —3cosec’ 3:c)
(¢) y=4cosec2x
Solution: y=4cosec2x , differentiate w.r.t.to x.

d d
3 (y)= % (4 cos ec2x)

=> < 4 4(—cosec2x cot 23:)i (2x)
dx dx

=> % = —(4cosec2xcot 2x)(2)

= % =-8cosec2xcot 2x Ans.

(d) y=2tan(x+3)

Solution: y=2tan(x+3) ....(i)
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Let u=(x+3) ..(i)
Put (i) in () y=2tany ....(iif)

As by chain rule ;=E’)—’x£zi sz
dc du dx
Differentiate (ii) w.r.t.to x.
d (4’ 2 3= d
—U)=—x+3) =2(x+3)" —(x+3
0= —(x+3) =20+ 37 —(x+3)

=> % = 2(x +3)1)= 2x+ 3) eIV
Differentiate (iii) w.r.t.to u

d d
—_— = — 2t =2 2
= ) 5 (2 anu) sec’ u

put u= (x +3)1

Put (iv) and (v) in (A)
% =2sec’(x+3)’ x 2(x+3)

=4(x+3)sec’(x +3) Ans.
(e) y=cosVx++tanx
Solution: y =cos Vx +tanx , differentiate w.r.t.to x.

i(y):—ci(cos x +M)

_ Bed
== E_E(COSJ_)-FB;(I&H:C)Z

N (sz-}- (an ) < (an)
= (rsinvE) L+ L e 2 Hoee? )
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1
2(tan x)2
dy sin/x  sec’ x
=> Y= -+
dx 2vx  24tanx
Jtanx
n y=
cosvx
Solution: y= e

—— , Differentiate w.r.t.to x.
cosf ’

dy _ d| (anx)
dx dx[cosf }
: L g Jgod
i ) cosﬁg(tanx)z —(tan x ) Ex—(cos\f;)
dx (cosvg)z

[cos \/— (tan x)z ‘&-(tan x) - (tan :c)%(—- sin/x )gx- x%:|

2

Q'

COS

4 COS+/X.5ecC x+\/tanx.sin\/;7|
cos’ x| 2Vtanx x|

dy xcosv/x.sec? x+ tan x.sinvx

= 4 =
dx 2/x cos/x ~ftan x

Q.3: Use any suitable rule of differentiation to perform
dy

S for the following functions .

(a) y= cos‘l('—r-)
a

Ans.
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Solution y =cos™ (-—) ...... (i)
Let u=2 ....(ii)
a
Put (ii) in(i() y=cos'u ...... (i)
: dy dy du
As by ch le —=—x— ........ A
.s y chain rule duxdx (4)
Differentiate (ii) w.r.t. to x
du d x, 1 .
E = Et—(;) = E ........... (!V)
Y 2 sty
du du
=> o =- : Put u=>2
du 1—122 a
L A S
T o el )
&
a
Put (iv) and (v) in (A)
L S TR SEPS, QP8
dx

Solution: y = tan"[ij , Differentiate w.r.t.to x.
D
j."?’_ = _d_[tan-l (ﬁ)J
dx dx p
dy 1 dlx
= E: 2 E —_
<~
p
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o 1 1 2 P

Ans.

x
%:%cot"[ﬂ) use formula
x
i 1 d a) i £ I d
= —==——— —cot " u=-— — U
d l[a]%&x - i E
+_
X
dy 1 d(.
> & & Al
]+—2—
%

bt ~-a a
\ X @ ( % ]ﬂx2+a2 -
(@ y=cosec (\?l +x? )
Solution: y=cosec™ (\l 1+x? ) verns(i)

1

Let u=(1+x*f ....(i)) put (ii) in (i)

Y=C0SECU runrnnres (iif)
; dy dy du
As by chain rule R = T A
s du dx )
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du 1 | % .
= —=— “Jag2x)=
& u ih T

Differentiate (iii) w.r.t.to u,

-@- = i (cos ec“‘u)
du du

dy 1 R 2
= L= put u=<l+x
N
1 1

= — - = -
du \/1+x2ﬂ‘\f1+12)2_1 i+ 22 J1+x% -1

=— : =— 1 veenee-(V)
'J1+x2.s/;c7 21+ x?
Put (iv) and (v) in (A)
L . \ . Sl
dx xvl+x? Al+x? (\/1+le\/1+::2)
=> idZ:— : 5 Ans.
dx l+x
(e) y=cosec”(x+3)
Solution : y=cosec™ (x+3) ....(i)
Let u=x+3 ..... (i) put (i) in (i)
y =cosec’u ...... (if)
-

by chai le —=——x— .
As by chain rule e
Differentiate (ii) w.r.t.to x .

du d :
E'E(x”)_l ......... (iv)
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Differentiate (iii) w.r. t. to u

& -g-(cos ec’lu)
du du
dy 1
= —=- put u=x+3
du  yyu® -1
=> E}’— L (v)

T e

Put (iv) and (v) in (A)
dy 1

Sl xl

dx (;vc+3)-J(x-i-3)2 =
] _ 1

=— =— Ans.
(x+3Wx* +6x+9-1  (x+3Wx* +6x+8
P
® y=—tan”
%1
i L. 3341
Solution: y =—tan o Differentiate (ii) w.r.t. to x .
x %=
d d{1 qx+1
dr(y) dx(x 5 x—l]

1d _lx+1] d[l]( _,.x+1)

=——|tan” ~—— |+| —| — || tan” ——

x dx x-1 dx\ x x-1

> RN =55
& x'1+(x+1]2'a’x e g

|
D G )= ()2 ()
1+(x+1)2 . (3‘:-~1)2
(x-1)°
+(-1)x'2( . x+1)

x-—1

X
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T 1 (rJh—&+Lﬂ_l{t4x+q
) dx_x'(x_1)2+(x+1)2‘ (x-1) D x—=1

dy _1 (x-1) x—l—x-l__L(wn4filJ
a x (x-1f +(x+1f (x-1) x°
dy 1 1 -2

dc x\x?=2x+1+x*+2x+1)J 1 x* x-1

dy 1 2 1 ax+1
= =] - i t S
>dx x.( 2x2+2] xz(an x—l)

dy 2

_- = —

,__._____._1_.[ an_] f.i}.]
dc  2x(x*+1) x° x-1

(tan'l x—-f—l-)
q - x—1 I Ans.

