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Unit -12: Introduction to Numerical
Methods -

Bisection Method : If f(x) is a continuous function on
close interval [a, b] and f(a) and f(b) have opposite

in signs then by bisection method we find the root of
f(x) .i.e. we find the value of x for which f(x)=0.

Procedure : (i) The given interval [a, ,5,] is the initial
interval at which the function f(x) must be opposite in

signs. Then the actual root 7 is lie in [a, ,5,].
Find f(a,) and f(b,).
a,+b

Find the mid point ¢, = —‘ia-—-‘i ’

Then we have two intervals [a, ¢,] and [c, b,]

Take this interval in which f(x) have in opposite in
signs
Let f(x) bein opposite in signs in [aa , ¢,] . Then the
actual rootof f(x) is r lies im [au ’ CD] :

Find f(c,) .This is the first iterate c,.

Let [ao ’Cn] =[a1 ’ bl]

(i)  Similarly take mid point ¢, =2 th

2

Then we have two intervals [a, ¢,] and [q 4]

Take this interval in which f(x) have in opposite in

www.perfect24u.com


https://www.perfect24u.com/
https://www.perfect24u.com/
https://www.perfect24u.com/

KPK MORE BOOKS, NOTES VIST NOW: PERFECT24U.COM

signs .
Let f(x) bein opposite in signs in [a1 4 ‘1'1] . Then the
actual rootof f(x) is r lies in [q,c].

Find f(c,) -This is the 2" iterate c,.

Let [ar ’cl] =[az s bz]
Similarly proceed in the same way we get nth interval

[a, ,b,,] whose mid point c, = & ;b" and we find the

desired approximation to the actual root » of f(x).

Example 1: Perform two iterations of the bisection method
to approximate the actual root r of the non linear

equation f(x)=sinx—e™ (x isinradians) in the
interval [0.5,0.7] .
Solution: f{x)=sinx—e™ ....(Q)
Let [a, 5,]=[05,0.7] , then a,=0.5 and b5 =0.7
Now put values x=g,=0.5, x=5,=0.7 in(i)
fla,)= £(0.5)=s5in(0.5)~ " = 0,479 - 0.607 = —0.127 < 0
£(8,)=£(0.7)=5in(0.7)— ™" = 0.644 - 0.496 = 0.147 > 0
Since f(a,) and f(b,) have opposite signs , then the
actual root r lie in the interval [0.5, 0.7]
(i) Now the mid point of interval [a,, b,] is
) g 0905407 1.2

N
“\3 2 2

Now put values x=g,=0.5 ,x=¢,=0.6, x=5,=0.7 in(i)
fla,)= £(0.5)=sin(0.5)- e = 0,479 -0.607 = ~0.127 < 0
fle,)= 7(0.6)=5in(0.6)—e™* = 0,565 - 0.549 = 0.016 > 0
7(8,)= 7(0.7)=5in(0.7)— e = 0.644 — 0.496 = 0.147> 0

Since f(a,) and f(c,) have opposite signs ,then the
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actual root r lie in the interval [0.5,0.6] . Then the initial
interval is rest to obtain the first interval [a,, 8]=[0.5 .0.6]
(i) Now the mid point of interval [a,, 5] is

o=t + b, _ 05+06 1.1

1 =="=0.35
2 2 2

Now put values x=g,=0.5 ,x=¢, =0.55, x=5b=0.6, in(i)
fla,)= £(0.5)=5in(0.5)—e™* = 0,479 - 0.607 = —0.127 < 0
f(e)=7(0.55)=sin(0.55)— e =0.523-0.577 =—0.054 < 0
£(8,)= £(0.6)=5in(0.6)— e = 0,565 -0.549 = 0.016 > 0

Since f(c,) and f (bl) have opposite signs , then the

actual root r lie in the interval [0.55, 0.6].Then the initial
interval is rest to obtain the second interval

[a,, &.]=[0.55, ,0.6].

After the second iteration of the bisection method the mid

Point ¢, =0.55 is the approximation root to actual root r.

Regula — falsi method : Let f(x) is continuous

on [a, 5] and f(a) and f(b) have opposites

in signs then c=.a-—(5-:£)—}m . Where (c, 0)
fla)-f()

is the intersection point of the straight line formed by
(@, fla)) and (6, f())
Note: (i) If function values f(a) and f{c) at x=a and
x=c have opposite signs . Then the root lie in
the interval [a, c] and discard b.
(i) If function values f(c) and f(b) at x=c and
x=5 have opposite signs . Then the root lie in
the interval [c, b] and discard a.
(i) If f(c)=0, then c is our approximate root.
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Example 2: Perform two iterations of the regula -~ false
method to approximate the actual root r of the non linear

equation f(x)=sinx-e™ (x isinradians) in the
interval [0.5,0.7] .
Solution: f (r) =SHIX=E " waa (i) . Reset the given

Interval to obtain the initial interval
[a,, ,]=[0.5,0.7] , then a,=0.5 and b,=0.7

Now put values x=4a,=05, x=5,=0.7 in(i)
(a,)= £(0,5)=sin(0.5)— e = 0,479 — 0.607 = —0.127 < 0
£(,)=r00.7)=5in(0.7)— ™" = 0.644-0.496 = 0.148 > 0
Since f(a,) and f{b,) have opposite signs , then the
actual root r lie in the interval [0.5,0.7].

As by regula — false method ¢, =a, — (;:a— )bi)f g:)) ... (i)

Put values in (ii)
(0.5-0.7X-0.127)

= ¢,=0.5- =0.592364
—-0.127-0.148
(i) Now put valuesx=a,, =05 ,x=¢, =0.592364, x=0,=0.7
" in(i)

fla,)=£(0,5)=sin(0.5)— e = 0,479 -0.607 =-0.127 < 0
f(c,)= £(0.592364)=sin(0.592364)— e **** = 0.81>0
7(8,)= £(0.7)=sin(0.7)— ™" = 0.644 — 0.496 = 0.147 > 0
Since f(a,) and f(c,) have opposite signs , then the

actual root r lie in the interval [0.5, 0.592364] :
Then the initial interval is rest to obtain the first interval
[a, 8,]=[0.5, ,0.592364]

(aI - )f (al)

Then by regula — false method ¢, =q, -
fla)-1(8)
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(0.5-0.592364)%-0.127)

=> ¢ =05- =0.755

-0.127-0.81
Now put values x=a,=0.5 ,x=¢, =0.755, x=4 =0.592364,
in(i)

f(a)=r(0,5)=5in(0.5)— e = 0,479-0.607 =-0.127 < 0
flc)= £(0.755)=5in(0.755)— " =0.215> 0

£(5,)= £(0.592364) =sin(0.592364) - e %% = 0.81> 0
Since f(a,) and f(c,) have opposite signs , then the
actual root r lie in the interval [O.S, 0.755].

