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. Functions and Limits :
Function: A function y= f(x) is arule that assigns for

each value of the independent variable x a unique value
of the dependent variable y. :

Domain _and range of function:Let y= f(x) be a function
then those values of independent variable (input) x for

which dependent variable (out put) y is defined is called
domain of the function .

Those. values of dependent variable (output) y which

is obtained from independent variable (input) x is called
range of the function.

Note: Every real number is defined but complex numbers

and o are undefined.
Domain and range from the graph of function :

«eo(i) yﬁ

Consider the function y = .
x+2

From (i) it is clear that y
is undefined for x=-2
because if we put x=-2

|

in (i) then y=—-——-—=l=oo S i s
+

but y is defined for all real
numbers except -2.
Thus domain of f(x) is
D={x/xeR , x#-2}. v
Now we find range: from (i)
1

x+2
=5 (x+2)y=1

=> 'x+2=—!—
Yy

www.perfect24u.com


https://www.perfect24u.com/
https://www.perfect24u.com/
https://www.perfect24u.com/

KPK MORE BOOKS, NOTES VIST NOW: PERFECT24U.COM

From (ii) we see that for y =0 there will be no real number
of x because ifweput y=0 in (ii)
X = 1—:—9- =0
Thus for out put y =0 there will be no value of input x
But for every value of y other than 0 there must be a
real number x . .
Thus rangeof f(x) is R={y/yeR , y+0}
Absolute or modulus of x : The absolute or modulus of x
is denoted and given by
_=x i x<0
|x1_{x if %20
Graph of the following absolute functions and find its
Domain and range:

fx)=|x
Solution :  f(x)=|x| , then by definition of modulus
value function 1ty
-x if x<0
J(x)= { ,
Nif x20

It is clear from the definition
of absolute function the domain
of f(x) is set of real numbers. i.e.
Domain of f(x)={x/xeR}. v
The range of f(x) is non — negative . i.e.
Range of f(x)={/(x)/ f(x)=0}. | :
Example. 2: Graph of the following absolute functions and
find its domain and range: f(x)= |3x + 4|

Solution:
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09 3x+4 if 3x+420
X)=
~(B3x+4) if 3x+4<0

3x+4 if xz—f—

()= : 4
-(Bx+4) if x<—§ /

The of f(x) is set of real numbers

i.e. Domainof f(x)={x/xeR}.

The range of f(x) is non — negative .ie. +—¥%—
Range of f(x)={f(x)/ f(x)20}. b

Compound function : A function that defined by more than
one equation is called compound function.

‘ 2x if 0<x<2
For example f(r)= { . i
3x* -1 if x22
Definition : One — to — one function :
A function f(x) is called one —to- one if distinct elements
of x mapped to distinct elements of y.
Or
A function f(x) is called one —to— one if each range value
corresponds to exactly one domain value.
If each range value corresponds to more than one domain
values then the function is called may —to — one function .
Composite function : Let f(x) and g(x) are two functions

Then the functions g(f(x)) iscalled composite function .
Example 3: Let f(x)=2x-1 and g(x)=+3x+5.
Find each of the following :
O @ @ o @]  © rle-2)]
Solution : f(x)=2x-1....(i]) , g(x)=+3x+5 ....(i0)
@ glr@] : put x=4in ()
f@)=24)-1=7

.
L
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glf@)]=g(1)=3(7)+5=26 4ns.
®) flg@]: put x=4 in (i
L g =\B®)+5=17 -
fle@l= 7WI7)=217)-1=217 -1 s,
© fle-2)]: put x=-2 in i)
8(-2)=3(-2)+5=-1=i

Which is complex. Since —2 is not domain of g(x).
Hence f [g(—2)] does not exist .
Exampled: Let f(x)=4x+1 , g(x)=2x*+5x.
Find each of the following : (a) g[/(x)] ®) fle(®)]
Solution: f(x)=4x+1 , g(x)=2x> +5x
@ glfx]=gldx+1)
= glf®]=2(x+1) +5(dx +1)
= glfx)]=2(16x* +8x+1)+20x +5
=> glf)]=32x? +16x +2+20x +5
= glfix)]=32x* +36x+7 Ans.
® fle)]= flox* +5x)
= flgx)]=4(2x* +5x)+1
= flg(x)]=8x* +20x+1 4ns.

Inverse of a function: Let y= f(x) beaone-to—one
function then the function x=f'(y) is called inverse

function . )
if f(x) is notone—to—one then f(x) does not have

inverse function.
Example .6: Find the inverse function of f(f) =3¢-8.

Solution : () =3r-8 ....(J)
Let y=f@)=> =) ...(0)
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As y=f(@)=3t-8
= y=3t-8
= y+8=3t

=> rz-&;—g .......... (iii)
~ Put (iii) in(ii)
)= y;B replace y by ¢
t+8

=> f_l(f)=—"'3—' Ans.

Example.7. Let f(x)=2x+3 and g(x)=3x and
h(x) = flg()]
@ h(x) ) 7 © g'@® @ A
Solution : f(x)=2x+3 and g(x)=3x
@ h(x): As h(x)=flgx)]
=> h(x)=f(3x)
=2(3x)+3
=> h(x)=6x+3 Ans.
®) f7(:
Let y=f(x)
= x=f1() i ()
As y=f(x)=2x+3
=> y-3=2x

= x=2% ; 3 il
Put (ii) in (i)
) =y—-;3 replace y by x

x—3

Ans.

AL
(¢) g7'(®):

2
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. Let y=g(x)
= x=g"()) we(i)
As y=g(x)=3x
=> y=3x
- - =§ .
Put (ii) in (i)
() =—§ replace y by x

= f'x)=2 Ans

3
@ h'(x):
Let y=h(x)

=> x=h"(P) i)
As y=h(x)=6x+3
= y-3=6x

y—3 .
= x="— ...
X = (i)

Put (ii) in (i)

h‘l(y)=-y—é"--2 replace y by x

=> AT (0= 3

Ans.