— -

dx 3 Cx(xF+1)
Q.4: Suppose profits on the sale of swimming suits in a
Departmental store are given approximately by

o
t)=5-5cos— , 0<r<104
p() 5e

Where P(t) is profit (in hundreds of dollors) for a week

ot sales t weeks after January first .

(a) What is the rate of change of profit t weeks after the
first year ?

(b) What is the rate of change of profit 8 weeks after the
first year ? 26 weeks after the first year ?
S0 weeks after the first year ?

&mﬂMH:pU}=5—5um§% ..... (), 0<r<104

(a) Diifferentiate (i) w.r.t. to ¢t.
d

d t
—P(t)=—|5-5cos—
dt © d:[ - 26]
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d t
= P(t)———-(S) Sd ( 05-2—6—]

b8
=0- 5(— sin “2—6-) *c'f-— (5‘6)

> P ()= (ssin Ty X
=> P (t) =(5sin 26)[26)

= P'(t)=-5-—sin—;—d— ...... (4) , 0<r<104

Eq(A) shows that the rate of change of profit t weeks after

the first year.
(b) The rate of change of profit 8 weeks after the first year.

put t=8 in(A)
P(8) = 5—”sinﬂf As 7 radian =180°
5(3 14) r{:.?,xlso J W3 14
= (0.604)sin 55.88"
=(0.604)0.8279)

=> P'(8) =0.50 hundred dollors | week
or P'(8)=(0.50)(100) dollors/ week

=> P'(8)=50 dollors | week
The rate of change of profit 26 weeks after the first year.
put t=26 in(A)

P'(26) ——6si [2266”)

5(3.14) . (26x180°
sin
26 26

=> P'(26) = (0.604)sin180°
=> P'(26)=(0.604)0)=0 doliars / week

P'(26) =
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The rate of change of profit 50 weeks after the first year
put t=50 in (A)
57 50z

= P'(50)= EESi“[_z'EJ

P (50)< 3319 Sin[SOxlBO"J

26 26
=> P'(50) = (0.604)sin(346.15°%)
= (0.604)(~0.239)
=> P'(50) = —0.14 hundred dollors/week
= (~0.14)(100) dollors / week

=> P'(50)=-14 dollors / week

0.5: A normal seated adult breaths in and exhales about
0.8 litre of air every 4 seconds. The volume of air V (t)
in the lungs t seconds after exhaling is given approximately

by V(t)=0.45—0.35005% , 0<r<8

(a) What is the rate of flow of air t seconds after exhaling ?

(b) What is the rate of flow of air 3 seconds after exhaling ?
4 seconds after exhaling 7 S seconds after exhaling ?
Solution : ¥(f) = 0.45—0.35 cos%....(f) , 0<r<8

(a) Differentiate w.r.t. to t.

d d at
—V({t)=—]0.45-0.35cos—
> (9 d:[o S cosz)

‘ 7 P d by

= W)= v (0.45)- 0.35-5[005 E]
m. d(m

=0-0.35(-sin—)—| —

i 2)d:(2J

=5 P (0.35@%)(-’25)
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= V() = 0"’;5” sin% o d) , 0<r<8
Eq( A) shows that the rate of flow of air t seconds after
exhaling

(b) The rate of flow of air 3 seconds after exhaling :
Put =3 in (A)
V' ()= 0.35~ si 3z 3m

n— As sin— =-1
2

_ (0.35)2(3.14) 1)
=> V'(3) =(0.55)(-1) = —0.55 Liter /second

The rate of flow of air 4 seconds after exhaling :
Put t=4 in(A)

V' (4)= S 1 sinil-z-jE As sin27 =0

= 0357 sin 27
2

_ (0.35)2(3.14) ©

=> V'(4)=0 Liter/second
The rate of flow of air 5 seconds after exhaling :

Put t=5 in(A)
V'(5)=0'35”sin32€ As sin%’l=1

) (0.35;(3.14) 0
=> V (5)=(0.55)(1) = 0.55 Liter/second
Differentiation of exponential and Logarithmic functions :
(i) Derivative of e¢* and a” by first principle :
As by first principle rule.
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e pe S ETAD)~ F(X)
f(x)—-fgno = e (4)

Let y=f(x)=e" ....(i)
 f(x+Ax) =™ ....u(ii)
Put (i) and (ii) in (A)

, X+Arx _e.r
IO e

d . e —e
= E@):i}?ﬂT

> —i(e“)=e’lne but Ine =1
dx

Derivative a” :
Let y=f(x)=a" ....(iii)
fx+Ax) =a™™ ....(iv)
Put (iii) and (iv) in (A)

I+Ax x

' y a
f )= Lim———

Ax

L WO -
T RN Vs  Ar

i e S OO sl TN
Az—0 Ax x—=0 X
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d
= —(a)=a°ln As Ina=1
cix'( )=a"lna s Ina=log a

=> —Sj;(a’) =a"log,a

(i) Derivative of Inx and log,x by first priinciple:
As by first principle rule
g JEAD) - [ ()
J (x)=Lim s
Let y=f(x)=Inx ....(J)
f(x+ Ax) = In(x + Ax).....(i0)
Put (i) and (ii) in (?)
; . In{x+Ax)-Inx
f (x)=Lim -
= % L:‘miln(x-" Ax)
dx 80 Ax X
R. H S. multiplied and divided by x.

=> —(mx)ﬂ—L m—ln[x Ax} Use log rule

X 800 Ax il €'
= 1Limln[l + EJM logm” = nlogm
X A0 X
ax ar
=> i(hlﬂ:ht{liﬁl(l-{—ﬂ)xJ As lim(1+—A—f—Jx =g
dx X Ax—>0 X Ax—0 o
£ f-‘—(111:4:)=-I-lne As Ine=1
dx x
d 1
= —|lnx)=—
afx( ) <

Derivative of log, x :
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f(x+ Ax) = log, (x + Ax)....(i1)
Put (i) and (ii) in (A)
Fx)= ﬁ*_’,’g log, (x + Ax)-log, x

| Ax
=> e Limi Ioga(x+AxJ
dx A0 Ay X

R.H.S. multiplied and divided by x.