Then b =0.592364 is discard.
Then the initial interval is rest to obtain the second interval
la,, B,]=[0.5, 0.755] .
After the second iteration of the regula- falsi method the
Point ¢, =0.755 is the approximation root to

actual root r.

Newton raphson — method :

If f(x) and f(x) are continues near the actual roots

Then zx. =% *M R..(D)* for i=0,1,2,3,..ccc0nnemn.
S (=)
Then eq(i) is called Newton raphson method .

Example .3: Use Newton- Raphson iterative method
to approximate the actual root r=0.438447 of the non
— linear equation f(x)=x’-5x+2 with initial start
x,=0.4 that must be accurate to six decimal places.

Solution: f(x)=x*-5x+2 ..... (i)
Differentiate (i) w.r.t. to x.

F(X)=2x=5 ..oua(ii)
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As we know by Newton - Raphson method
o il B $ 1B B s
f(x)

———-f(x") =X ———————xj b ..eef(1)

Put i=0in(A =g,
ut i in(A) x =x, ey 2% =5

Put x, =0.4 in(a)
(0.4F —5(0.4)+2

e = 0.438095
2(0.4)-5
) . <58 )
Put i=0 in (A) x2=xl-j;((2))= ’_ii}f-f—s_ ....(b)

Put x, =0.438095 in(b)
(0.438095)° ~5(0.438095)+ 2
2(0.438095)-5

0.00145229 _ 438095 +0.00035217
412381

=> x, = 0.438447

=> x, =0.438095 -

=> x, = 0.438095 -

Which is convergent to the actual root r =0.438447.

Thus the second iterative agrees to six decimal accuracy
of actual roof.
Example 4: Use MAPLE command “fsolve” to solve

(a) Linear equation x”—S5x+6 with initial start x, =1.8

(b) Non linear equation sinx—e™*
Solution :
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> folve( —5x+6);
2.000000000, 3.000000002

polynomial = “-5x+6
*—5x+6

fsolve( polynomial)
2.000000000, 3.000000000

(b)
fsolve(sin(x) — exp(-x))

0.5885327440

Exercise 12.1:

Q.1. Find aninterval a<x<b atwhich f(a) and

f(b) have opposite signs for the following functions .

@  f(D=e-2-x
Solution: f(x)=e" —2-x ..ww (i)

Put x=0in(i) = f(0)=¢ -2-0=1-2=-1
Put x=1 in(i) = f(1)=e-2-1=2.7183-3=-0.2817

Put x=2 in(i) = f(2)=¢'-2-1=43891>0
Thus f(x) has opposite signs in the interval [1
(b) f(x)=cosx+1-x , x isinradian.
Solution: f(x)=cosx+1-x ...... (i)

Put x=0 in(i) , f(0)=cosO0+1-0=1+1=2 >0

Put x=—;2£ in(i) => f[—g-]:cos%.g.]_%

2}

f(-;f-]=0+1—1.57 =-0.57<0
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Thus f(x) has opposite signs in the interval [0 %}

(¢) f(x):lnx—5+x
Solution: f(x)=Inx—5+x ...... (i)
Put x=3in(i) => f(3)=In3-5+3=1.098-5+3=-0.901
Pat x=4 in(i) => f(4)=In4-5+4=139-5+4=0.386
Thus f(x) has opposite signs in the interval [3 4].
(d) f(x)=x*-10x+23
Solution: f(x)=x*-10x+23 ...... (i)
Put x=3 in (i) = f(3)=()-10(3)+23

= f(3)=9-30+23=2 >0

Put x=4 in(i) = f(4)=(4) -10(4)+23

= f(4)=16-40+23=-1<0
Thus f(x) has opposite signs in the interval [3 4].

Q.2: Compute four iterates of the bisection method
for the following functions with indicated interval

[aa ’ ba]'
(a) f(X)=e"-2-x, [, 18]
Solution: f(x)=e"—2-x ....... (i)

Put x=1 in(i) => f()=e-2-1=2.7183-3=-0.2817<0

Put x=2 in(i) = f(2Q)=e*-2-1=43891>0
Thus f(x) has opposite signs in the interval [I 1.8].
Then the root is lying in the interval [1 1.8].
Now mid point of the interval [| 18] is

o o1+18 28
- 2 2

First iteration :
Now f(l4)=e"-2-14=4.0552-3.4=0.6552 >0

=14
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and f(l)=e-2-1=2.7183-3=-0.2817 <0
Since f(x) has opposite signs in the interval [1 , 1.4].

Then the root is lying in the interval [1 , 14].

Now mid point of the interval [1 , 1.4] is
1+14 24
C1 —— e S
2 2
2™ jteration:
)= -2-12=33201-32=0.12 >0
and  f{)=e—2~1=27183~3=-0:2817 <0

Then the root is lying in the interval [1,12].

Now mid point of the interval [1 , 1.2] is
1+1.2 22

& = =i
* 2 5

3™ iteration :
F1.1)=e"-2-1.1=3.0042-3.1=-(.0958 <0
and f(1.2)=¢'?-2-12=33201-32=0.12 >0

Since f(x) has opposite signs in the interval [1.1 1.2]
Then the roof is lying in interval [1.1 1.2] a

Now mid point of the interval [1.1 12] is

Fourth iteration:
f(1.15)=e""-2-1.15=3.1582-2-1.15=0.00938 > 0

And f(1.1)=¢€"'—2-1.1=3.0042-3.1=-0.0958 <0
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Then the root is lying in the interval [1.1 5 1.15].
(b) f(x)=cosx+1-x , [0.8, 1.6] x is in radian.

Solution: f(x)=cosx+1=X ...... (i)

Put x=0.8 in (i) ,

£(0.8)=c0s0.8+1-0.8=0.6967+1-0.8=0.897 >0

Put x=1.6 in(i)) = f(1.6)=cosl.6+1-1.6
F(1.6)=-0.0292+1-1.6=-0.63 <0

As f(x) has opposite signs in the interval [0.8 1.6].
Then the 100t is lying in the interval [0.8 1.6].