Exercise 2.1:
Q.1: Read the graphs and write the function . domain

h and range of f: = /1{} < )
Solution: The function is o
flx)=-x*+5 ]/ 4 \\
It is defined for each real 7
number . Thus ‘-::n \\'
Domain =R =(~w, o) 8
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(b) S66
Solution: The function is L/
f(x)=x"+x+3 B ]
Domain =R =(-w, ) / s 33
Range = (~co, ) .

(c)

Solution: The function is
1
f(x) Cx+2
- It is defined for all real
numbers except x =-2

h)hﬂi

Thus Domain = R — {- 2} o (e N I T
= (“ 0y = 2)U("‘ 2, °°) 2 :
Range= R--{0} 3
= (-0, 00, <o) e
(D T
Sollution: The function is = /

f(x)=2x+7 /

Domain=R=(~5, 7)

Range = (0, 20) , - s
e - / i .

()

Sollution: The function is \i /
flx)=x" \ T /

Domain =R =(-5, 5)
Range = (0 ,20) \ / -

i
(=T %
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® E
Sollution: The function is , =
fx)=|+ 5 o 3 e
Domain = ( - 10 , 10) :
Range =(0, 10) S i

Q.2: Draw Graphs each of the following functions.
(@) y=2x-3

Solution: y =2|x -3

[ 2x-3) if x-320
7T = 2x-3) if x-3<0
2x-6 if x>3 o T ) s
=:>y = : A DR, 1, Mputyy csed
~2x+6 U x<3 W PINSE
-0 -5 0 § on'
The table is given by
x -1 0 1
Y 8 6 4

(b)y=4|x—3]+3
Solution:

4x-3)+3 if x-320
y={—4(x—3)+3 if x-3<0
(J~4x-12+3 if x23
y‘{ —4x+12+3  if x<3

{ 4x-9 if x=23
y=

—4x+15 if x<3

The table is given by
x -1 0 1 2 3 4 |5
2 19 15 11 7 3 7 111,
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(¢) y=53t+7]-2

Solution: y = 53t +7|-2
{5(3r+7)—2 if 3t+720
-5(3t+7)-2if 3t+7<0
15t+35-2 if 3r>-7

Y= 1ct8p=85-2 ¥ 17

( 7
15t +33 if 12—

b 4

y=<
~15¢-37 ifr<-——;~

t |5 |4 [3 |32 |8 0

(@ y=24x+3+1 v
Solution : y =2/4x+3[+1 O T
_[24x+3)+1if 4x4320 NS
= —-2(4x+3)+1 if 4x+3<0 A ) /
L [Bx+641 £ 4(Q N
" |-8x—-6+1if 4x<-3 yo—/ -
3 [ e A R
8x+7 if x>~= R e s (g e
= f 4 ’ L] —-; o _?_ lal
-85 i)’x<—%
The table is given by
> o -4 -3 =2 -1 0 2 3
A 27 (19 11 |3 7 15 |31

Q.3: Find the composite functions f [g(x)] and g[f(x)]
of the following functions .
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(a) f(x)=x"+1,g(x)=2x
Solution : f(x)=x*+1....() and g(x) =2x .....(ii)
fle®]=r@x)  pur gx)=2x
= flgx)]= (2x2)+1 =4x*+1 Ans.
Now glf(x)]= g(x2 + 1) put f(x)=x*+1
= glr@]=2(*+1)=2x*+2 4ns.
(b) f(x)=sinx and g(x)=1-x?
Solution: f(x)=sinx...(i) and g(x)=1-x?...(ii)
le@=r0-5)  pu gx)=1-x°
= flg®]= sin(l - xz) Ans
Now g[f(x)] =glsinx)  put f(x)=sinx
= g[f(®)]=1-sin’ x=cos’x 4ns.
x+1

B fEe=it |, et

x+1 l-x
Solation: f(x)=f—;—: ....(i) and g(x)—x+1
fle@]=71 ["“] put g(x)-—”—l-

- X
(x_-!—l) o x#l-l+x

..(ii)

- e 1-
= fle@]= ( +I] _x+1+ch-x
—_—|+] ——
1 x l-x
= f[g(x)]=-2—£=x Ans.
-1
Now g[f(x)]= S( +1] put f(x)__;l-
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x-1 1 x=1+x+1
o _x+1 _ x+1
= g['f(x)]_l_x—l x+1-(x~1)
x+1 x+1

=> g[f(x)] = %i =x Ans.
(d) f(x)=sinx and g(x)=2x+3
Solution : f(x)=sinx ....(i) and g(x)=2x+3 .....(ii)
fle@]=r(2x+3)  put gx)=2x+3
= flg(x)]=sin(2x+3) A4ns.
Now* gLf(x)] = g(sin x) put f(x)=sinx
=> glf(x)]=2sinx+3 Ans.
Q.4: Determine the inverse function of f(g(x)) and
g(f (x)) for the following functions.
@ f(R)=x+5, glx)=x-4
Solution : Let h(x)= f(g(x)) ,put g(x)=x-4
= h(x)=f(x-4) = h(x)=x-4+5
= h(x)=x+1
Let y=h(x)
= =) P (i)
As y=x+1"8= %=y-1 .....(i)
Put (ii) in (i)
h'()=y~1 replace y by x
= h'(x)=x-1 = k') =(glx)=x~1 4ns
Let k(x)=g(f(x)) , put f(x)=x+5
=> k(x)_= g(x+5) = s(x)=x+5-4 -
=3 k(x) =x+1
Let y=k(x)
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Put (ii) in (i)
k'(p)=y-1  replace y by x
= @) =x-1=> k'(x)=g"(f(x))=x-1 4ns.
() f(x)=2x+7, gx)=2x
Solution : Let A(x)= f (g(x)) ,put g(x)=2x
=> h(x)=f(2x) => h(x)=2(2x)+7
= h(x)=4x+7
Let y=h(x)

= x=k()) e (i)
As y=4x+7 => y-7=4x

y-17 ”
=> x = R U D |
: (i1)
Put (ii) in (i)
) =l’_;i replace y by x

= h(x)= xj = k' (x) = f(gx))= fiz Ans.
Let k(x)=g(f(x)) , put f(x)=2x+7
= k(x)=g(2x+7) = k(x)=202x+7)
=> k(x) =4x+14
Let y=k(x)
= x=k'Y) e (iii)
As y=4x+14 => y-14=4x

or x=~}:;—1i ceenees(IV) , put  (iv) in (iii)

