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Unit- 11 : Partial Differentiation:
Function of two variables : The function z=f (x, y) is
called a function of two variables x and y if a unique
value of z is obtained from each ordered pair of real
numbers (x,y). The real numbers x and y are called
independent variables and z is called dependent variable.
The set of all real numbers for which zis defined is called
domain of the function z.
The set of values f(x, y) is the range.

Partial derivatives: If z= f(x, y) is a function of two
variables . Then the partial derivatives of z= f(x, y)

of

with respect to x is demoted by = o /. and given by

A fle+Ax, y)-fx,9)

—_—= f; = lim
ox Ar—0 Ax
The partial derivatives of z= f(x, )

with respect to y is denoted by % or f, and given by
Y _ gt L LHORNEY)
ay Ay—0 ay

Note: (i) In f, , y remains constant.

Ji) In f, , x remains constant.
Example.2: The function is f(x, y)=x’y+ x*. Find
partial derivatives f, and f,.

Solution: f(x, y)=x’y +x" ...... ()]
Differentiate w.r.t. to x.

of 9 (.3 2

—_—— = —_—— +

Fadt £ ax(x y+xy?)
=> f,=3x’y+y* Ans

Differentiate (i) w.r.t. to y.
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%w& =§;(xfy+v’)

= f,=x+2xy Ans.
Exercise 11.1:
Q.1:If f(x,y)=x*y+xy* and t is any real number,
then find out the following :
@ 0.0 ® sf(-1,0) () 0, -1)
@ f.0) (© sb.7) ® -1
Solution: f (x, y) =y +27 ceienn (i)
Put x=0, y=0 in (i)
0)= (0)’(0)+(0)(0)z 0
(b) f(x y)—x P e ®
Put x=-1, y=0 in()
f1, 0)=(-1)(0)+ (~1)0) =0
) fxy)=xy+xn’ ... @)
Put x=0, y=-1 in(d)
10, ~1)=(0f (-1)+(f-1y =0
@) flx,y)=xy+x* ...... (i)
Put x=¢t, y=¢ in(i)
1, 0= (r)’(r)a—(ar)(r)z £+ =2
) fxy)=xy+x? ...... (1)
Put x=¢, y=£ in(i)

S D=PE)+ O =t +# 4ns.
® fly)=x*y+x* ... @@
Put x=1-¢t, y=¢t in(i

fl-¢, )=-1F@)+0-X)
=(-2t+2 ) )+12 -7
=t=-20++1 = =1-1* Ans.
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Q.2: The functionis f(x, y,z)=x"ye™* +(x+y—z). Find
the function value at the following points:
@ f(0,0,0) ® f{,-1.) () f(-1,1,-1)
@ 2ftxx) @ 27y © Z2/1,7)
Solution: (a) f(x, y,z)=x*ye* +(x+y—z)..ccu(i)
Put x=0,y=0, z=0 in (i)
7(0,0,0)=0+(0+0-0f =0 Ans.

®) f,-1,1)
Put x=1,y=-1, z=1 in(i)

f-1,1)=@¢ (1 +@-1-1f
=—e’ +(-1f =-e’+1 Ans.

() f(-1,1,-1)
Put x=-1,y=1, z=-1 in (i)

S =)= 0 + 1+ 1=(-DF

=e?+({1f =e?+1 Ans

@ -i;f(x, %, %):

Pat x=x ,y=x§ 2=x"In(d

f(x, x, x)=x*xe* + (x+ x-xf

=xe”*+x* . Now

=> —;;f(x, % x)=§( e 4 x2)
3 0 2x 2x 0 3 0 2

=X.—e +e . —X +—X
e % o

3et* 202* 1 2x Ans.