=> -5-; (log, x) = -i- ﬁz_{rg Exx— log, (-i— + E) Use log rule

x
=L Lim loga[IJréx—]Ax logm” =nlogm
X Ar=0 X
e Ax
=5 i(loga x)=}-10g{lim[l+g)’] As lim[l-}-g)x =e
dx x Ax—0 X Ax—0 b o
d 1
= —/(lo =—log e As log e=
dx( ga x) x ga . ga log,a
= i(loga x): ! = . Ans.
dx xlog,a xlna
Note: (a) ie":e"gﬁ (b) ia“:a” lnaﬁi—li
dx dx dx dx
d 1du d 1 du
—lnu=—— (d) —I - e
(A @ Z s

Example 19: Differentiate the following functions .
@ fxy=7

(4*3.\" )

Selution: y=7""' ... ()
Let u=4-3%" ....(ii) put (i) in @i
y=T" ....(ii)
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1 B e R A
As by chain rule o (4)
Differentiate (ii) w.r.t. to x .
du d 5 4 .
—=—[4-3x" )=~15x" ceeeueenn (iv)
Differentiate (iii) w.r.t.to u
aﬁ” d u u =, 5
—7*=7"In7 put u=4-3x
du  du
dy 4-357
e 22 (T Gogaisi D)
du

Put (iv) and (v) in (A)

‘Z (7 1n7)-15+")

=-15x*In7 7%
(b) y=log,Vx*-Tx+x
Solution: y =log, vx* —7x +x’
1
= y= 1ogw,(x2 = 7x)5 ¢

= y= %bgm(xz —7x)+ x* Differentaite wrt.to x

=> % = _d_(z logm( 7x)+ xJ)

&
= %=%%IOE10( 2-7x)+%(x’)
=.;., . }_7 logloe%(xz _7x)+ 352
%:Waogm e)(2x —7) +3x°
. %:E(if—_%)logwe+3x
() y=In(e™ +e™)
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~ Solation : y=hl™+e™) ...
Let u=e™+e™ ....(ii) put (i) in (i)
y=lnu ... (#ii)
g dy dy du
As by ch le —=—x— ... A
s by chain rule i (4)
Differentiate (ii) w.r.t.to x .
du _d ( s —mx)
—=—|e™+e
dx dx
d mx d -mx
=— + —
4 () ()
du .. d oy
= —=¢™ —(mx)+e —-—(—mx)
dx dx dx
u mx —=mI mx —mXx :
= —=me™ —me™™ =mle™ —e™™)....... iv
= ( | -y
Differentiate (iii) w.r.t. to u
é"y-:-é—lnuz-l— put u=e" +e™
du du u
Q: — (v) .

du e™+e™
Put (iv) and (v)in (A)

, Differentiiatew.r.t to x
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in e l
_ (Inx)e & (2x)—e (-_f)
(lnx)
2(Inx)e™ —e* (l)
_ x

(Inx)’
dy _e”(2xInx-1)
dc x(lnx)

Example 20: Differentiate the following functions .

oo}
Solution: y= ln[M] use logrithum law
e v
=> y=In(x(x*-3)’)-In(s’ - 4)%
=> y=Inx+In(x?-3) —-12-1n(x2 ~4)

Ans.

=> y=Inx+ 2111(3:2 —3)— %ln(x2 —4)

Differentiate w.r.t. to x,
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1
x
l+ 4x 2x
x x'-3 2[x2—j)
(=3 -4 +axt(x —4)-x(x* - 3)
B x(x2—3 x2—4)
_J‘:"—4Jr""—3xz+12+4x4—16x2—.7i:4+3x2
- x(x? -3)x? -4)

ay _ 4x* —20x* +12
- dx Tx 3x—4) —

(b) y — x!m.‘l’
Solution : y =x™* ...... (i) taking log of both sides

sinx

Iny=Inx
= Iny= sinx Inx ,diifferentiate writto x

- (In y)=— (smxlnx)

=> -I—Q = sinxilnx+1nx—z—xsinx

G
=05 e y[(sin x)(l) +(Inx)cos x] ...... @#)
dx x

Put (i) in (ii)

. fsinx
_al =x""*| ——+cosx In x) Ans.
dx x
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Hyperbolic Functions:

g ; ef—e” . e*+e™”
(1) sinhx = > (11) coshx = )
e —e” ; e*+e™”
(ii)  tanhx=-——= (iv)  cothx=———,x#0
e*+e e*—e
: 2
(v) cosechx=-——— (vi) sechx=———:
e*—e e*+e

Derivatives of Hvperbolic Functions:

(i) —‘i—(sinh x)=coshx
dx

Proof: i(sinhx)=i(e =6 ]

dx dx 2
;‘:; (sinhx) = M2, S coshx Proved

d
ii —(cosh x) =sinh
(ii) d‘c(o x)=sinhx

Biroufs - leoshad)=2.| A
dx x| 2

x =X

e Ag
2

d
= (coshx)=
e (coshx)

— gx— (coshx)=sinhx Proved

iy L (tanh x) =sech’x
dx

Proof: -—‘;I—(tanl'uc)=i £ -—e_
T, W de\ e*+e™”

(e.: +e-x)%(ex _e—X)_(ex _e-x)%(e.t +e-—x)
(e* +e )

(" e ) e +e )= (e"—e)e" - e™)
B (e* +e7*)?
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B (e* +e™)?

-7k
i (" +e™)

(tanh x) = sec A’x Proved

R

(iv)y = —(cothx)=-—cosech’x

&I B

Proof: —(cothx)=fr—[e o3 ]
dx

et —e™”
) (e” —e"‘)%(e" +e7)—(e” +e")%(e" —-e™)
(ex _e—X)I
(e"—e"Ye'—e")—(e"+e " Ne"+e™)
@ —e)
(& =) — (et K
B (e* ~e)
¢ Ne = <2 =¥ — g 2
: (@ )

. B 2 z
GRS

= -;lx (cothx)=—cosech®x  Proved

d
= —_— th —
o (cothx)

W) g;—(sec hx) = —sec hxtanh x
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la~]
H
(=]
)
*
S
TR
Ly]

QO
E
1]
8|~
i

[y ]
e

=> i(sechx)=~( = 2 _x)[ex-—e_:]
dx e*+e e +e
= —sec hx tanh x Proved

(vi) gx_ (cosechx) =—cosechxcoth x

Proof : i(cosechx)=—d—( - ¢ _‘J
dx e’ ¢

=> E—(cosech.x)= Zi(e‘ )
dx dx

= —cosechx coth x Pr oved
Example 21: Differentiate the following functions.