= k(y)= _y__;-_li , replace y by x

= FE-50 o K=" ()= Ans.

x+5
2

(€) f(x)=2(x-4), glx)=
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Solution :
Let h(x)=7(g(x)) ,put glx)=22

s 4 f(ﬂs] o 15 [x+5 ]

=> h(x)=2(x+§ 3) = h(x)=x-3

Let y=h(x)
=% F=HP) sveens (i)
As y=x-3 = x=y+3 ...00)
Put (ii) in (i)
h'(y)=y+3 replace y by x
= hx)=x+3 = k'x)=r"(gk))=x+3 A4us.
Let k(x)=g(f(x)) , put f(x)=2(x-4)

= k(x)= gl2x— 8) = k(x)=2x_28+5
=> }c(x =-2-—£2—_—3
Let y=k(x) = x=k'(y) ....iii)
2x-3
Then y=——5——— =5 fy=2x-3
s Tpes=pd N ) x=52 6

2
Put (iv) in (iii)

= k7(y)= 2y L , replace y by x

= &)= 2’“;3 = () =g"(7() =22 Ans

@ y=f) =222, glx)=2x-4
Solution : Let A(x)= f(g(x)) ,put g(x)=2x-4
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=> h(x) =X
Let y=h(x) = x=h"(Y) e )
As y=x ...(i) Put (ii) in @)
'O)=y replace 'y by x
= h'(x)=x = = @) =r"(g(x)=x 4ns.

Let k(x)=g(/(x)) , put »= (=22

= k(x):g[";’4] => k(x)=2[x;4]—4

= k(x)=x+4-4 = k(x)=x
Let y=k(x) = x=k') ... (ii)
A PESX o (i7v) Put (ii) in (i)
)=y replace y by x
= k'®)=x = = kx)=g"(f (x))= x  Ans.
Transcendental function: A function which is not algebraic
is called transcendental function. Trigonometric , hyperbolic

exponential and logarithm functions are called transcendental
function .

Polynomial : A polynomial P2 (x) is a function of the form
fX)=P(x)=ax"+a,_x" +a _,x""+....+ax+a, is

called Polynomial of degree n.

The constants a, ,a,, ,a,,,....a, and a,are called

> **n-1 2

coefficients . a_ is called leading coefficient and g, is

called constant term .
If n=0 then f(x)=a, is called constant function .

If n=1 then f(x)=ax+a, iscalled linear function.
If n=2 then f(x)=a,x’+ax+a, iscalled quadratic

www.perfect24u.com


https://www.perfect24u.com/
https://www.perfect24u.com/
https://www.perfect24u.com/

KPK MORE BOOKS, NOTES VIST NOW: PERFECT24U.COM

function .
If n=3 then f(x)=a,x’ +a,x’ +ax+a, iscalled cubic
function .
Algebraic function : A function f(x) is called algebraic if
it can be constructed using algebraic operations such as
(adding , subtracting , multiplying , dividing or taking
Square roots) starting with polynomial . For example
2x—4
f()=2x+4x+5 , f(O==
x 41
Exponential function: If a>0 and a#1 then the function

of the form f(x)=a" is called common exponential
function . And
f(x)=e" , where 2<e<3 iscalled natural exponential

function .
Exponents Law : If a>0 agnd >0 and a#1,b#1

Then (i) a*a’=a™ (i) (a°) =a”

b.‘
(v) a*=a” ifandonly if x=y
(vi) a*=5b" for x#0 if andonlyif a=5

Example .8: Cholera an intestinal disease , is caused by a
cholera bacterium that multiples exponentially by cell division

as given by N =N e'*,with N is the number of bacteria

present at the start ¢ =0 . If we start with 25 bacteria , how
many bacteria (to nearest unit) will be present in
(a) 1 bour ? (b) 3hours? (c¢) 4 hours ? (d) interpret.
Solution: N =N, e"* .....(i)
(a) Put N=25 and r=1 in(i)

N =25¢"% =(25)(3.998) use calculater.

=99.97 bacteria

(b) put r=3 in(i)
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N =25¢03%X3 = 25(63.94)
=1599 bacteria
(c) Put =4 in (i)

N = 25389 = (25)(255.698)
=6392 bacteria

(d) From above calculation we see that the population of
bacteria is increases when time t increases.
Logarithmic function : If

a*t=y & log,y=x
is called logarithm function.Where a called base .
If base is 10 then
10°=y < log,y=x itis called common logarithm.
If base is e then it is called natural logarithm . i.e.
ef=y & log,y=x

or Iny=x
Example .9: Evaluate the following logarithmic functions:

(a) log 10000 (b) log0.01 (c) log/10 =_;_

Solution: (a)
1og 10000 = log10*

= 4log10 4s log10=1
=(4)(1) =4 Ans.
(b) log0.01:
log0.01 =10g10~
=(-2)logl0
=(2))=-2 Ans.

(¢) log+10 =%
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=> log+/10 =Iog(10)%
1 1
=—logl0=—(1
508 2()

= 1 Ans.
2

Laws of logarithm: If b , M ,p ,x and N are any positive
real numbers with 5=1 , then

(@) log,1=0 (i) log,b=1
(iii) log, b =x (iv) b°** =x
(v) log, MN =log, M +log, N

(vi) log, —%— =log, M —log, N

(vii) log, M? = plog, M
(viii) log, M =log, N then M =N

Example .10: Find x to four decimal places for the following
indicated exponential functions.

(@ 10°=2 () " =3 ((R3">4

Solution : (a) 10" =2 ,Taking log of both sides .
=> logl0* =log2  wuse calculater
=> xlog10 = 0.3010 As logl0=1
= x=0.3010 Ans.

(b) e* =3: Taking In of both sides .