=2xe”" +3x’e

0
—f(1,»1):
(e) ayf( ,1)

www.perfect24u.com


https://www.perfect24u.com/
https://www.perfect24u.com/
https://www.perfect24u.com/

KPK MORE BOOKS, NOTES VIST NOW: PERFECT24U.COM

U, 3 )=y +(1+y-1
= f(1,y,1)=ye*+y* .Now

%f(l,y,l)=%6'e’+y2)
=e’+2y Ans.
® —1L.1,7)
Put x=1, y=1, z=2* in (i)
£l,1,22) =P+ (1+1-22f
= f(l,l,z):e +(2—z)1
Eza—f(l 1, zz)=§;(e2 +2-2Y)

=0+2(2-z’)a-i(2—z’)
=2(2- 2)-22)
=—42(2-2%) =4z(z* -2) Ans.
Q.3: Find the partial derivatives /, and f, of each of the
following functions .
(@) f(x,y)=sinx’.cosy
Solution: f(x, y)=sinx*.cosy .....(i)

Differentiate (i) w.r. t. to x partially
of

X éa_r (smx cosy]

3 . .
=> =COSy —sSsInx
Vi s

= (cos y{2xcosx)
=> f =2xcosxcosy Ans.
Differentiate (i) w.r. t. to y partially
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; 0
=> f, =sin xz.-é;-(cos )

=-sinx’.siny Ans.

(b) f(x, y)=+3x"+y*
Solution:  f(x, y)=+/3x* +y* ....())

Differentiate (i) w.r. t. to x pamally

%Z- =§(3:cz +y‘);-

= f, =%(3x2 +y"}%4§;(3x2 +y4)
= é— (3:&'2 +y T%Gx
o Ans.

\}sz +y!

Differentiate (i) w.r.t. to y partially

gy_« =§(3xz +y“)%

= f,== (Bx +yF 6y(3x +y)

~Lxt 1y T3y)
= 2y3 Ans.
;;3x2+y"

(¢) f(x,y)=x)’tan'y

Selution: f(x,y)=x’tan"'y ....>J)
Differentiate (i) w.r.t. to x partially
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= f.=ytan™ y-g:-(x)= ytan™y Ans.
Differentiate (i) w.r. t. to y partially .

o_8( s .
>~ )

g . s 0
=> L:x(y’atan'ya-tan‘ygy’]

3

Y o
=> = +3y* tan Ans.
o x(“_yz y y} ns

@ fCx, p)=x"+x’y+x" +y’
Solution: f(x, y)=x"+x’y+x°?+3 ....00)
Differentiate (i) w.r. t. to x partially.
@- a 3 2 2 3
—=—x"+xy+xy° +
% o ( Yrxy, té )
= f.=3x"+2xy+)" Ans.
Differentiate (i) w.r. t. to y partially.
g =§;(x3 +xty+xt+y)

dy
=> f,=x’+2xy+3y* Ans.

() f(x,y)=sin"xy
Solution: f(x,y)=sin"xy ...... (i)
Differentiate (i) w.r. t. to x partially.

% = g;—(sin" xy)
1 0

& L =T_(?);-'5x' ()

www.perfect24u.com


https://www.perfect24u.com/
https://www.perfect24u.com/
https://www.perfect24u.com/

KPK MORE BOOKS, NOTES VIST NOW: PERFECT24U.COM

y
= f = Ans
l_xzyz
Differentiate (i) w.r. t. to y partially.
o _ 0 (.
— =-—{sin™ xp
oy a.v( )

=> fy= e 2 (17)
i-(of &

= - ol )

=> fy m Ans

M f(x,y)=x"e"cosy

Solution: f(x, y)=x%¢".”COSY seeuus ®
Differentiate (i) w .r.t. to x partially .
af 4 2,5,y
= =—({x%¢"e’ cos
-t »)

=5 f =e'tosy %(xze‘) use product rule

s 4 G
=> f,=e’cosy (xz—é;e +e asz
=¢” cos y(xze‘ + 2xe“)
=¢’.e" cos _)/(Jc2 + 2x)
= f =t g y(xz +2x) Ans.

Differentiate (i) w.r. t. to y partially.

% = % (xze’e’ cos y)

= \f, = x’e’-%(e’ cos y) use product rule

0
= f=ale’ [e’ -,?—cosy+cosy—e"]
ox Ox
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= x%e* (—- e’ sin y + cos ye’ )
= x%*.¢’(~siny+cos y)
= f.=x%"(cosy-siny) Ans.
Q.4: The product function z for the United states was once

estimatedas z=x"" " .

where x stands for the amount of labour and y stands for
the amount of capital . Find the marginal productivity of

Iabour = and of capital o :
22 &y

Solution: Given the production function is

g™ 9 e ()
Differentiate (i) w.r.t. to x partially.
62 0 07 03 62: 0.3 8
——X =2

=> % =(0'7)y03x0.‘f—1 =, % =07 yﬂj-x—O.J Ans.