(a) y= cosh(sz - 1) (b) y=sec hG ; i)

Solution: (a) y= cosh(2x2 - 1) , differentiate w.r.t. to x
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& &S
|

i

%,

L

S
%,
A

Y

= (sin.h(2:c2 ~ 1)X4x)

AN

Il
vV

= 4xsinh(2x? ~1)  4ns.

Let u=-—— ...(i) put (i) iin @
l+x

P=SECHU casins (iii)

dc du dx
Differentiate (ii) w.r.t.to x,

o _d 1)
dc dx\l+x

d d
i (l+x)—£(1—x)-(l—x)2x—(1+x)

= -d_x_= (1+Jc)2
i _(1+xf-1)-(1-x)
i i+ )
g’ﬁ_ —1-x-1+x

As by chain rule Q—ﬂxd—u (A)
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=> Q:—sechutanhu put u=1~x

du I+x

=> gl:—sech[l*x)tanh[l—_—iJ -------- )
du 1+x 1+x

Put (iv) and (v) in (A).
dy 1-x 1-x -2
— =—sech —— [tanh
P (1+x] y (1-:'—x)x(1+-:c)2

= fJi = 2 sec h[l;{) tanh[l—ﬂi] Ans.
dx  (1+x) 1+ x 1+x

Note: (i) cosh’x—sinh’x =1
(ii)  cosh®x+sinh®x =cosh2x
(iii) sech’x=1-tanh’x
(iv)  cosech’x=coth’x~-1
) sinh 2x = 2sinh xcosh x
Proof: (i)  Take L.H.S

\ G 5 x\E
cosh?x—sinh? x5 ELP L £ €
2 2

LR FD ¥ re -2

R 4
el re T +2-eM - +2
4
=i=1 Proved

Proof: (ii)  Take L.H.S

: e +e e —e
cosh2x+smh3x=( 5 ] +[ ]

_ez’+.e‘2"+2+ e +e -2
4 4

2x
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e te T +2+e +e -2
4
N 2e2x +28 2x eZ.r +e—2.t
4 2
2x+e—2x
cosh? x +sinh®x = 5 ————(i)
: 2x -2z
But cosh2x= f——;-g— ————— (i1)
From (i) and (ii)
= cosh?® x +sinh? x = cosh 2x
Proof: (iii) Take L.H.S
2
- =( L. ] ————— (i)
e’ +e
. e By 2
Take R.H.S 1—tanh2x=1—[ex ‘e_x]
e*+e
l—tanh?’x=1- _(_9:_:-_\9_‘_‘_)_2_
(e" + ne""')2
1! (e.t +e—x)2 _(e: _e-x)Z
(e* —i-e-x)2
el ve T +2-(e¥ +e¥-2)
(e* +e*)
e 42~ e +2
(e* +e)?

4 3 .
T ey “(e‘+e"] -

As from (i) and (ii) = sech’x =1—tanh’x
Proof: (iv) TakeL.H.S

2
cosechzz[ — : _x) ————()
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_—— e ———— ,f a—k—e——=======ﬁ?{=§===============================
I -X 2
coth’x—l=[e +e-x) ~1
ef—e
I x52 x =332
= cothzx-—1=(e ) —IF )
(ex_e—x)z
P e 42 - +e*=2)
(ex_e—x)Z

2
=  coth’x-1= 4_ s=|— = . J — (i)
(ef —e™) e"—e™”

From (i) and (ii) cosech’x =coth? x -1 Proved
Derivatives of Inverse Hyperbolic Functions:

; " 1
(1) —(sinh™ x) =
dx J 143
Proof: Let y=sinh™x =  sinhy=x

—i—(sinhy){x—(x)
&
hy—=1
= coshy—
&1 1

dx  Coshy \[1+Sinh'y
We take positive sign put sinhy=x
dy l Ans.‘

= e
dx  \1+x*
(i) %(cos Tx)= x:—l’ |x[>1

Proof: Let y=cosh™’x =  coshy=x

|
= Z(coshY)— dx(x)
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———————========‘====¢=}========================================
=5 nhy—=
sinh y—-
L o
dx sinhy
=5 iy—= : Put coshy=x
dx cosh® y-1
dy 1
= —-—= Proved
dr ¥ -1
d 1
i 2 Harh Py
(iii) cb:( ) 7
Proof: Let y=tanh™x =  tanhy=x
d d
& it gyt
= dx( ») dx(x)
wy2 -
= sechly—
= Ey-—: !
dx sech’y
dy _ 1
= dx 1-tanh’=x
= Q: 1 3
dax l-x
: d e 1
(iv) 'd—x(COth'x)=*;3T1

Proof: Let coth™' x=y
x=cothy  Differentiate w.r.t “x”

J

= —cosechzygz-zl
dx

d 1 1
dx

" Cosech’y  Coth’y-1
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= %— & = Proved
[43) —d-(sech']x)—— : Dgxxl
dx xl-x’

Proof: Let y=sech™'x
= sechy=x

= —:;(sec B = gx—(x)

= —sechytanhy%:l

As sech’x=1—tanh®x

tanh’ x =1 —sec#’x
dx sec Ay tanh y
= D 1 = Put sechx =x
dx  sec hy«/l —sech'x
dy 1
=5 —_m—— Proved
dx  xyl-x°
-1

d
(vij —(cosech'x)=
dx x\ 1+ x°

Proof: Let y =cosech™'x = cosechy=x

gx_ (cosehy) = gx-(x)

_ N
= —cosechycothy—=1
PR

=\ OR) -
dx cosechycothy

As cosech’x =coth’x—1
cosech’x+1=coth’x
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dr " cosechycosech’y +1
Put cosechy =x

= éx:i -

dx  xx?+1
Here , the sign of the rediical is the same as that of cothy
which . Here cothy is positive or negative according as x
positive or negative. Then
dy -1 dy -1

— "—_-: {fx>0 and —=—r—— ifx(ﬂ
dx x?+1 dx  —xyx?+1
d 1
Thus —(cosechx)=———— for all values of x .
dx |.t[\/x2+l

: (a) -—-smh"u-:te———(u)

d 1 du r 1 du
(b) ——cosh u-.\/u_Tdr (c) ——tanhlu—l_uza
1 du d 1

— (&) —sechu=-
u® —1dx (<) dx uyl—-u’
d = 1 du
() —\cosech u)sb—=c—
dx ( ) |u|\} u® +1 dx
Example 22: Differentiate the following functions .