Ine*=In3
=> xIne=1.0986 wuse calculater
=> x=1.0986 As Ine=1

(c) 3" =4 ,Taking log of both sides .
log3* =log4 => xlog3=Ilog4

= Use calculater.
log3
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= x=1.2619 Ans

Example.11;Two people with the covid — 19 positive visited
the campus of Peshawer university . The number
of days T that took for the corona virus to infect

10.000 —n
n peopleis givenby 7'(n)=-1.431n| --
Peoplels grvan by 1) ( 4998~ )

How many days will it take for the virus to infect
(a) 500 people (b) S000 people ?

Solution: T(n) = —1.431n(19l@9:—’1) ceen(i)
_ 4998n

(a) put n=500 in (i)

7(500)=—1.43 m(

10,000—500]
4998 x 500

=-1.43 ln[ 30 ) = —1.431n(0.00380)
2499000

= —1.43(— 5.57275)=7.96903 = 8 days
(b) put n=5000 in (i)

7(5000) = —1.43 In[

5000 i
- 14318 22000 3 _ a3 L
“(24990000) n(4998]

=12.17=12 days
Hyvperbolic function : '

10,000 — 5000]
4998 x 5000

X _ 7% x 3 -
(i) sinhx= 8 —° (i) coshx= e ze
(i) ta.nhx:ex;e_x (iv) cothx=2x+z_x, —_—
e* +e -
(v) sechx= 2 (vi) cosechx =—"—, x#0

e*+e” e* —e
are called hyperbolic functions .
Note: cosh® x—sinh®x =1
Explicit function : A function in which dependent variable y
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is completely expressed in terms of x is called Explicit
function . For example y =3x% +4x

Implicit function : A function in which dependent variable y
is cannot be expressed in terms of x is called implicit
function . For example yx® =3y°x? +4x° .

Parametric equations: Those equations in which two or more
than two variables can be express in terms of a single variable

is called parametric equation.If x= f(¢¥) and y=g(t)
these equations is called parametric equation and t is called
parameter .
Properties of the graph of the exponential function f(x)=5" :
With >0 and b#1.
(i) All graphs will passes through the point (0 5 1) .
(ii) All graphs will continues , with no jumps. :
(iii) If 5>1 , then the graph of f(x) will increases if
X increases.

(iv) O0<b <1 ,then , then the graph of f(x)will decreases
if x decreases. :
Example 12 : Sketch the graph of the parametric functions
(x(t) , y(©))=@B-r, 2t) for all t.
Solution: As (x(#) , y(©)=(3-¢t, 21)
= x=3 %'\Nand, e 2t ‘

Note: -

a =t and %r-r Thus in symmetric form

X3V y
-1
of the vector parallel to the given curve.

= =t , where -1 and 2 direction ratios

Now the table is given

t -2 -1 0 1
x=3—t|5 4 3 2
d=2t| -y -2 | © 2

www.perfect24u.com


https://www.perfect24u.com/
https://www.perfect24u.com/
https://www.perfect24u.com/

KPK MORE BOOKS, NOTES VIST NOW: PERFECT24U.COM

Thus the graph of above e [
function is obtained by plotiting '
the points (x , y) .

it is a straight line passing
through thepointP(3,0)and .° +—+———+
parallel to the vector u=(-1,2). x'r SR

et [ iz ik

e w1

Example.13:Graph of y=¢* and y=e¢™:
The table of y=¢e* is obtained following by using

scientific calculator.
X -2 -1 0 1 4
Y 0.14 0.37 1 2.72 7.39

The table of y=¢™ is obtained following by using
scientific calculator.

x -2 -1 0 ‘A1 2 3
B 4 7.39

2.72 1 0.37 0.14 0.05

Graphof y=¢"
Graphof y=¢™*

Example.14: Graph of the function y=2* and y=27":
The table of y=2" is obtained following by using
scientific calculator.

x

<2

-1

0

1

2

Y

0.25

0.5

1

2

4

oW
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The table of y=2"" is obtamed following by wusing
scientific calculator .

x -2 -1 0 1 2 3
¥ 4 2 1 0.25 '

i I i 3% X
Graphof y=2" 1
Graphof y=27"

Example.15:Graph of y =log, x

Solution: As log,x=y

= 2'=x As y=log,x thendomain x>0
Thus the graph of log, x =y is same as the graph of x=2’
The table of x =2 is below.

x 1 2 4
¥ 0 1 2
Graphof y=Inx: Here x>0 .

The table of y=Inx is given below using sclentlf ic
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-------- Calewlator.
x 05 |1 2 3 4 5
y__ 1069 [0 0.69 [1.09 (139 [16

Exampie.22: Use MAPLE command to draw the graphs of the
given function.
(a) Function f(x)=—(x+2)" with domain [0 ,~4]
(b) Parametric function (x(z), y(¢)) = (cos(?), sin(f)) for
t=-3.5 to 3.5, x from-1.5 to 1.5 and y from -15to 1.5.
(c) An implicit function x*-y?=1 ,x from—5 to 5
and y from-35 to 5.
Solution: (a)Open the MAPLE programme .Then open the
new document . Use the keyboard keys and
write plot(—(x+2)"2, x=0..-4); .Press
enter key . you get your result .
Command.
> plot(-(x+2)%,x=0.-4);
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(b)Open the MAPLE programme .Then open the
new document . Use the keyboard keys and write

plot([cos(t), sin(?),t = -3.5..3.5],-1.5..1.5,-1.5..1.5) ;
Press enter key . you get your result.

Command.
> plot({cos(t),sin(?),¢=-3.5.3.5},-1.5..1.5 ,-1.5..1.5);

L3

2R
& 05115
0.5 j

-1.5

(¢)Open the MAPLE programme .Then open the
new document . Use the keyboard keys and write
plots[implicitp!otlx@ -y"2-1,x=-5.5y=-5.5 );
Press enter key . you get your result .
Command.
> plots{imp!ic:‘tpfor](xz —-y2 —1,x=-5.5,y=-5.5);

Example 23: Use MAPLE commands to draw the following
functions .

(@) f(x)=x*-b, x from=1t0 10 and y from -5to0 5
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() (x(), y(r))-cos(tx).sm(w) , t from-1to2 ,x from
—nto - and y from -7 to =x.