Differentiate (i) w.r. t. to y partially.

2=i U-?_ 0.3 = ?£= 0.72 0.3
ayay(xy)>@x®(y)
= _gz; %) ISR _;5 = (0.3)x"y™" Ans.

Q.5: A similar production function for Canadais:

z f(x y) x(H 0,6
where x stands for the amount of labour and y stands for
the amount of capital. Find the marginal productivity of

labour %, and of capital [ .
ox
Solition: z=x%y"* ...... (i)
Differentiate (i) w.r. t. to x partially .

gi_:%(xu_yu_s) g gzx_ yu:s:x( ‘)
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=> % =(0.-flt)yu"s.vrc"““1 => %: 0.4 yo‘s.r““ Ans.
Differentiate (i) w.r. t. to y partially.
az a 04 _06 az 0.4 a 0.6
—_—=—I\X y 3y = —=x—= A
=g e et
oz Oz
s (e 0.6 0.4y0,6—l " (0.6)x°"y‘°“ Ans. i
oy (0.6): oy
Q.6:If f(x, y)=x*y+x’. Thenfind f, and f, by using
definition of partial derivatives.
Solution: f(x, y)=x*y+x? ...... 6))
Differentiate w.r.t. to x.

-g—=f,=-§x-(x’y+xy’)
=> f.=2xy+y’ Ans.
Differentiate (i) w.r.t. to y.
9 9 (.3 2
—=f,==—\xy+xy
ay ¥ ay( )

= f,=x"+2xy Ans.

Homogenous function: A function f(x, y) is called
homogenous function of degree n if

fOx, )=21(x, ).
Homogenous polynomial : A polynomial function f(x, y) is
called homogenous function of degree n if the degree of

each of its terms in x and y are equal to n.

The homogenous polynomial is of the form

f(xp)=a,x" +ax""'y +a,x"*y* +......... +a,_x"" +ay"

2 n-1 n
1t >[ AT CI p— M,,(z)}
x x x X
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Example .5: Show that the function f(x, y)=2xy+)* is a
homogenous function of degree 2.
Solution: f(x, y)=2xy+y* ....()
Now replace xby Ax and y by Ay in (i)

flax, ay)=2(ax)2p)+ ()

= 22%xy + 22y

= A’(2xy P y2)= 2f(x, )
Thus f(ix,4)=2f(x, »)

Hence eq(i) is homogenous equation of degree 2.
Statement of Euler Theorem :
If z= f(x,y) is homogeneous function of degree
"n". Then xg+y6f =nf or x-a—z—+y-a—z-—nz
ox ~ oy Ox Qy
Proof: Let f(x,y)=x"+x""y+...+0"" +y" =)
be a homogenous fi:nction of degree n.

mzdnlzed by "x" both s:des
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W A yf '(Z)+ nx" f(z) — (iii)
Ox x x

Now differentiate (ii) w.r.t y

of _ 8[.. y)
> o =)

~Z-#r(Z)3{s)

(
=x".—f L
X \ X/

Multiiplied by"y" both sides

(v
=>yg=yx""f' 2| iv)

oy \ X/
adding (iii) and (iv)

=> x%+y% = nx f[%]=nf Proved

Hence x aj; ; nx" f(z]- nf(x,y) which is the proof

Example .8:

? ? ou ou .
If u=tan™| = =¥ to prove that x— + y— =3sin ..
If u=tan [ D o yay

3 3

3 3

% x X+
Solution: u= tan“[——y—J => tanu = Y

x-y -y

3 3

Ty

Let f(Jnc,y)=tanu=Jr

- ()
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put x=Ax & y=2Ay in Eq(i)
() + W) _ A +yY)
Ax— Ay Alx=Y)
_ 2 P+
xX=y
=2 f(x,y)
Hence the function f is homogeneous of degree "2"

Then by Euler’s theorem
x%—-i-y—g—:b’ — (i)
As put f=tanu in (ii)
= x%+y%;-=2tanu — (iiD)
Since f=tanu ....(iv)
Differentiate (iv) w.r.t. x and y partially.