sigst
(@) y=silh'(x') (b) y=22b %
cosh™ x

Solution : (a) y=sinh™'(¥’) ....(i)
Let u=x*..(i) put (i) in (i)
y=sin"'u ....(iii)

(d) E(coth" u)= ~ %
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du
As by ch o DL EE il
by chain rule duxdx (A)
Differentiate (ii) w.r.t. to x,
%=%(x3)=3x2 IO (1)
ay & e 1 waill
Ez:__u-smh 3= ,—-1+u2 put u=x
=" g—:._.l_.-— I _'_('p)
du  J1+(x*)? J1+x¢
Put (iv) and (v) in (A)
dy 1 y.. I
—_= X3x" =——== Ans.
ax  \1+x° V1+x°
. 1 -l
b)) y= it —]x differentiate w.r.t.to x ,
cosh™ x

_d__( )_i sinh™ x
dx & dx | cosh™ x

cosh™ x ?j? (sinh‘1 x)— (sinh'1 x)d.i (iczosh*I x)

Y _ x

y” (cuz:ash"1 )2

I | N T ]

=> . (cosh" x)z cosh™ x . m sinh™ x. sz—_I

_ By 1 (\!x —1)cosh™ x:(\ll+xf )sinh"x] A
N S S e e}

Example. 23: Use MAPLE command “diff” to
Differeniate. (a) f(x)=x’+7x+2 wrt.to x

(b) f(x)= (%xsiz;;tl;)) w.rt.to x

(c) f (x) =%’ +(sinx)’ +arccosx w.r.t.to x
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(d) f(x)=x*coshx+arcsinaix w.rt.to x
Solution: (a)Note: Open MAPLE programme .Then open new
document in MAPLE . Use keyboard keys and write
diff (x*5+7x+2) you getdiff (x* +7x+2,x);
Command:
diff (£ +7x+2,x); Then press enter key you get result.
s5x*+7
(b) Open MAPLE programme .Then open new
document in MAPLE . Use keyboard keys and write
diff (x4 +2*x +16)/(x"3+3*x-2),x) you get
of (*+2-x+16)
i [ (7 +3%-2) ”‘]

Command:
4 -
d‘ﬂ[ ((I (a:‘z;'r:_l:)) ,x] Press enter key you get result.
42 +2 (P +2x+16)(32+43)
2 4+3x—2 (x3+3x__2)2
(c)

Open MAPLE programme .Then open new
document in MAPLE . Use keyboard keys and write

diff (x*3 + sin(x)*2 + arccos(x), x) you get
diff (x* + sin(x)? + arccos(x), x);
Command :
diff (=* + sin(x)? + arccos(x), x); Press enter key you get result.

32+ 2 sin(x) cos(x) — 1

F= 7y

(@)

Open MAPLE programme .Then open new

document in MAPLE . Use keyboard keys and write
diff (x~2 * cosh(x) + arcsin h(x), x) you get

diff (x*-cosh(x) + arcsinh(x), x)

Command:
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diff (+#-cosh(x) + arcsinh(x), x) press enter key get result.
2 xcosh(x) + £ sinh(x) +

x +1

Exercise 3.5:
Q.1: Use the rule of first principle to find the derivative of
the following functions .

(@) flx)=e*
Solution: As f'(x) = Lim

Let y=f(x)=¢* ... (1)
flx+Ax) = ¥ .. (ii)
Put (i) and (ii) in (A)

. 2x+2Ax . .
x)=Lim
f ( ) Axr—0

f+an)-7fx) (4)
Ax

e

) ) eZ.te2a.x _e2x
> r)=lg T
2x s 2Ax i X .
= f(x)= lime—(e——l-)— As lim 2 =Ina
Ar—0 Ax 10 x
2Ax 1
=2¢* lim
Ax—0 2&1’
= f'(x)=2e*Ine but Ine=1

= fix)=2¢3%
®) f(@)=ge

"l

Solution: As £ (x) = ain_rzg Jie lz: w1 S (A)

Let y= f(x =%e3‘ ssei{l)

f(x+4ax) = %e’ AR enitil)
Put (i) and (ii) in (A)
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3xp 385 x -
=5 )= gﬁf*%—'l)‘ As IIi_I;lga : 1=Ina

‘olution: As f (x)= Lim Jle+ 88— /(9
Ax—0 Ax
Let y=f(x)=§e*’ £1 vl

Fhies fady=s gef“f“” +1 =§ef‘+2m+(ﬁ*?’ o
Put (i) and (i) in (A)

éex’+2.tAr+[Ax)z +1_[§e:’ +1]
f(x)=Lim . B
Ax=0

Ax
é'exl.ezm+(m)z+l—§e:1—l

CHRE ™,

f(x)=Lim

Ax
‘ ge:’ezmn(a;)’ _Eexz
F(x) = Lim-3 8
Ax—0 Ax
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.2 2 [ Ax(2x+Ax) ool ])
Pl

Ax

Se [eAr(Zx-c-A:) ])

f(x)= Lim(2x + Ax). 3 M)

Multiplied and divided by 2x+ Ax

(eu(zxm) I)

f(x)= —e L:m(2x+ Ax). Lzm

-0 Ax((2x + Ax))
=> f'(x)=§e‘3{2x+0)1ne As lmg ﬂl:lnz
X! x
=> f'(x)=-§-e”(2x) but Ine =1

= f(x)= % xe

@ flx)=2

Solution: As [ (x) = fxﬁwg A A.;Z wt s G (4)
F(X) =25 o)

flx+ AT ..., (i)
Put (i) and (ii) in (A)

x+lAx 2:
x er
f= o

inlAx _nx
=> f(r)—zi%.z_z.ﬁ?g_

x(2Ax el 1)

5 lima —=Ina
x—0 X

L

=> f(x)= lim

M S
=2 lim L
Ax-0  Ax

=> f(x)=2"In2
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(€ f(x)=4"
Solution: As f (x) = Lim il i:i i (A)

f©) =4 ....()
f(x+ Ax) = 474 (i)
Put (i) and (ii) in (A)

4:+Ax+4 o 4:4-4

S (x)=Lim =
: ) 4:+44Ax = 4.1:+4
=> f(x)=1lim o
: 4x+4 ax x
= fid=ln— =2 i m® AN
Az—0 x50 X
M —
e in
A—0  Ax