Solution: (a) Open the MAPLE programme .Then open the
new document . Use the keyboard keys and write

plots[animate} plot,[x*2 - b,x =10..10,b = -5..5);
Press enter key . you get your result.

Command.
plots[animate)( plot, [ — b,x=-10..10), b6=-5_.5);

(b) Open the MAPLE programme .Then open the
new document . Use the keyboard keys and write

plots[animate](’ plot3d' ,[cos(t *x)*sin(t * y),x = —7.7,
y=—m. zml.r%].2);
Press enter key . you get your result.

Command:
plots[animate]( plot3d, [cos(t-x) sin(ty), x = .7,y =-m.7|, 1=1.2)
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Exercise 2.2:
Q.1: Recognize and write the type for each of the following

functions.
(@) y=asin’x+x (b) y=7x*+3x* +4x+5
(¢) y=arctanx—-7 (d) y=log216+710g2(x)

3x -3x
e +e
(e x*+y* =36 ® y= g

(® y=vx-8
Solution: (a) triagonometric (b) algebric
(¢) Inverse triagonometric (d) logarithm
(e) Implicit (f) Hyperbolic (g) explicit
Q.2: A sealed box cantains radium . The number of grams
present at a time t is given by O(r)=100e2°%%
Where tis measured in years . Find the amount of radium
in the box at the following times .
(@) t=0 (b) t=800 (c)1600 (d) S000
(e) How did you guess from the above result.
Solution: O(r) =100 _....()
(@) Put r=0 in(i) = 00)=100e"=100x1=100 g
(b) Put 7=800 in (i)
=> O(800)=100e-*X%%) _ 100 x 0.709 = 70.9g
(c) Put r=1600 in (i)
= 0(1600)=100e©%%X16%) _100x 0.503 = 50.3g
(d) Put =5000 in (i)
=> 0(5000)=100x e ©*N2) — 100% 0.116 =11.6g
(e) decline the number of radium grams is seen .

Q.3: Using a calculator and point by point to plot the
following exponential functions .

@ hx)=2*; [-5 ,0]
Solution:
The table of A(x)=2" is below.
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x |5 -4 3 2 4 0
A 0.03125 | 0.0625 | 0.125 |0.25 |05 1

®) mx)=3*; [0 3]
Solution:
The table of m(x)=3"" is below.

x 0 1 7 3
m 1 . [0333 |oa111 [0.037
. 10
) 07

04

0.1}

1 p) 3
X

0
N=¢ |1 2.718 | 7.389 20.08 |54.6 148.4
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50

40

30

20

10

=X s o
@ N=e*, [0,5]
t 0 [1 2 3 4 5

N=¢ |1 0.368 | 0.135 0.05 0.018 | 0.0067

T w0
: 2. v5
Q.4: Using .a calculator and point by point to plot the
Following logarithm functions .
(@ y=Inx
Solution: As x>0
The table of y =Inx is given below using scientific

Calculator.
x 0.5 1 2 3 4 5
y -0.69 0 0.69 1.09 1.39 1.6
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(b) wu=-Inx
Solution :The table of u=-Inx is given below using scientific
calculator.
x 0.5 1 2 3 4 5
¥ 0.69 0 -0.69 -1.09 -1.39 -1.6
y

v

(©) y=2In(x+2) . v Tha- 2.
Solution: Here we take. 3¢ 7 =2 because if "N

=% x+42<0 and In(x+2) does not defined for x+2<0 .
The table of y =2In(x+2) is given below using scientific

Calculator .
x -1.5 o i) 1 2 3
B4 -1.38 0 1.38 2.19 2.78 3.12

¥

¥

) y=4In(x-3)

Solution: Here we take x >3 because if x <3 then
x=3<0 and In(x-3) does not defined for x-3<0 .

The table of y=4In(x-3) is given below using scientific

Calculator .
x 3.5 4 5 6 7 8
Y 277 [0 1277 549 1693 [8.05
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(e y =y4lnx—2 '
Solution: y=4Inx-3 , Here x>0
The table of y=4Inx—-2 is given below using scientific
Calculator .
X 0.5 1 2 3 4 S
¥ -4.77 -2 0.77 - 1239 3.54 4.43

Y

Yv
Q.5: Sketch the following parametric curves.

@ (@) ,y0)=0B-r, 2t) , tisreal number.
Solution: As (x(r) , y())=(3-1, 21)
=> x=3-t and y=2t

Note: . =t and §=t Thus in symmetric form
= x—-13 -—-% =t , where -1 and 2 direction ratios

of the vector parallel to the given curve.

Now _the tabie is given
t -2 -1 0 1
x=3-¢|5 3 3 2
y=2t |-4 -2 0 2
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Thus the graph of above
function is obtained by plotting
the points (x , y).
it is a straight line passing
through the point P(3,0) and .« . S
parallel to the vector u=(-1,2).

(b) (x(r) ; y(r)) = (4 cost, —3sin t)

Solution: As x=4cost and y=-3sint

% :
s E:cosr and —y—=smr

Squaring and adding

r
2 2 .
f—6+%=coszt+sin2r {'iro) / (0,9] “‘*o)_‘
x? yz-_l f],{' x,_,// L

P ET L:',”3)
It is ellipse. o 7
le
Q.6: Sketch the graph of : 4
@) flx)=e™ 2
Solution: f(x)=e™ “——T1 T 7=
v
X -2 -1 0 1 2
f(x) 54.6 7.39 1 0.135 | 0.0183
2 3z
m): f(x)= ge
Solution: f(x)= %eh
X -2 -1 0 1 2
f(x) 0.0017 |0.03 0.67 13.46 | 2703

www.perfect24u.com


https://www.perfect24u.com/
https://www.perfect24u.com/
https://www.perfect24u.com/

KPK MORE BOOKS, NOTES VIST NOW: PERFECT24U.COM

---_______-----________----jj_; _____________________________
4
2
)z,— _‘_:;,Jo T2 >y
©):f(x)=4" i
Solution: : f (x)= 4*
X 2 -1 0 1 2
f(x) 0.0625 |0.25 1 4 16
j A
4
.
‘ = = [T >y
A 4
d): f (x)=4"'
X E. -1 0 1 2
flx) 16 4 1 0.25 |0.0625
P
Vg
< -4 =i TJWZ -’x
r

(e): f(x)=log,(x+5)

Solution: Let log,{x +5)=y ...(0)
= 2¥ =x+5 ....(ii)

Put x =-4 in (ii)

=2 =—4+5=>2" =1

=5 2 =2 =5 p=10

Put x=-3 in (ii)
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= y=
Put x=-1in(ii) = 27 =-1+5

= Wl = P=32" = y=2

Put x=3 in (ii) = 2”=3+35

= 27=8 = 2’=2" = y=3 and son.