Y -2 tanu

Sf(Ax,Ay) =

=5 %=seczu@ multiplied both sides y
X

y-gyf- yhec? u-gy—" () Adding (d) and (b)

$x—af-+y9-:=xseczu?-u—+yseczu——
ox "oy

ox %
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2[ ou &j
=5eC” U] X—+ Y — | sesue(V)
ox "y
Put (v) in Eq (iii)
sec’ u x@+y§-z-‘- =2tanu
ox " Oy
Ou 2sinux 1
dy cosu seclu

_ 2sinu

X COS” U
cosu

=2sinu.cosu =sin2u
Hence x% +y% =sin2u Proved

Example. 9:Use MAPLE command “diff” to find the
partial derivative of

() f(x,y)= x> +y* +3xy* +4x’y w.r.t. variables x andy
@) f (x, y) = ysinx+xcosy + x*w.r.t. variables x andy
Solution: (a) Open the MAPLE program . Then open the
document and use the keyboards keys and write
diff (x"3+y"3+3*x*y"2+4*x"2*y,x); then
Press enter key you get result.
diff (x"34+ y"3+3*x* y"2+4*x"2*y,y); then
Press enter key you get result.
Command:
> diff (2 + + 339 +4-2,x);
32 +8x y+3 y2
> diff (o +5* + 327 +3.4,9);
32 4+ 6xy+3)
(b) Openthe MAPLE program . Then open the
document and use the keyboards keys and write
diff (y * sin(x) + x * cos(x) + x"2,x); then
Press enter key you get result.
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diff (y *sin(x) + x* cos(x) + x*2,y); then
Press enter key you get result.
Command:
> dg'ﬁ'(y-sin(x) + x-cos(x) + xz, x);

ycos(x) + cos(x) —xsin(x) +2x
> d{ﬁ‘(y-sin(x) + x-cos(x) + x‘-,y)
sin(x)

EXERCI 1.2
Q:1: Are the following functions homogenous ?

(@) u=f(x, Y)=sin"(7f%-J

X+4y

Solution: f(x, y)= si;f‘[%} ....... (i)
x

Now replace x by Ax and y by Ay in (i)

2
.ol Ax+Ay
Ax, Ay)=sin™
f( y) JE+ Ay
A

A alx+y) }

| VAW +4/y

=sin

=sin”'JA x+yJ
X + y

= f(x, ¥)

Hence (i) is not homogenous function .
x+y

(b) “=f(st’)=m

X+Yy

Solution: V) == veiiens i
Solution: f(x, y) m ®
Now replace xby Ax and y by Ay in (i)
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Hence (i) is homogenous function of degree % ‘

Y
(¢) z=f(x, y)=xe* =3y’ x"+ )’

y
Solution: f(x, y)=x'e* -3)%x* +y? ...... (M
Now replace xby Ax and y by Ay in (i)

10, 29)= (s e -3} () + oY
- Pxler —32 YA+ 22y
R s O
= f(ix, )= f[fef —3y2fx =y ] ........ (ii)
Put (i) in (ii)

flax, 2y)=2f(x. y)
Hence (i) is homogenous function of degree 3.

@ = f ()= (2 +35°F

1
Solution:  f(x,y)=(x*+3y?F ...... (i)
Now replace xby Ax and y by Ay in (i)
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Put (i) in (ii)
flax, »)=2f(x »)

Thus (i) is homogenous function of degree -;— .

Q.2: Verify Euler’s Theorem for the following homogenous
functions .
@ z=f(x y)=ax’ +2hxy +by’
Solution: Let f =ax®+2hxy+by’ ...... (i)
It is homogenous equation of degree »n=2
As we know that by Euler’s theorem

x-g-x‘{ + y% =R siwise (i)
Differentiate (i) w.r.t. x and y partially.

g, -:;(ax’ + 2hxy + byz)

Ox
=> %= 2ax+2hy multiplied by x

=> x2==2ax’ +2RP cereen. (a)
%= -6%(“2 +2hxy+by2)

= %=2hx+2by multiplied by y

o y% = 2y + 2B vursei(b)
Adding (a) and (b)
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of o 2 2
X y——=72 +2hxy+2 +2b
. yay ax xy + 2hxy + 2by

= 2ax’ + dhxy + 2by*
= Z(mc2 +2hxy + by’] ()
Put (i) in (iii)
o o
—+y—=2
Rl s
Hence Euler,s theorem is verified .
) z=f(x3)=(F+m+y)
Solution: £ =(x? +xy+y*]" .co(i)
Put x=Ax, y=Ay
Fax, )= (Bx? + ey + 2y
= A_z(xz +xy -i-yz)—1 = T3ey)
The function is homogeneous of degree "-2".
As weknow that the Euler,s theorem