= f(x)=4"*In4
® flx)=log(x+1)
Solution: As f'(x)= Lim TRENG®) )

Ax
S(x)=log(x+1) .......(1)
f(x+ Ax) = log(x + Ax + 1).....(if)
Put (i) and (ii) in (A)
log(x + Ax +1)-log(x +1)

J ()= Lim i
. 1 x+Ax+1
=> = Lim—1
/() ﬂt&xog( x+1 ]
. 1 x+1+Ax
=> =Lim—1
/) ""Ax°g( e )
= f(x)= er—-—lo =k ——Ai—]
x+1 x+1

R.H.S. multlphed and divided by x+1.
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= fix)= l LimX™ 10g(1+—A-t—] Use log rule

=—-—1——Limlog[l+~£f—]' logm” = nlogm

(8 f(x)=log,(x*)
f(x+Ax) =log,(x + Ax) =log, (x’ +2xAx + (Ax)z)....(ii)
Put (i) and (ii) in (A)
£ =1 log, (xz +2xAx + (Ar)z)— log, x
Ax—0 Ax
x? +2xAx + (Ax ) ]
xl

- .
= f(x)= ﬁggzx—log{

X} 2xAx +(Ax) J
x

. = ol
= f(x)=§xgrgglog,[§+ ,

o a2 A\ Ax{2x + Ax)
=> f(x)—{;g'galoga[ldr—-;—-]

X

2% +Ax
2
f‘ (I) = Lim 12 [ x ]_.1_ loga[l + M_z_{;_é.x_))
X

Ax—0

R.H.S. multiplied and divided by
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X Ar—0 Ay

o DR NE ¥ o (7. Ax(2x + Ax)
¥ (x)—ﬁ:_rg ——.Lim (2:c+A~c)lO°“[1 —-—-—-—-—-—]

. . 2X+8X
f(x)=£:$ = .leloga(l+

Ar—0

x!

Ax(2x + Ax))m'fz‘x;‘u‘)

x2
2

2x & 0 o, Lim[l N Ax(2x2+ Ax)]m{mm
X Axr—>

= f ()=

0 X

=> f(ﬂ:—?-logae As lim(l+£) =e

Ax—0

= = f(x):glogae As log,e=
x log, a

2 2

= => f({x)= = Ans.
xlog,a xlna

(h) f(x)=sinh2x
Solution: As f '(.t)=£fhr’r§

[+ -/ 4
Ax

2x. _2=23
F(x)=sinh2x =< 23 ....... 0

g 2x+ax) _

F(x+ Ax) =sinh(2x + Ax) = ——nv———— .. (if)
Put (i) and (ii) in (A)

\ 1 ez(nm} _e—zl:xmx} ¥ — o
= Lim— -
/() Ar-30 Ar{ 2 2
) ) 1 elx-l-ZAt = 8—2.:—2.1: _e2x +e-2.\'
. 1 eln-l'ﬁx . e!x e‘~2x-2£\x s e—z.t
= f(x)=Lim— =
f @)= Lim— [ . .
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; 1
=> /()= Lim—

2 ~2Ax
o A

= f' )__ 2z Li 824.\:_.1 -2z Li e_z‘“—l (B)
= f(x)=e Lim e +e™" Lim T

¥y

=1 . Use this formula

We have a formula lime
o

e ~1
Then E—ﬁ[ T J=1 (i) | let y =2Ax

-24Ax w}

3 Q- if y—>0 ,then Ax >0
Ax} (iv) |if y en

Ax—0

And Lim( g

Put (iii) and (iv) in (B)
= f(x)=e*.1+e™.1

= f'(x): 2( e!x + e—2x

] =2cosh2x Ans.

2
Q.2: Find f(x) if f(x) is:
@ y=11"
Solution: y =11 “”, differentiate w.r.t. to x
P _ f_l 16-4
dx dx
=> %:11‘“") lnll%(3—4x’)‘| use -g;a" =a" lna%
— D164 1n11.(0-20x")
dx

. % = 20511 In11 Ans.
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®) y=e™*
Solution : y =e'™*, differentiate w .r. t. to x,
% = %e";” use %e' =" f;—(u)
LN
= % = eJ;—S %[xz =3 )J
1
=> .@.’_ = eJ;-s [l)x?l
dx 2
s D o L gl x—;-
a 2
Jz-5
=> L4 =2 Ans
& 2x

(€) y=x'e*
1
Solution : y = x°e* , differentiatew.r.t. to x,

d_df s i)|_4.: (E_s)f
dx—dr[xe}—x’.dt{e J+ drx e

1 1
s - d 1) -
= 3—-—-+5 £ .
X e (x X e

1 1
- d =
=x’e* —x"]+5x‘e‘
x’e (
1 1

= % =x'er(-x2)+5x%er

e 1 1 1

e~ - = -
=—"—0+5x'e" =-—x'e* +5x'es Ans.

X

e 2x

www.perfect24u.com


https://www.perfect24u.com/
https://www.perfect24u.com/
https://www.perfect24u.com/

KPK MORE BOOKS, NOTES VIST NOW: PERFECT24U.COM

Solution: y= e differentiatew .r.t. to x,
e

= -d—y —
7 (e +l)z
gy_ (e—2x +1)2(223) _ e2x(__ 22-2:)

dx (e‘z" +1
_ & ) (e-z; +1)2(e2x) _ ezx(_ ) e-z;)
d (e +1)f (e +1f
%
dx

(e y= ln(e'“ - e""')

= ?-: 1 (i “—ie-"J
dc e™—e™ \dx dx
= %=e"‘ . - {e"‘ %(mx)—e‘"-d;(—m))
-~ Y _ 1 m~ mrf
=> - .(me e (m))
_me:+ni"‘ P
e™ —e
e” —e ™
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oy = L
dx (Caak i
. @ _ (e“ +e ““‘le:uz‘"r +ae™ ™) - (e“‘ e ‘“lae“' M, )
i dx - (en +e—¢x)2
@& _femreNae +ae=)- (™ - e fae™ — ae7=)
dx (e® +e™*)’
dy (e‘“ + e'“xae‘“ +ae"") (e“' — e""Iae“’ —ae"’)
= = - i
dx (e“ + e"")z (eﬂ* + e-_-a:r)Z
™ ay L (ae"’ +ae"‘:)_ (e“’ —e""Iae_“' —2 ae'."’) R
dx (e +e™™) (e +e™)

s o @Y
.3: Find = if:
Q. 3: Fin %
(a) y=x'InVx
!
Solution: y=x'InVx = y=x’lnx?