The mid point of [0.8 16]is ¢, = IENVET

! 12
2 2

First iteration:
F{.2)=cos(1.2)+1-12=0.3623+1-1.2=0.1623>0

And f(1.6)=-0.0292+1-1.6=-0.63<0
As f(x) has opposite signs in the interval [1.2 1.6].
Then the root is lying in the interval 12 1.6].

12+1.6 28
Z

The mid pointof 12 16]is ¢, =

= ¢ =14
2" jteration :

f(1.4)=cos1.4+1-1.4=0.1699-0.4=-0.23<0

And f(1.2)=cos(1.2)+1-1.2=0.3623+1~1.2=0.1623>0
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As f(x) has opposite signs in theinterval [12 1.4].
Then the rootis lying in the interval [12 14].

1.2+14 2.6

The mid pointof [1.2 14]is ¢, = =

”

'

t

= ¢, =13
3" jteration :

f(1.3)=cos1.3+1-1.3=0.2674—-0.3=—-0.032 <0
And f(1.2)=cos(1.2)+1-1.2=0.3623+1-1.2=0.1623>0
As f(x) has opposite signs in the interval 1.2 1.3].
Then the root is lying in the interval [1.2 13].

The mid point of 1.2 13]is ¢, = = ; L. 22'5

=> ¢, =125
4" iteration:

f(1.25)=cos1.25+1-1.25=0.3153-0.5=—0.1846 < 0
And f(1.2)=cos(1.2)+1-1.2=0.3623+1-1.2=0.1623>0

As f(x) has opposite signs in the interval
12( BN

Then the root is lying in the interval [1.2 1.25].
(c) f(x):lnx—5+x " [3.2, 4]
Solution: f(x)=Inx—-5+x ......(Q)
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Put x=3.2 in(i)
= f(3.2)=In3.2-5+32=1.163-5+3.2=-0.837<0
Put x=4 in(i) => f(4)=1n4-5+4=139-5+4=0.386>0
Thus f(x) has opposite signs in the interval [3.2 4].
Thus the root is lying in the interval [3.2 4]
The mid point of the interval [3.2 4] is
" _32+44 72,
2 2
First iteration : .
Put x =3.6 in (i)

7(3.6)=In(3.6)-5+3.6=1.28-5+3.6 = ~.i. < {
Put x=4 in(i)

=> f(4)=Ind4~5+4=1.39-5+4=0.386>0
Thus the root is lying in the interval [3.6 4].
The mid point of the interval [3.6 4] is
_36+4 76
T2 2

=3.8

G

Second iteration :
Put x=23.8 in(i)
= f(3.8)=In3.8-5+3.8=1335-5+3.8=0.135>+
Put x=3.6 in (i)
f(3.6)=In(3.6)-5+3.6=1.28-5+3.6=—0.12 <0
Thus the root is lying in the interval [3.6 4]
The mid point of the interval [3.6 3.81 4
3€6+38 74 _
e = =1
) 5 -
Third iteration :
Put x=3.7 in(i)
=> 7(3.7)=In3.7-5+3.7=1308 - 5:37=0008>:
Put x=3.6 in (i)
f(3.6)=In(3.6)-5+3.6=1.28 -5+ 36 =~ {2 <1

Thus the root is lying in the interval [3.6 3.7].
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The mid point of the iterval 3.6 3.7] is

3.6+3.7 :%:3.65

=5
Fourth iteration :
Put x=3.6 in (i)
f(3.65)=1In(3.65)-5+3.65=1.29-5+3.65=-0.05< 0
Put x=3.7 in(i)
=> f(3.7)=In3.7-5+3.7=1.308-5+3.7=0.008 >0
Thus the root is lying in the interval [3.6  3.65].
(d) flx)=x"-10x+23 , [.2, 4]
Solution: f(x)=x*-10x+23 ......(J)
Put x=3.2 in (i) '
f(3.2)=(3.2F -10(3.2)+23=10.24-32 + 23
=> f(3.2)=1.24>0
Put x=4 in(i) .
=> f(4)=16-40+23=-1<0
Then f(x) has opposite signs in the interval [3.2 4].

Thus the root is lying in the interval [3.2 4].

32+4 172
2 2

=3.6

The mid point of [3.2 4] is ¢ =

First iteration :
£(3.6)=(3.6) =10(3.6)+23=1.296 -36+ 23
=> f(3.6)=-11.70<0 and

f(32)=(32) -10(3.2)+23=10.24-32 + 23
= f(3.2)=1.24>0
Then f(x) has opposite signs in the interval [32 3.6).

Thus the root is lying in the interval [3.2 3.6).
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2" jteration:

f(3.4)=(3.4) -10(3.4)+23=11.15-34+23=0.15>0

And f(3.6)=(3.6f —10(3.6)+23=1.296-36+23
= £(3.6)=-11.70<0

Then f(x) has opposite signs in the interval [3.4 3.6].
Thus the root is lying in the interval [3.4 3.56).

The mid point of [3.4 3.6] is

34+36 7
c, = =—

5 2 2
3¢ jteration:

7(3.5)=(3.5] -10(3.5)+23=12:25-35+23=0.25>0

=35

And /(3.6)=(3.6) —10(3.6)+23=1.296 36 + 23
= f(3.6)=-11.70< 0

Then f(x) has opposite signs in the interval [3.5 3.6].
Thus the root is lying in the interval [3.5 3.6].

The mid point of [3.5 3.6 is

b 3.5-;3.6 =3§=3.55

4™ jteration :
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f(3.55)=(3.55) =10(3.55) + 23 =12.6025 - 35.5+ 23
=> £(3.55)=0.1025>0

And f(3.6)=(3.6) —10(3.6)+23=1.296-36+23

= f(3.6)=-11.70<0
Then f(x) has opposite signs in the interval [3.55 3.6].

Thus the root is lying in the interval [3.55 3.6].