X 4 =3 -1 3 11
) 0 1 2 3 4
A y
6
4 “__,4/’
1
33—t ———3—4——+Px
. -y §| i
\

(@®: f(x)=log, x*
Solution: Let log, x* =y ...(i) => 2log,x=y

¥
=> 10g2x=—‘§=> 29 =2x ....(ii)
Put x =1 in (ii)

¥ s y
=22 =1=>2%=2" =>5=0=> y=0
Put x=2 in (ii

3 y
= 22 =2 =>-5=1 = y=2

bd Pd
Put x=4 in (i) => 2?=4 = 27=2’
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Put x=8 in (ii) = 2

7 y
= 22=2 = E=3 =>y=6 and son.

X 1 2 4 1 8 16
F(x) 0 2 4 6 8
4
6
4
2
< =¥ 32 1§ U
/
K

@ f(x)=log,(2x-5)
Solution: f(x)=log,(2x—5)=In(2x-5)

X 3 4 5 6 i
flx) 0 1.1 1.61 1.95 [22
+ 3
’K’/ >
< ST I 1 Z33 56 Py
Q.7: Sketch the graph of : Yyt
(a) x2 +y2 = 4 S

Solution: It is a circle . Its centeris C(0, 0) and raiduis2.
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b)y: x*+3*=16

2 2
x Y
)t —+=—=1
(c) 23 .
Solution : : is an ellipse with center C (0, 0) , Vertices are
A\ 5 ,0), 4(5, 0) .Extrimities of minor axis are

B'(0—., , B0, 3).
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/
. ]
(d): —+—=1

36 9

Solution : It is an ellipse with center C (0, 0) , Vertices are
A'(-6 ,0), A(6, 0) .Extrimities of minor axis are
B'(0,-3) , B0, 3).

Q.8: Use maple command to plot the graph of the functions
given in Q. 1:
(@) y=asin’x+x (b) y=7x*+3x* +4x+5
(¢) y=arctanx—7 (d) y=Ilo,16+7log,(x)
3x -3z
@ F+y=36 @ y=S-
e
(g y=+x-8
Solution: (a) Open the Maple programme and open the new
document and use keybord keys and write
plots(sin®2(x), x); and use enter key you get the following

=3z
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Command :
> plol(sinz(x] +x,x);
é J
2}—4(_4{/_/; 7
4 4l = ® 2w
2

(b): Open the Maple programme and open the new
document and use keybord keys and write
plots(7* x"4 +3*x*2—-4*x+5,x); and use enter key you
get the following result and graph.
Command :
> pfot(?- TSP — A 5,.1');

(c): Open the Maple programme and open the new
document and use keybord keys and write
plots(7* x4 +3*x"2—-4*x+5,x); and use enter key you
get the following result and graph.
Command :
plot(arctan(x), x);
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J
1.
0.5
-10 -5 5 10 2
< ¥
1.4

(d): Open the Maple programme and ~pen the new
document and use keybord keys and write
plot(log2(16) + 7 *log 2(x), x); and use enter key you get the
following result and graph.

Command :
> plot(log2(16) + 7 -log2(x), x);

20

10

2468 ID}L
X
-10

(e): Open the Maple programme and open the new
document and use keybord keys and write

plots[implicitplot(x*2 + y*"2 =36,x =-6..6, y=-6..6); and use
enter key you get the following
result and graph.
Command :
> plots[implicitplot] (X + y* =36,x=-6.6,y=-6.6);

www.perfect24u.com


https://www.perfect24u.com/
https://www.perfect24u.com/
https://www.perfect24u.com/

KPK MORE BOOKS, NOTES VIST NOW: PERFECT24U.COM

(f) Open the Maple programme and open the new
document and use keybord keys and write
plot(exp(3x) + exp(—3x) / exp(3x) — exp(—3x),x); and use enter

key you get the following result and graph.

Command :
exp(3x) + exp(-3x) :
" piot[ exp(3x) —exp(-3x)’ J’

1.5

! 0.5

&Y R K

(g) Open the Maple programme and open the new
document and use keybord keys and write
plot(sgrt(x —8),x); and use enter key you get the following

result and graph.
Command :

www.perfect24u.com


https://www.perfect24u.com/
https://www.perfect24u.com/
https://www.perfect24u.com/

KPK MORE BOOKS, NOTES VIST NOW: PERFECT24U.COM

> polsgee=-8), 9
1419
10
06
/
© 02
A3 T

yi
Inequality : (i) < = less than orequal.
(ii) = =greater than or equal.
(iii) < = less than
(iv) >=greater than.
Intervals : (i) [a b] is called closed interval and we

write a<x<b .itcontains both ¢ and b.

(i) (a b] is called half open and half closed interval and

we write a<x<b .itcontains b but does not contain a.
(iii) (a b) is called open interval and we

write a<x<b .itdoes not confain a and 5.

Definition : Limit of a function: Let f(x) be a function

and g is a fixed point (constant number)

if llﬂ f(x)=1 , then [ is called limit of f(x) when

x approaches to a .

Some important results:
(i) constantrule: im k=k , where £ is any constant.

(ii) Limit rule: Ll_{!} X=g
(iii) Multiple rule: £1_r)13 K(x)=k £1_I’I;1 f(x)
(iv) Sum or difference rule :
lim{f (x) £ g(x)] = 1im f(x) % lim g(x)
(v) Polynomial rule : If p(x) is any polynomial then
lim p(x) = p(c) -
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(vi) Product rule :
lim{/(x).g(x)] = lim 1 (x).lim g(x)

lim f(x)
(vii) Quotient rule: lm J() = io¢ , limg(x)=0
e g(x) ]'_‘1_’]_-13 g(x) ¢

(viii) Power rule: lim[f(x)]" = llun g (x)_rl
(ix) Equal function rule : If f(x) and g(x) are equal for
all x ,then lim f(x)=limg(x) .