-

ou Ju
LA )
x +y31 J —.(4)

Ox
4 _( 3 Ay Ou 6( 2 2)—1
¥ f=l2 +xy+y)' > E—;-—ax +xy+y
) 2
—éx{=—(xz+xy+yl)' 2x+y)
-oi-= ' : multiplied by x
Ox (xz-+~.xj/+y‘)z
2_.
=> xi= —2x Y -*9(“) Now

ox (ch2 +xy+y2)1

%:%(xz +J.y+y2)-l
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=> gyg —---—(x2 +xy+y3)-2(x+2y)

B Multiplied by y

( +xp+y°f

F _ —xy-2)°
= yé}_“(xz+xy+y2)z
Add (i) and (iii) we get
of o -2x'-xy—xy-2)°
ox oy (x2+xy+y2)2
_—21‘2—217*-2}«'2
h (x2+xy+y2)2
=_2k2+xy+y2)
(x2+w+y2)2
-2
(x2+xy+y2)
= —2(1:2 +xy+y )_1 put (i)

- (iii)

Ju Ou
X—+ y—=—2u"
ox "oy

Hence Euler's Theorem is verified .

Q:3:. If ,¢=]{Z] show that x@-f-y@izﬂ
¥ ox " Oy

Solution: Let u(x,y)=f [-}-;-]
x

put x=Ax,y=2A2Ay
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Thus the given function is homogeneous of degree "0"
Differentiate (i) w.r.t. to x and y partially

- y% - ff(f) > (i)
Now adding Egq (ii) and Egq (iii) we get,

i, G\ CF zs[z)
_>xax+yay- 5 ¢(x]+x¢ -
=0  Hence proved

Q.4: If z=x){f[-£) , then show that x-gu—+y@=2z
y x Ty
Solution: z= xy/(f-) susaa(l)
¥
Replace x and y by Ax and Ay in (i)

2(Ax , Ay)= ;’Ix.lyf(%]
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= /Izz(x, y)
It is homogenous equation of degree 2.
Differentiate (i) w.r.t.to x and y partially.
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- =23 A2

Both sides multiplied by y

o e xy[_i f'[£]+ f(iJ ...... (b)
oy yo\y y)]

Adding (a) and (b)
AN E2 EA P €2 W I [f] [
x6x+y6y_xy_yf(y;+f[y/}+g[ I 5)
G 6]

y Y 7l ¥ K Yy
=2wf(i) put(i)
Yy

=27

=Xy

Hence xgli+yi"-=2z proved .
ox Oy

2 2

QS5:(a)lfu= tan"(x @ ) then prove that
x+y

xﬂ +y_Qu_ = sinu.cosu
ox "oy

2, 2
iy
Solution: Given u-= tan"(-u)

Xty
x? +y?
=S.tanu = let tanu= f(x,y)
xX+y
2yt
=> f(x,y)= = (i)
x+y

Put x=Ax & y=4y in Eq(i)
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lzxz +:12y2
Ax,Ay) =
b ) P
_,12 x2+y2) § X2+
;L(x+y) 'S
= (x,y)

Hence given function is homogeneous of degree "1"
Now by Euler's Theorem,

x%+y%=f . put f=tanu
=5 x-g-+y%=tanu - (i)
As f=tanu
=> er_= —a—-tanu
& ox
%Z—=sec2 gik multiplied by x
=> x-g- = xsec’ u.% — (if) . Now
T - 2 (tanw)
o Oy
- 2 =sec’u.—  multiplied by y
%
= y?£= ysec? u.% — (i)  adding (ii) and (iii)
= xi+ygf—- = xsec? u.%+ysec2 a8
ox Ox

= xg——+y% =sec’ u[x—gxi+ y%}"—:I wesea(IV)
Put (i) in (iv)
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tanu =sec’u x@+y—
ox

Ou  sinu )
= xX—+y—-= cos“u
ox oy cosu

ou oOu .
=> Xx—+y—= sinucosu proved.
ox "oy

(b) If u=sin'l(%—;~:l/-\f:3—’} prove that x-g—+ y%:[}
X+4y
-1 ‘\f;—‘\(;
# g
=
o

Let f(x, y)=sinu=j_i;£ =)

put x=Axq,y=Ay in(i)
1
Jx AT 2(x )
y- 1
-JE“I-'JE ,15( x+«f;)
=21 (x5

Thus the function is homogeneous of degree "0"