Q.3: Compute four iterates of the regular -falsi method for
the following functions with indicated interval [a, , b, ].
@ flx)=e-2-x , [-24, -1.6]
Solution: f(x):e"—Z-—x O |
Here aq,=-24, b,=-16
fla,)=f(-24)=e?* —2-(-2.4)=0.09072-2 + 2.4
=0.490718 >0
f(-1.6)=€e"*~2-(-1.6)=02019-2+1.6=-0.1981<0
Then f(x) has opposite signs in the interval
24 -=18].
Thus the root is lying in the interval [-2.4 -16].
Then c, is lying in the interval [-24 -1.6].
First iteration :
As by regula falsi methoa
o s 2,=b)/(a,)
"LUNTR)-76.)
oo g g £24-(16)(0.490718)
§ 0.490718—(-0.1981)
(-2.4+1.6)0.490718)
0.490718+0.1981

Put values
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0.392574
0.68882
=> ¢, =-1.830078
fle,)= £(~1.830078) = ¢™***"* —2 - (~1.830078)
f(c,)=0.160401-2+1.830078 =—0.00952 < 0
Since the function values f(a,) and f(c,) have
opposite in signs . Then the root ¢ is lying in the
interval [-2.4,-1.830078] and discard 5, =-16.
The initial interval is reset to obtain the first interval
[a, b]=[-2.4, —1.830078]
2™ jteration :

p—— (at '_bl)f(a1)

il f(al)_f(bl)

_ (-2.4-(-1.830078))0.490718)
0.490718—(~0.00952)

5 4 (-2:4+1.830078)0.490718)
0.490718 + 0.00952

0.27967 _» 44055907
0.50024

=> ¢, =—1.8409
flc)=f(~1.8409) = e™"#® _2 — (—1.8409)

flc,)=0.15867 2 +1.8409 = —0.00043 < 0
Put g, =-2.4 in(i)
fla)=f(-24)=e**-2-(-2.4)=0.09072-2+2.4
=0.490718 >0
“ince the function values f(a,) and f(c,) have opprsite ir.
:.gns . Then the root ¢, lying in the interval [— 24 ,—1.8409] :

Tae initial interval is reset to obtain the second interval
‘a. 5 ]=[-2.4, -1.8409]

= ¢,=-24+ ~02.4+0.569922

put values

c=-24

=> ¢ =-2.4+
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3" iteration :

¢, =a, —%i)b%)——ﬁz)) put values
(-2.4—(~1.8409))0.490718)
0.490718 —(-0.00043)

(—2.4+1.8409X0.490718)

c,=-24-

-
0.490718 +0.00043 _
> ¢, =244 02743604 ., 055861
: 0.491148
= ¢, =-1.84138

fle,)= f(~1.84138) =713 _2 _(~1.84138)

flc,)=0.158598 —2 +1.84138 = -0.000022 < 0
Put a, =-2.4 in(i)
fla,)=f(-24)=¢2*-2-(-2.4)=0.09072-2+2.4
=0.490718 >0
Since the function values f(a,) and f(c,) have opposite in
signs . Then the root ¢, lying in the interval [— 2.4 ,-1.84138] .
The initial interval is reset to obtain the 3rd interval
[a,, b,]=[-24, —1.830078]
4" iteration :
c,=a _'(‘93 - b,)f(a;)
> fla)- 1)
(-2.4-(~1.84138))0.490718)
0.490718 —(~0.000022)
(-2.4+1.84138)0.490718)
0.490718 + 0.000022

2 oa  24+0.558594
0.49074

=> ¢, =—1.841405

put values

Gy

.

=> ¢, =-24+
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(b) f(x)=cosx+1-x , [0.8, 1.6] x is in radian .
Solution: f(x)=cosx+1—x ..csus (i)
Here a,=0.8 and b,=1.6 in(i) ,
£(0.8)=cos0.8+1—0.8=0.6967 +1-0.8=0.897 >0
Put x=b,=16 in(i) => f(1.6)=cosl.6+1-1.6
£(1.6)=-0.0292 +1-1.6 =-0.629 < 0
As f(x) has opposite signs in the interval [0.8 1.6].
Then the root cis lying in the interval [0.8 1.6].

First iteration:
As by regula falsi method

a5/,
© 0 fla)-76.)
(0.8-1.60.897) 0.7176
=0.8+
_ 0.897 —(-0.629) 1.526
= ¢,=0.8+047=127

7le,)=f(1.27)=cos1.27+1-1.27 =0.29628 +1-1.27

= f(c,)=0.026>0

Since the function values f(b,) and f(c,) have opposite

put values

c,=0.8~

in signs .Then the root ¢, is lying in the interval [l 27 ,1.6]

The initial interval is reset to obtain the first interval
la, b]=[1.27, 1.6]
2" jteration:

Py (a, )(al) ut values
atEm)-/6) T

(1.27 -1.6)0.026) _ .57 4 000858
0.026—(~0.629) 0.655
= ¢ =1.27+0.013=1.283

¢, =1.27-
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fle,)=£(1.283)=cos1.283 +1-1.283 = 0.28383 +1—1.283
=> f(c,)=0.00083>0
Put 5, =1.6 in(i) => f(1.6)=cosl.6+1-1.6
f(1.6)=-0.0292 +1-1.6 =-0.629 < 0
Since the function values f(b,) and f(c,)have opposite in
signs . Then the root ¢, is lying in the interval [1.283 ,1.6]
The initial interval is reset to obtain the second interval
[a,, b,]=[1.283, 1.6] '
3™ iteration:

(@, -b,)f(a;) put values

€, =a; — -
ol f(az)_f (bz)

sl B (1.283-1.60.00083) _ 12834 0:00026

2T 0.00083—(=0.629) T 0.62983

=> ¢, =1.283+0.000412 =1.2834
fle,)= £(1.2834) = cos1.2834 +1-1.2834 = 0.28345 + 112834

=> f(c,j=0.000056 >0

Put b, =16 in()) = f(1.6)=cosl.6+1-1.6
7(1.6)=-0.0292+1-1.6 =-0.629 <0

Since the function values f(b,) and f(c,) have opposite

in signs.Then the root c, islying in the interval
[1.2834 ,1.6]
4™ jteration:

o s (Cz "bo)f(cz)
A, =¢c, —_f(cz)"f(b,,) put values
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¢, 12834~ (1.2834-1.6{0.000056) _ . ., , 0.0000018
0.000056 - (~ 0.629) 0.629056

=> ¢, =1.2834+0.0000028 =1.283402

(c) f(x)=Inx-5+x , [-24, -1.6]
‘Solution: f(x)=Inx-5+x ...... (i

Put a,=-24, b, =-1.6 in(i)

=5 (— 2.4) =In(-2.4) - 5 - 2.4 = does not defined.
=> f(~1.6)=In(~1.6)~5-1.6 = does not defined.
Thus the regula — falsi method is not valid .