Definition : Sequence: A sequence {S,}is a function whose

domain is the set of natural numbers and its range is
the subset of real numbers. The functional notation of the
sequence is S(n): Where n=1,2 3........

Limit of sequence: A sequence {S,} is converging to a

real number L if limS,=L.

Example .27: Find the limit of each of these convergent /
divergent sequence.

8n n+n +2 X
@ (i © {7_—3} @ )
JS(x)

Solution: Note: if the limit of the form ﬁm_ﬁ then
X=—>m0 g X
divided the denominator and numerator by the highest

power variable of the denominator.
8n
a :
@ {n + 3}

lim{ 81 }zlim % - Divided denominator and
f—pm n+

Numerator by n.
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8
s B2 Vi L alin-2 - Kepdvne T
n—yo n+3 R (N 3
o 14—
non n
=> lim{ i }- 8wl s
noe | n+43 1 3 140 '
oo
It is convergentto 8.
. 5 3 2 .
(b) hm{%} divided denominator and numerator
by n'.
wn +2
5.3 G S
fis n‘+n2+2 =li1'.2 . nz
0| Tn" +n" 43| m=7n" +n"+3
n‘!
w2
4 4 4
. n* n' nm
.- ' 13
e &
- YA
ﬂ+—+—4'
= lim ’17 "3 applying limits
7+;’T+F
d ¥
o — +

! _©+0+0

w — _—
7oLy 3 4040
o0 0

_—

It is divergent .
(c) The sequence {(—lr}is-l,l,—l,l,-l, ....... ”
Thus Iim{(— 1)"}= +1 since the limit is not unique

Thus the sequence is divergent.
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Exarﬁgle. 28: If f(x)=x*+2x+3 and g(x)=x—-4 then
calculate lur%[f(x) +g(x)]

Solution: lim[/(x)+ g(x)]=lim[* +2x+3+x - 4]
= lim [x’ + 3x—1]

132
=(2f +3(2)-1=4+6-1=9 Auns.
Example.29: If f(x)=x-7 and g(x)=x>+3x+2 ,then
calculate lif,rls[f(x)— g(x)]

Solution: ]II_I;I‘}[Jr(x)— g(x)]= ]gr%[x -7- (J‘:2 +3x+ 2)]
= lim{x - 7 - x* —3x-2)

x—l

= lim{- x* -2x-9)

x—+l

=—(1) -2(1)-9
=-1-2-9==12 4ns
Example. 30: If f(x)=x+5 and g(x)=2x-4, then calculate
ti[ 7 ()2 )]
Solution: lim|f(x)g(x)]=lim[(x + 5)2x - 4)]
= lim(2x" ~ 4x +10x - 20)
= lim(sz +6x — 20)

13
=2(3) +6(3)-20
=18+18-20=16 dns.
Example. 31: If f(x)=x-4 and g(x)=x"+3 then

calculate lun[ 1 )]

=0 g(x)
sototo: o] 7] {24
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~9—4 6

(-2f+3 443
=—E Ans.

T

X=»a x....a

Important limits: (i) mr{" — J=na""

Note: a’-b*=(a —:’:u)(s:r2 +ab+b?)
a* —b* =(a-b)a’ +a’b+ab® +b*)
a"-b"=(a-b)fa"" +a" b +........+ab" + b"")

Proof: if we apply direct the limit we get of the form 5

. [x"-a" i (x—a)(x""+ax""+ ....... +a" ' x+a" )
=al x—( —x-—ur xXxX—a

= lim(x”'l B i T +a™x+ a"")
I—a =3
S n=2 n=2 n-1
=qa"" +aa"* +.....+a".a+a
=a" +a" +a™ ...+ a"" (n-times)
=na"" Ans

Proof : if we apply direct the limit we get of the form % ;

Then multiply and divided by Jx +a
i x—a )=1im x-a XJ;JM/E
ma Jx—Ja) =ax—Ja Jx+Ja
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=lim

X=>0 x-—.a
=lim(/x +a)
=a++a
=2Ja Ans.

(iii): lim[l + -I—J =e
X=—»aD x

1
(iv) lin&(l +x)z=e

Proof: As we know that lim[l-{-—l-] SDE sirses i)
H=—>0 n

Let —I-=x then n=
n

As n—>o Then x—0 put intheL.H.S. of (i)

W

% & 1
lim 1+1] =1lim(l+ x)x =e Proved.
n=da) n x—0

v) lim&=

x=0

1=lna ,a>0

Proof: Let a*—-1=y =>a"=1+y
Take In of both sides
loga® = log(l + y)
=> xloga=log(l+y)

. log(l + y)
loga
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As x>0 and y=a"-1 then y—>0

. a=-1_.. y
haw I x = log(1+ )
loga
=}in;11 loga
—log(l+y)
Y

= (loga)lim 1
0 log(1+ »)y

1
- 1 As lirrol(l-r-x)i =e
loglim(i+ y)» -
=>1lim & e oga As by lograithm rule
=0 x loge
=log, a log, m =log, m
log, n ,
=Ina
e F 8 o]
(i lig = =1
. a* -1
Preof: As ]mg =lna ,a>0 put a=e
x> x
e’ =1
lim =lne=1
=0 x

(vii). Prove that limX>"2 ~Va __1
X=>»a x 2J_a-

Proof : if we apply direct the limit we get of the form g .
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Then multiply and divided by Vx+a++/a

m(m 4‘) Vxra-Ja_Jxra+a
x-0 HO x Jx+a+\/—

i ra) -a]
w0 x(\fx+a+f)

XxX+a—-a

" rarda)
et e
=J0+;+\/E=\/El~/5
=2_j? - RHS.