= y =%x3 Inx , differentiate wr.t. to x.

- € y= . (-l—x:' Inx)

e’ @\2
=> %-_-%[f %lnx+(§;x’}h1x)
3 2
= %:%{x" —:c-+(3x2)lnx)=%+3x 2lnx
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-—f—-+3x zlnx Ans.
(b) y=x*Vinx

Solution: y=x*yJInx = y=x*(n x)%
Differentiate w r.t. to x.

= %y=%[x’(lnx)%]
=> %=x -——-(lnx)z +(Ex ](lnx)z
5 %= (lnx)"—(lnx)+(2xX1nx)1
= % =% ——(lnx)'i.-— +(2x)XIn x)i

dy
= = +2x«/ln_- +2xm Ans.

dx 2(lnx)‘ ZJE
— x* +1

x* -1
x +1

Solution: y=In

2 30l ) Jiale 1)
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=> s 2 -q—(x2+1)- ] i(xz-—l)

& 2 +l)dx 262 —1) &
= Q= 2x 2x
de  20x*+1) 2(x*-1)
dy x x
= —= -
dx 41 %=1

@ y=lnle -5 +1)
Solution: y= 1n(: -x*+ 1) . Differentiate w.r.t.to x,

844l )

=0s
x—vx“+1
dy 1 { 1 ioP d i s )
= == I——{x"+1p . —(x"+1
dx  x—x?+1 2( d’f( )
4 1
g, 1 .l—l(xz+1)'5.(2x]
dx  x-x*+1\ 2
o %: 1_; - Zx |
o +1\ 2(x2+1)3
dy 1 g X )
=> —= _1—- AHS.
dt  x—yx?+1( Jx?+1

€ y=e*cos2x
Solution: y=e™ cos2x . Differentiatew .r.t.to x.

% %(e‘z‘ cos 2x)

Il
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=> % =g % (cos2x)+ (cos 2x)é€— (e'z’) :

I Y] )4
- (~sin 2x)dr (2x)+ (cos2x)e ).:ir (-2x)

=> % = e *(-sin2x)2) + (cos 2xXe'2’I— 2)

=> -Z—j;- = —2¢7% sin 2x — 2(cos ZxXe'I") Ans.

Q_i 2 _sinx
dx—dx(xe )
= Ej_"= z__d__ sin x m:d 2
> T xdx(e )+e dx(x)
g ‘_b’__ 2 mxi . smx
=> o dx(smx)+e (2x)
=> 95’—=Jt:’.ez"““.<:<:oszu:+2xe’iilu Ans.
dx

Q.4: Differentiate the following functions .
(a) y=log(x+2)

Solutiion : y =log(x+2) => y=3log(x+2)
. Differentiate (ii) w.r. t. to x,

% 2 3%(10@(” 2)
1 d 3
—3.x+2.'d—x(x+2)-—;'ﬁ Ans.

(b)) y=cosh(3x)
Solutiion : y = cosh(3x) . Differentiate (ii) w.r.t. to x,
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——= %—(cosh 3x)

= sinh(Bx)% (3x)=3sinh3x Ans.
(¢) y =sinh™(sin x)
Solution: y =sinh™(sin x) .Differentiate (iii) w.r.t. to x,
dy %(smh “(cosx))

et
dy

sinx
= —=

--—-—-———-——.—sinx)=————-———— Ans.
dx \/1+coszx( J1+cos?x
C) y=tanh"(-’25)

. Differentiate (iii) w.r.t. to x.

£ P
2 4
=> —@ 1
dx

(e) y=In(cothx)
Solutiion: y= ln(cothx) leferentlate (i) w.r.t. to x.

% In(coth x)

dx

www.perfect24u.com


https://www.perfect24u.com/
https://www.perfect24u.com/
https://www.perfect24u.com/

KPK MORE BOOKS, NOTES VIST NOW: PERFECT24U.COM

= % = tlh .(—- cos ech’x) As 1—coth? x = —cos ech’A

() y=xcosh™ x—+/x* -1

Solution : y =xcosh™ x—+/x* -1 , differentiate w.r.t.to x.

% = (xccosh'1 x—m)

dx
= —‘1 (x (.‘:OSh_l x)— L3 (x2 - 1)%
dx dx

=> %—x%cosh x +cosh” xzx—(x (x —1)2_l . (x -1)
=> %= le 1+cosh X—=— (x —1]_ (2x)
L x -1
=> rie 2_1+cosh x S
dy -1
=> —=cosh™ x Ans.
dx

Q.5: A research group (used hospital records ) developed
the approximate mathematical model related to systolic
blood pressure and ageis : p(x)=40+25 ln(x + 1)
;s ORX <65

Where p(x) iis the pressure measured in miillimeters of
mercury and x is age in years.what is the rate of change
pressure at the end of 10 years ? at the end of 30 years ?

at the end of 60 years ?.

Solution: p(x)=40+25mn(x+1)......(i) , 0<x<65

Differentiate (i) w.r.t. to x ,
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% p(x) = % [40 + 251n(x +1)]
= px)= -% (40) + 25%111(:: +1)

. 25 d
=> p(x)-0+;:—l-z(x+l)

: 25 -

> p(x) — sesise b))
Eq(ii) shows that the rate of change of pressure in x years.
The rate of change of pressure at the end of 10 years:
Put x=10 in (ii)

p(10)= B = 2.27 mm of murcury / year
10+1 11

The rate of change of pressure at the end of 30 years:
Put x=30 in (ii)

PO = =2 = 0,88 49 WBciry | year

30+1 31
The rate of change of pressure at the end of 60 years:
Put x =60 in (ii)

p (60) = —— === 0.41 mm of murcury / year

Q.6: A single cholera bacterium divides every 0.5 hour to
produce two complete cholera bacteria . If we start with
a colony of 5,000 bacteria , then after t hours there

will be a  A()= (5000)2*.Find A(t), 4(1) and A(5).
Interpret the results .
Solution :  A(t) = (5000)2%.....(J)
Differentiate w.r.t. to t.