@) flx)=x*-10x+23 , [-24, -14]
Solution: /(x)=x*-10x+23 ....(J)
Here a,=-24,5b,=-1.6

f(-24)=(-24) -10(-2.4)+23=5.76+ 24 + 23
=> f(-2.4)=52.76>0
f(-1.6)=(-1.6) =10(-1.6)+23=2.56 +16 + 23
= f(-1.6)=41.56>0
Since f(a,) and f(b,) have same signs in the interval

[-24, -16].
Thus f(x) has noroot in theinterval [-24 , —1.]

Q.4: What will happen if the bisection method is used with
the function f(x)= ——1——2— for the following
x —
intervals (2) [3, 7] ) [1, 7]

Solution: f(x)=;% susndi}

() [éa b,]= B, 7]
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Put x=a,=3 in(i) => f(3)=- :
3

put x=b,=7 in(i) => f(7)=;_2_
Since f(a,) and f(b,) have same signs then bisection
Method is not valid .
®) [, 7]
Put x=q,=1 in(i) => f(l
ut x=aq, in(i) f() e

put x=b, =7 in(i) => f(?)=7—12=%

Since f(a,) and f(b,) have opposite signs then bisection
Method is valid.

Q.5: Find iterate x, of Newton — Raphson iterative
method for the following functions with initial

=0.2 =0

start x, :
@ flx)=x-3; x =1
Solution: f(x)=x3—3 ...... (i)

=5 F(x) =N (i)
As we know by Newton - Rapshon method

S(x)
X0 =X, T seanss A
) D

f(x,)

Put i=0 iﬂ(A) => xl=xu-—m

o
3 gl
=> x, =x —-2 Pit ¥ =1
1 (7] El v
3x?
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=> x, =1+ 0.667 =1.667

Put i=1 in(A) => xz=x1—f.(x‘)
(x)

x -
= x=x-21_", Put x =1.667
Xy
™ x2=1_667_(1.667)’—-3 _1.647.. 4.6324079 -3
3(1.667) 8.336667
= x, =1.667-0.195811=1.471
el B fle) -
Put i=2 in(A) => x,=x——=%
T f®)
3
=> x3=x2—x2—23 , Put x,=1.471
3x
(1.471Y -3 . 3.183010-3

=> x, =1.471- ;
" 3(1.471) 6.491523

=> x, =1.471-0.02819=1.443
® flx)=sinx , '/l

Solution: f(x)=sinx ...... (i)
= f(x)=cosx ...... (i)

As by Newton —Raphson method

_, _Jx)
Xa=% f (xi) ...... (A)
o <
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A R 1% put x, =1
cos X,
6y i sinl e 0.84147
: cosl 0.540302
= x, =1-1.557=-0.557
f(x;)

Put i=1 in(A) = x2=x,—f.(xl)

sinx,
Cos X,

put x, =-0.557

sin(-0.557) -0.5286
= =—0,557—-—-—~—-—-—=‘-0.557“
> 5 cos(—0.557) 0.8488

=> x,=-0.577+0.6228 = 0.0458

Put i=2 in(A) =>x’=x2_;'((22))

=X =

-5 put x,=0.0458

X3 =X,

cosx,
sin(0.0458) 0.0458

= x,=0.0458 - ————4 =0.0458 -
> % =00858 - {0.0458) 0.9989

=> x, =0.0458-0.0.0458 =0.0000
(¢) flx)=x*+2x-1, x,=0

_ Solution: f(x)=x'+2x-1 cccevuna(i)
= f(x)=3x*+2 ...... (i)

As by Newton —-Raphson method

EACH . A
f(x) &

=X

i+]

Slx)

Put i=0 in(A) => x1=x,,-—f(xp)
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5 % x__xf,—!-Zxa—l T
S~ put %,
. I=0_0+0-1=1_0.5
0+2 2
; : f(xz)
Put i=1 in(A) => x,=x———%
e f(":)
x +2x, -1
e x2=xl—-—‘-?;3—+-‘-2— put x, =0.5
o x,=05- 05 +205)-1_; 0125+1-1
3(0.5 +2 0.75+2

=> x, =0.5-0.0909 = 0.4041

o B B _ —— b (xz)
Put i=2 in(A) =>x,=x, f(xz)
ﬁ—#ﬁ put x, =0.4041
3x; +2
(0.4041) +2(0.4041)-1
3(0.4041) +2
0.065988 + 0.8082 -1
0.1633+2
=> x,=0.4041-0.0581=0.3459

@ f(x)=sinx , x,=-2

=> x, =0.4041-

=0.4041-

Solution: f(x)=sinx ...... ()]
= f'(x)=cosx ...... (i)

As by Newton —Raphson method

A €.))
% =% = FE) (A)
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Put i=0 in(A) => x,=x _ flx,)

© ()
x;=xu—5mx“ put x, =-2
cosXx, .
> x o1 Sin(=2) _ , -0909
: cos(-2) -0.42

=> x,=-2-2.16=-4.16
Put i=1 in(A) -_—)xz:xl_f(xl)

¥ xl)
X, =% — sin x, put x, =-4.16
Cosx]
o x,=-416-S0C416) 4, 08513
cos(~4.16) ~0.5247

= x, =-4.16-1.6225=-5.7825

Put i=2 in(A) = x3=x3_j:'((§2))
2

x; - xz _ Slan put xo e _5-7825
cosx,
> x, = 57825~ sin(-5.7825) _ 57805 048
cos(—5.7825) 0.88

=> x, =—5.7825-0.5454 = —6.— 3279

Q.6: Use Newton — Raphson iterative

method to approximate the actual r of the
following non —linear equations with indicated

interval .
(@ f(x)=x*+3x-1=0 in (0, 1)
Solution: f(x)=x*+3x-1=0 ....... (i)
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As by Newton —-Raphson method
f(x)

Xis1 =x,-—?:'(;'j' ceneni(A)
Put i=0 in(4) = x1=xoﬂ_}f((zi))
x) +3x,—1

= X=X,
1
¢ 3x2+3

Here in interval (0, 1) we start any where.
Let x, =0.5 ,then put x, =0.5
(0.5 +3(0.5)-1 0.125+1.5~1
=05-
3(0.5) +3 0.75+3
=> x,=0.5-0.16666=0.333

x =05~

Put i=1 in(A) = xznxl—f(xl)