Solution: Given u =sin

=> sinu=

J(Ax, Ay) =

By Euler's Theorem,
x§£+yi=o.f=0->(:‘i)
ox " oy

. o 0O .
A e => —— =-—SInu
s f=sinu e

= COSY. multiplied by x

R
P|®
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=> xﬁq‘-:xcosu.g‘—....(a) Now I
ox %y

ox
of Ou s
— =cosu.— multiplied by y
oy oy

=% y-af—=ycosu.@ ....(h) Adding (a2) and (b)
%y &y
of of ou cu

x—é;+y— = xcosu.—a-x-+ycosu.— cesanAL)
Put (ii) in (iii)
0= xc.c)su@‘(—+ycc:usu'—a-—1i
Ox oy

=> cosu[x%:—-+y§3‘-)=0 if cosu#0

oy

=5 xgxﬁ-kyggzﬂ Hence proved .

Q.6: Use MAPLE command “diff” to find the partial
derivation of

3 3
X +y n.n

a X, :..___._’wfj.

@ f{xy) g Y

sin?(x)

+xcos(y) ,wrr "y"

(b) flx,y)=-

(c) f (x, y) = v tan(x) — xcot’ (y) s wrd, "x"
¥

2 2
@ f(s0)= 4’S+ ?’ , wrt "s"
Solution: (a) Open the MAPLE programme . Open the new
document and use key board keys and write
diff (x"3 + y*3/x"2+ y*2, y); then press enter key
you get result .
Command:
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> dﬁ[x“rf’y]’ > 2y (2 +p)

(b) Open the MAPLE programme . Open the new
document and use key board keys and write
diff (—sin*2(x)/y +x*cos(y),y); then press enter key
you get result.

Command:
w2
N dﬁ(%‘ﬂ +x-cos(y),y];
.
—LS“;E; — xsin(y)

(c) Open the MAPLE programme . Open the new
document and use key board keys and write

diff (—1— * tan(x) — x * cot"2(y),x); then press enter key
y :

you get result .
Command:

> d:_'ﬁ’(—i-'taﬂ(x) —x-cotz(nyJi

¥+ tan!x)2 = cot(y)z
y
(d) Open the MAPLE programme . Open the new
document and use key board keys and write
diff (4*t"3+3*s"2/s—1t,s5); then press enter key

you get result.
Command:
4.2 +3-¢ s]_

{4232,
> s—t
6s 4P +35
s—t (s—1)2
Review Exercise 11.
0.1: Choose the correct option.
(i) In the function z= f(x,y) , x and y are:
(a) alphanumeric variables (b) dependent variables
(¢) independent variables (d) dependent constants
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(u) I fx, y)—-\fx +y’=1  then f(15) is

(@25 () 5 (c) 125 (d) 343
(i) f(x, y)=x*+? then £, or % is:
@) 2y (b)2x (c) 2x+2y (d) 2x+ )’

Gv) diff] —— ,y);is
xX+Yy

1 1 1 1
a) — e ¢ e d) ==
07 O () 5 @
(v) The Euler’s Theorem stated that :

(a) —+§z—=nz (b) xg+z=nz

ox oy ox oy
0z Oz 0z 0Oz
(c) xgx—+ya-nz (d)—-x—&;+5y——nz

(vi) The functions of more than independent variables are
called (a) monomial functions (b) polynomial functions
(¢ ) Multivariate functions (d ) non of these

(vii) If f(x,y,z)= \/xz +y2 -z ,then f(l, 0, 1) is:
@1 (b)-1()0 (d 2
(viii) f(x, y)=cosy.e* then f, is
(a) 3cosye™ —siny (b) 2cosye™
(c) —3e*.cosx (@) 8cosye™
(ix) f(x, y)=3xe” +x’y*, then f, is
(@) 3xe” +2x’y (b) 3xe’ +2y°x’
(c) 3xe” -2x°y (d) 3x’y* +3¢”

Answers: (i) ¢ (i) b (iii) b (iv) ¢ (v) ¢ (vi) c (vii) ¢
(viii)b (ix) a .
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