d d ;
—A40) =EE(5000'22 )

= A'(r)=(5000)22’.1n2%(2r)
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=> A'(t)=(5000)2)In2 .2*
=> A()=100001n2 .2% ......... )
Put t=1 in (i)
A'(1)=(10000) In2 .2?
=(4)10000)In2 = 27726 bactaria / hour
Put t=5 in (i)
A'(5) =(10000) In2 .2
= (1024)10000)In 2 = 7097827 bactaria / hour

Q.7: Use MAPLE command “diff”’ to differentiate all the
Functions givenin Q.3 and Q. 4.
2
Q.3 @ y=FiVE ®) y=rVir ©y=in |5

) y= lnA(x -V’ +1) () y=ePcos2x (f) y=x’e™*
Q4: (a) y=sinh(2x) (b) y=cosh(3x) (c) y=sinh™(sinx)

(d) y=tanh™ [—;—] (¢) y=In(cothx)

() y=xcosh™ x—+/x* -1
Solution: Q.3: (a) y=x’Inyx . Context Menu.

Open the MAPLE programme then open new document
and use key board keys and write diff (x*3 * In(sqrt(x), x):
then press enter key and get result.
Command:
> diff (£ In(sart(x)), %);

%fmﬂ+%ﬁ

() y=xJInx .Context Menu.
Open the MAPLE programme then open new document
and use key board keys and write diff (x*2 * sqrt(In(x), x);

then press enter key and get result.
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> diff (-sart(In(x)), x);
1 %
2xy/In(x) + 2 Thi
x*+1

() y=In,/= 1 . Context Menu.

Open the MAPLE programme then open new document
and use key board keys and write

diff (In(sgrt(x"2 +1/x72 -1)), x)
then press enter key and get result .
Command :

> dzﬂ[ln[sqﬁ(ﬁi: ]].x);
1 [xzzjl - 2((5;1)); ] i
2 o H1

(d) y=1n(x—'«/x2 +I) . Context Menu.

Open the MAPLE programme then open new document
and use key board keys and write

diff (In(x — sqrt(x"2 +1)),x);, .

then press enter key and get result.
Command:

> diff (In(x-sqrt(:® + 1)), x);

1 o~

X

[Z2+1
e

X — xz-l-l

(¢ y=e*cos2x .Context Menu.

Open the MAPLE programme then open new document
and use key board keys and write
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diff (e”-2* x* cos(2* x), x); .then press enter key and get result

Command :
> diff (e”2*-cos(2-x),x);
-2¢ 2% 1n(e) cos(2x) — 2e”%*sin(2x)
() y=x*e™* .Context Menu.
Open the MAPLE programme then open new document
and use key board keys and write diff (x*2* e”sin(x), x)

.then press enter key and get result.

Command :
> diff (£-&) x);
2xe 03] 4 32 SNF) co5(x) In(e)

Q.4: (a) y=sinh(2x) . Context Menu.
Open the MAPLE programme then open new document
and use key board keys and write diff (sinh(2 * x), x); ;

then press enter key and get result.

Command :
> diff (sinh(2- x), x);
2 cosh(2x)

(b) y= cosh(Bx) . Context Menu.
Open the MAPLE programme then open new document
and use key board keys and write diff (sinh(2*x),x) .

then press enter key and get rgsult.

Command :
> diff (cosh(3-x),x);
3sinh(3x)

(¢) y=sinh”'(sinx) .Context Menu.
Open the MAPLE programme then open new document
and use key board keys and write diff’ (sinh"—l(sin(x)), x);
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then press enter key and get result.

Command :
> diff (sinh™!(sin(x)), x);
COS!.!.‘!
J 1 +sin(x)?

d y= tanh"[%) . Context Menu.

Open the MAPLE programme then open new document
and use key board keys and write diff (tanh*—1(x/2),x);
then press enter key and get result.

Command :

> afo(3):)

-i(*e) y=In(cothx) .Context Menu.

Open the MAPLE programme then open new document
and use key board keys and write

then press enter key and get result . diff (In(coth(x)),x);

Command :
> diff (In(coth(x)), x);
1 - coth!x[z
coth(x)

() y=xcosh™x-+x*—-1 .Context Menu.

Open the MAPLE programme then open new document
and use key board keys and write

then press enter key and get result .
diff (x * cosh*-1(x) - sqrt(x~2 - 1), x},
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Command :
> diff (x-cosh™!(x) — sqrt(* — 1),x);

X X
Review Exercise 3:
Q.1: Chose the correct option:
O If f(x)=2t2+3t+2, then f(-3) is
(@9 (b) 11 (c)21 (d) 29
(ii) The average rate of change for f(x)=x>—6x+5 is....
if x increase at xel,3]
@1 ®-1 ()2 (@ -2
(i) If y=f(x) then f(x)=...ccccoooen..
flx)- f(ax)
= (b) Al

flx-Ax)+ f(x)
Ax

arccosh(x) +

@ lim,

£lx+4x)- flx)
Ax

flx-ax)- f(x)
f(x)

© lim

(V) If f(t)=2t> -3t +4 ,then £ (3) is

(@54 (b) 45 (c) 36 (d) 27

w) If f(x):-i—’-(—ﬂ then f'(x) =.......
glx)

Fe)-g@ o) S E)-g k) )

@ li

) O
(c) S(I)‘"(x]—g'(xyl(x) @ ¥ ‘(x)g'(?f)-g'(x)f'(x)
PE) <G

i) If A{)=VF then A(f) is
3 2 3t 3¢?
@ SV @) IV @) sy B,
(vil) If f(x)=xtanx then f'(x)=.cccoeourre
(a) tanx+xsec’x (b) xtanx — xsec’ x
(c) sec’x () t4311:c+x(l+tem2 x)
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(viii) —‘g}—(cc;s'1 b7

x -1 x
g O gt =g B s

x
. 1 d

(ix) le sz——l dx( ......... )
(a)sec™' x (b) cos™' x (¢) cosec'x (d) tan”' x

@ If f(x)=In(x), then f'(x)=....ccor.....
‘“’”1;1" ® 2 )~ @
X X X X

Answers: ()b (i) d (ii)b (Ve ¢
(viya,d (vii) a,d (viii) ¢ (ix)c (x)d

www.perfect24u.com


https://www.perfect24u.com/
https://www.perfect24u.com/
https://www.perfect24u.com/