S (%)
+3x -1
%, =0333— (0.333) +3(0.333)-1
3(0.333) +3
o 3, = 03558 0.0369 +0.999 -1
0.333

=> x,=0.333-0.109=0.225
Put i=2 in(A) =>x=x,- f(xz)

i (xz)
3 —
=> x3 -_--xl _fl.‘igﬁ_'l
3x; +3
r,=0225 (0.225% + 3_(0.225)—1
3(0.225) +3
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0.01139+0.675-1
3.1518

= x, =0.225-

=> x, =0.225+0.099 =0.324
B) f(x)=x+2x*-x+1 on (-3, -2)

Solution: f(x)=x+2x>-x+1 ... (i)
= f(x)=3x*+4x—-1 ...... (ii)

Let here we start x =25

As by Newton —Raphson method

x; =x‘—f(x") ...... A
=5 g

Put i=0 in(A) = xl=x.,—j:-((2))

x+2x2 =x, +1
3xt+4x, -1
(-2.5) +2(-2.5F —(-2.5)+1
3(-2.5) +4(-2.5)-1

= X =X,- put X, = 2.5

=> X, =-2.5—

e =_25__—15.625+12.S+2.5+1
o\ ¢ 18.75-10—1
= x, =-2.5-0.04838 =-2.5484
1 i f(x1)
Put i=1 in(A) => x, =x—=
AT
3 2_
=7 x’Z =xl - x] +22x1 xl +1 put xI s _.2.5484
3x; +4x, -1

(- 2.5484) +2(-2.5484) —(~2.5484)+1
3(—2.5484) +4(—2.5484) -1

=> x, =—2.5484 -
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—16.5502 + 6.4943 + 2.5484 +1
19.4830-10.1936-1

/(x)

Put i=2 in(A) = x3=x2—}_-7—(-a

=> x, =-2.5484 —
= x, =-2.5474

X, +2x2 —x, +1
3x2 +4x, —1
put x, =-2.54874
(=2.5474) +2(-2.5474) ~(~2.5474)+1
3(~2.5474) +4(-2.5474)~1
—16.5307 +12.9785 +2.5474 + 1
19.4677 -10.1896 -1

=> x, =-2.5474 -

=> x, =—2.5474 -
=> x, =-2.5468

(¢) ¥x-3=x+1 on [-3, -2]

Solution: Let fx)=(x- 3)l L9 >0

fx)== (x 35 1=

3(x 3)3
Since here -2 is also include in the interval.

So westart at x,=-2

As by Newton —Raphson method

. _Jx)
Xa=% fl(xf) ......(A)
e
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=5 ¥ =% ] = put x, =-2
=
3(xu-—3)3
1
o el (_2._3)13._(_2)_1 2_(—5)13 +2-1
—_—1 —~1
3(-2-3p 3(-5)
= —-1.70997 +1 0.70997
= pmed e e D
1 - —0.8860016
3(2.9240)
=> x, =-2.8013
=1 ] =)
Put i=1 in(A) = x,=x -
P
:
= x2=x,-(""31)‘ ~5 -l e R 28013
==k
3(x,—3)§

(=2:8013= 3 — (- 2.80i3)1
~ [
onil)
3(-2.8013-3)

= x,=-2.8013

1
(-5.8013)5 +2.8013 -1
T
3(-5.8013)5
0.004464
-0.896757

=-2.8013-

=> x,=-2.8013+

= x, =—2.796322
1)
/()

Put i=2 in(A) = x;=Xx,-
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(-2.796322-3)5 —(~2.796322)1
1

3(-2.796322-3)3
(= 5.796322)F +2.796322 1

= x,=-2.796322-
=1

= 2796322 1
51
3(-5.796322)
e
0.8966976

= X, =—2.796322
Q.7:Use MAPLE command “fsolve” to solve 3x* +4x—3=0
With initial start x, =2
Solution: Command:
fenhvel 2. © +4x — 3)
-1 868517092, 0.5551837585

Trapezoidal Rule: If f(x) is continuous on [a, 5],
then the trapezoidal rule is

jf(x)cﬁm%[fa S+t L)+ 2] s called

Trapezoidal rule .

b—a

Here Ax= => nAx=b-a

n
=> b=a+nAx
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The function values f,, f, , f;, ooy f, can be
obtained
by f,=f(a+kAx) where k=0,1, 2,......,n because

if k=0 then f,=f(a)=f(x,)
if k=1 then f =f(a+Ax)=r(x)
if k=2 then f,=f(a+24x)=f(x,)

and so on

Example .5: Approximate the definite integral

2
I= I x’dx in n=4 subintervals and then compare your
-1
approximate answer with the actual value of the definite
integral .

Solution: Here a=-1, b=2 , n=4

b-a 2-(-1) 2+1
Th Ax = = =
- n 4 4

4

As f, =f(a+km)=f(_1+%)

RYa 1+_) ( __] ..

where k=0, 2.3,

Put k=0 in (A) = £, =(-1+0) =1

2 2
Put k=1 in (A) =>j;=[—1+%] =(-—] =%=0.0625
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Put k=2 in (A)

2 2
=1 =[—1+3:2) =(—1+§) =-1—=0.25

4
2

Put k=3 in(A) =>f3=(—1+%} =%§:1.5625
3 x

Put k=4 in(A) => ﬂ=[~1+

As by Trapezoidal rule

2 .
J'xzd'c=ézx——[ﬁ,+2(ﬁ + f,+ f,)+ f,] put values
I

2
=> [ =—2_[1+2(0.0625 +0.25-+1.5625)+ 4]
5 2x4

=3.28125

Now actual value is
-(@r-v)

1 9
-5'[3—(—1)]‘-'5'"3

2 g xJ
:[lxdx=—37

2
-1

Thus error = actual value — approximation

=3-3.28125=-0.28125
Simpson .s rule: If f(x) is continuous on closed interval

[a, b] then
S;0 = [ flx)x

=%x-[fa AL+ 1 ot Lo VUL + fo b oo Fon )} S
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Q.1:Use the trapezoidal rule to approximate the value of each
definite integral . Round the answer to the nearest hundredth

and compare your result with the exact value of the definite
3
integral.(a) /= J'xzdx and n=4
1
Solution: Here a=1, b=3 , n=4

Then At:b_a=§i —2-
n 4 4

As f, =f(a+kAx)=j{1+g)

k kY
= f, = 1+—2- = 1+—2— vees(A) where £=0,1,2,3,4

Put k=0 in(A) => £, =(1+0)f =1
2 2
Put k=1 in (A) => ,z(1+l) =(%] =%=2.25

2
Put k=2 in(A) =/, =(I+%J =(1+1)2=4

; .
3 25
Put k=3 in(A) => f3:(1+—2~] = -=6.25

2
Put k=4 in(A) => f,,=[1+-;-) =3F =9
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As by Trapezoidal rule
2
Ixzdx =%—'F—[j; +2(f,+ f,+ f,)+ f,] putvalues
-1

1

X

2
=> [rdv=——[1+2(2.25+4+6.25)+9]=8.75
=1

Now actual valueis

Loy y)

j'xzdx = %

1

[27—1]=2?6=8.67

"
3

Thus error = actual value — approximation
=8.67-8.75=-0.08

1 2
(b) I(%H]air , n=4

Solution: Here =0 and b5=1

Asﬁ=f(a+km)=[[0+—§)
| K 1 kY
~ si=A{5)3la)
= f;,=;‘—2+1 ...... (A) where k=0,1,2,3, 4
Put k=0in(A) => f, =1

Put k=1in(A) => fl=§1§+1=1.03125
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2
Put k=2 in(A) =>fz=%+1=%+l=l.125
Put k=3 in(A) = f,= o+l=e+1=128125
TR
£ 1

Put k=4 in (A) = j; =-§+1=-2—+1=1.5

As by Trapezoidal rule
o x° Ax
I(—E+l]dx=?[f; +2(£, +5 +f)+ j;] put values
0

1
2x 4

=1.171875

[1+2(1.03125+1.125+1.28125)+1.5]

L2 b3 1
Now actual valueis -[(*2_ - lex = —6— +X
1]

0

-y -0l ¢-0)

=%+1=0.16667+1=1.16667

3
(c) I=J'-“-5"- , n=6
N
Solution: Here a=1, b=3, n=6

and f(x) =§
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Put k=2 in (A) $ﬁ=?%=g=o.s

3 3
k=3 in(Ad) = =——===0.5
Put 3in(A) = f o

3 3
Put k=4 in(A) = { =——=—
“) Ji 3+4 7

—0.42857
Put k=5 in(d) = £,e2-22 _q375
3+5 8

Put k=6 in(Ad) = fi=—-===0.333

As by Trapezoidal rule

3
_‘E-:%D;.;.z(fl + i+ i+ Lo +j;)+j;] put values

1 *

3
= jf-&—zi[nz(o.ﬁ +0.6+0.5 +0.42857 + 0.375)+0.333]
T x  2x3

=%(6.6404)= 111
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Now actual value : I-‘E =1Inx|
X
=In(3)-In1=1.099
2
(d) M+x’dx , n=6
0

Solution: Here ¢=0, b=2 and n=6

As f(R)=1+x
Now f, = fla+kAx)= f[o +§—J

A4

9+k> VI+K?

=> f;,=\[+9 _Y T e (A)

Where k=0,1,2,3,4,5,6

Pat -G UNNIS, =203

3 3

Put k=1 in(A) => f_————m_-—‘f:_l.ose;
Put k=2 in(A) = f,= “9; =‘f3—=1.202
Put k=3 in(A) = f,= '93+9=J§8_=1.414
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Put k=4 in(d) = f,= 9;"16 =-§-=1.667
Put k=5 in(4) => f,= “9;25;’?:1.944
Put k=6 in(4) = f,= 9;36=‘[3‘E=2.236

As by Trapezoidal rule
2
J.-J1+x2cb:=%[ﬁ, +2(fi+ fo+ i+ fu+ f;)+ f;] put values
0

1

b

2
= | V1+xde= %(17.798) =2.97
0

[1+2(1.054+1.202+1.414 +1.667 +1.944) + 2.236]

Actual value : As we know the integration of

J 2 2 2
J'w}az+x2dx=—~—-x 2% 2 i+ Vat+?

2 2
See chapter no 5 integration by parts. Then

2

2
+—;—ln(x+'dl+x2]
0

2
I 1+ x2dx =

0

xVv1+x’

2

0

S, +-linf2 + vI52)-1n(0 + V50

2
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=5 +-12—1r1(2+ J5 )—-;—ln(l) =2236 +-;—1n(4.236)+ 0

=2.236+0.7218 =2.96

Q.2: Use Simpson’s rule to to approximate the value of each
definite integral . Round the answer to the nearest hundredth

and compare your result with the exact value of the definite

4
integral . (a) ]= I xdx 3 n=3
2

Solution: Here a=2, b=4, n=3 =2n=6

Ax=—"="""=— Let f(x)=x

Where £k=0,1,2,3,4,5,6
Put k=0 in(A) =

(o]
-
]
L

N
|
| <
II

Put k=1 in(A) =

/'__‘\
N
+

QD | —

i

Y Y
;T’\ kﬁ
/'_"\

[\ ]

+

|
\..__./

O

\o|°‘

Put k=2 in(A) = =7.11

Put k=3 in(A) =>

II
=y

[\

+
Wlw W
\.._._/

I

LFS]

‘-ﬂ

\0
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Put k=4 in (A)
2
4 100
w o | Bt | =Rl R T
> Ja ( 3) 9
2
Put k=5 in(A) => )‘;=[2+§] =%—1=13.44

2
Put k=6 in(A) = f, =(2+§J =(4y =16
As by Simpson’s rule

szdx =%[f; +4(f, + fi+)+2(f, + £,)+ f,] put values

2
4

[ x2ax =-33—3[1+4(5.44+9+13.44)+ 2(7.11+11.11)+16]
2 x

=18.3288

34

4
Actual value : jx’dx |
2

2

= lay - @)= (64-8)=18.67

3 xz
(b) j[—B--l}zx , n=4
2

Solution: Here a=2,b=3 , n=4

b—a_ 3-2 1 :

x
Ax = Bt R - s
o g g and f(x) 5 1

Now f, =f(a+kAx)=f[2+§]

www.perfect24u.com


https://www.perfect24u.com/
https://www.perfect24u.com/
https://www.perfect24u.com/

KPK MORE BOOKS, NOTES VIST NOW: PERFECT24U.COM

2
=> k=%(2+£] -1 (A)
Put k=0 in (A) =>f0==%(2)1—1=0.33

2
Put k=1 in (A) =>j}=%[2+—;-] -1=0.505

2
Put k=2 in (A) =>j;=%[2+%] ~1=0.6875
, ' 1 3)’
Pl!tk=3 lll(A) -'-">f;=§ 2+§ —1208802
i if. 4y
Put k=4 in (A) =>j;=g 2+-8- ~1=1.083
1(. sY
Put k=5 m(A) =>f;=§(2+§ —'1=1297
/
1 6\2 .
Put k=6 in (A) =>f6..-3—(2+-§ —1=1.5208
/
i A
Put k=7 in(A) =>f-}=-§[2+—8- -1=1.755
/
y 1 gy
Put k=8 in (A) =>fa=‘37 2+§ -1=2

As by Simpson’s rule
4
[ =ZE1f, + 405 + £+ S+ £+ 2o+ fi+ S)* ]

2

1 [0.33+4(0.505+0.8802+1.297 +1.755)
" 3x8{+2(0.6875+1.083+1.52)+2

=1.111
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302 o
Actual value : I[-— - l]dx =——X
A, 2 2

=57 -@1-6-2)
=%(27—3)—1=1.11

3
(c) I———Iﬁ, n=3
lx
Solution: Here a=1, =3 , 2n=6
g=g o1 L
2n 6 3
f(x)=1 then f;:f(a+kax)=f[l+k]

x 3

Ax =

= = Lk = ..e-...(A) Now table is under
1+ 5

| k 0 1 2

1_ 3 1 0.75 | 0.6
A

oW
th

0.43 0375 | 0.33

k+3

As by Simpson’s rule
3

jl@:%x_[f; +4(f + £, + £,)+ 2(f, + £,)+ £.] put values

lx

1
3 XY

=1.10

[1+4(0.75+0.5+0.375)+2(0.6 + 0.43)+ 0.33]
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Actual value :

3
[~ =1nxf =In3-1n1=1.098 or 1.10
1

1
(d) I=J'e2‘dx , n=4
0

Solution: Here a=0, b=1 , 2n=38

=b2_na 180=% and f(x)=e* Then
(= slerked= o= (3]
{8 _4
= fi =€ V=" G (A) Now table is under

k 0 1 2 3 4 S 6 7 8
I 1 1.28 | 1.65 | 2.11 | 2.72 | 3.49 [ 4.48 | 5.75 | 7.39

o |4 [ |6 [ LRIV |5 | A&

As by Simpson’s rule
1
% Ax
[eae =20, +4(5 + 5+ fir )+ 2fs+ £t S+ ]

o

=§1_s[1+ 4(1.28+2.11+3.49+5.75)+ 2(1.65 + 2.72 + 4.48) + 7.39]
X

=3.19

2x]

Now exact value is j[e"dx= 62 =-12—(e2—e°)

0
=%(7.39~1)=3.195

Q.3: A quarter circle of radius 1 has the equation
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J--dl—xzdx=-;£ 5

Approximate the definite integral on the left by trapezoidal
rule that equal the right side when 7 =3.1
Solution: Here f(x)=v1-x' and
a=0, b=1 and

Now the table is under

k 0 1 2 3 4
I3 1 0.9682 | 0.87 | 0.66 0
8 A f s Je

Now by Trapezoidal rule

,i.“l_'xz =%—x[ﬂ +2(f, + £, + £,)+ f,] putvalues

= —[1+2(0.9682-+0.87 +0.66)+ 0]
2x4

=0.7495 .....(J)
But Z=31_0775 ....)
4 4

From (i) and (ii) it is proved approximately that
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Q.4: A quarter circle of radius 1 has the equation
y=+1-x for 0<x<1, which means that

1
[Vi-x° =i;‘-, n=4
0

Approximate the definite integral on the left by simpson,s
rule that equal the right side when 7 =3.1
Solution: Here f(x)=+1-x* and
a=0, b=1 and 2n=8
b—a_ 10 1

2n 8 8
Now f; =f(a+m)=f(0+£]=f(£}

3 8
k 2
= A=i-(3)

Now the table is under
k 0 1 2 MM I5 16 17 |
fi |1 109909609208 |0.78 10.66 048
I T
L | (R (L |6 L 1 | h

Now by Simpson’s rule
1
Ix}l-—x2 =%L‘; +4(F + £+ L+ )220+ o+ f)+ £
0

Put values

o 1 [1+4(0.99+0.92 +0.78 +0.48)
- _— 2 e
! b X =308 +2(0.96+ 0.8+ 0.66)+ 0

=0.7802 ...... ®

Bl e 00 ki
4 4

Ax =

But

From (i) and (ii) it is proved approximately that
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Review Exercise 12.
Q.1: Choose the correct options.
(i) When f(x)=0 , the roots of the equation

f(x)=6x*+5x—6 are:

2 2 2 3 3 2 3 2
@33 oE-3) oG5 eF3)

(ii) When f(x)=0 , then the value of x in the equation
fx)=x?+6x-5 is:
(a) x=-3.7187 (b) x=0.37187.... (¢) —0.37187 (d) x=4.7847
(iii) The Newton Raphson method is also known as :

(a) tangent method (b) second method

(¢ ) diameter method (d) chord method
(iv) The iterative formula for Newton Raphson method

(3) x f (xz (b) xl & f (xB)

oo e o
L) ) Pall
&) % f‘(xz) % ”+fl(xz)

(v) The function values {a) and / (c) at x=q and x=¢
have the opposite signs , then the roots lies in the
interval : (a) [a,. b] (b) ]'_a, c] () (a, b) @) (a, c)

(vi) The Newton Raphson method fails at :

(a) stationary point  (b) floating point
(¢ ) continuous point (d) non of these

(vii) The Newton Raphson method fails at :
(a) stationary point (b) floating point
(¢ ) continues point (d) non of these

(viii)The MAPLE command to solve equation x* —-5x+3=0
(a) solma'(x2 -5x+3= 0) (b) _;Cfolve!(x2 -5x+3= 0)

(©) sfnwfcm(x2 -5x+3= 0) d) p:'.'olve(x2 -5x+3= O)
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(ix) The roots of the equation x—sinx— % =0 by using the

bisection method between 1< x< 2,
(a) 1.88 (b) 148 (c) 1.49 (d) 1.897
(x) The bisection method also known as :
(a) Newton method  (b) Binary Chopping method
(¢ ) Quaternary method (d) non of these
Answers: (i) b (ii)c (iii)) a (iv)e (v)b
(vi)a (vii) d (vii)b (ix) c (x)b
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