(viii) iif.l;"(l—ti)::L

Proof: 1et (1+x) —1=2z ....(0)
=> (+x) =1+z
log(1+x)" =log(l+ z)
=> nlog(l+x)=log(l + 2) ......(i7)
As x—>0 then z— 0 because (1+x)";1=z

Now Iimgjz)——_—-l—=limf- ,  xand= by log(l+z2)

x—0 by -0 x

T log(1+z)

=0 x log(l + z)

i g log(l + 2)
20 log(l + z) =0 x

..(iii)

Put (i) in (iii)
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=1ir§.1—1———1——n1in§llog(l+x)
= —log(l+2) I
z

=n lim-l—llim log(1+ x)%

? log(l+z): *°
=n 1 1 rlog ll_;}t}(l + x)j?
og 133(1 +2):
=n P Joge=n  Proved.
(ix) Prove that ]‘_lg _s_u;_x =1., x is an angle measured in
radian . S

Proof:Consider a circle of radius » =1

Let x be the positive
centeral angle measured in radiain .
From AOPQ

lor|
00
But |Q0|=r =1 = radius of the circle ....(ii)
Put (ii) in (i)

(@

sinx =

From AORS , tanx:%....(iv)

But |OR| =r =1 = radius of the circle .....(v)
Put (v) in (iv) => tanx= ]RS] N % )
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OQ produce to S,so that SR perpendicular to RO .
Join Q and R.

Area of AORQ = %|OR| POl , put (iii) and (v)

Area of AORQ =—;—.1.sinx=%sinx ...... (a)

Area of sector ORQ =%r’9 = %(l)z.x ,put =1, f=x
Area of sector ORQ =~;- X wavwns (b)

Area of AORS = %|OR| |RS| , Put (v) and (vi)

Area of AORS =%.1.tanx ...... (c)

From the figure it is clear that
Area of AORQ < Area of sector ORQ < Area of AORS

From (a) , (b) and (c)

lsinx < -;-x < -12-tanx multiplied by 2

. sin
=> SINX< X< —=.uset (d)
cosXx

Since sinx is positive then ineq(d) divided by sinx
sin x x sin x

= —— < ——<—
sSin x Sinx sSmmXx.CoSXx

x 1
= l< —x<
sinx  COSx

X <1 |use result if a, b,c>0 and

a<b<c rhen—1->l>—l-
a b ¢

sin
=>C0sx <
X

: . _SIx% ..
lim cosx <lim < liml
x>0 x—0 x =0
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. Sinx
=> cos0 < lim——«<1
x—0 b
. Sinx
=> l<lim——«1
x—0 X
. Binx
=> lim —— =1 proved.
x—0 5

3 —
Example. 32 .: Evaluate limx—z-ﬁl
=1 5x°“+9x+6

x3_3x+7 Iim(x3—3x+7)

Solution: lim ==
SRR S 1 9x 46 lim(5x’ +9x+6)
x=»1
B (1) -3 +7
57 +9(1) +6
_ 1=3+7
5+9+6
= -§— — -1— Ans.
20 4
Example .33: Evaluate 35312 1—/]::' ~-3x-2 '
1
. . " 3 2 _ — & 2 3 i ~
Solution: lim 3/{x? —3x-2) = lim(x* - 3x- 2}
1
_ | A
£ (}erlz(x 3x 2))5
1
=(2)? -32)-2F
1
= (4 +6— 2)5

1 1
=BF=(2°¥=2 dns.
Example .34: Evaluate the limits.
(a) limsin’x  (b) lin&(l-—cosx)

" . . 2 _ ks - i 2.
Solution : (a) Ez}i.}sm x—[ll_xgsmsz =(sin0)* =0
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(b) Iinr}(l -—cosx]= 1-cos0=1-1=0 Ans.
MAPLE command to evaluate limnit of a function:
Example. 35: (a) f{x)=x?+2x+2 ,when xtendsto2.
®) f(x)= (2x3 Xx—4) , when x tendsto3.

(c) flx)=2=2
=

Solution; (a) Open the MAPLE programme and the open
new document . Use keyboard and write
limit ((x"2) +(2*x+2),x= 2); then press enter key and get
Command:
> limit((2) + (2-x +2), x=2);

, when xtendsto a.

10
(b) Open the MAPLE programme and the open
new document . Use keyboard and write
limit ((2* x*3) * (x —4),x =3) then press enter key and get
Command:
> limit (2-2)-(x—4),x=3);
-54
(c) Open the MAPLE programme and the open
new document . Use keyboard and write
limit ((x"3 —a3)/(x—a),x=a), then press enter key and get
Command:
1
> Iimit[—(i—_—al.x =a);
(x—4)
34
Exercise 2.3:
Q.1: Evaluate the following limits :

: 1 3
(@) lim| —+
N xl—‘:*{x x—S]

- Solution: Ii -]-+——-3——-] = Iirn(—l-J+1inx( - )
G B x=>4 x x_s x—4 x x—4 x—s
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1 3 1 3
=— 4 —=———
4 4-5 4 1
1-12 11
=— A
4 4

x?+3x+2)
e [
& I xX+x+2

2
Solution: li X 43x+2 2 =1 x +3x+2
" i x*+x+2 - x2 4+ x4+2

(lim(x? +3x + 2)}2

—| 3=l

\ linli(x2 +x+2)

(@) +32)+2Y
L (27 +2+2

_’4+6+2]2_ _1_2_2_
\ 4+4 g

/ 2
= 1] =2 Ans,
\ 2 4

(c) limJ;—l
x—] x-l
Solution: multiplying and divided by /x +1

J;—I_ﬁm\f;—lx\/;wﬂ

lim
x—1 x—]_ x—l x_l 'J;_}_I

=lhni«/_¥)‘Tﬂ3
=1 (x=D)Vx +1

x-1

. 1
=lim = linm——
5 x-—li;x +1) =1 Jx +1
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1 1 1
= =——=—  Ans
d+1 1+l 2
1_1
d) lim=
() .tz—)l x_l

1

~—1
Solution: lim*—= hm—[— - ]
-l x—1 =1 x—1

()
=1 (x—1)

. o] x-l]
=lim —
= (x-D\ x
=—=Iiml —1=—1 Ans.
=1 x 1
(e) liml—s;nx
=0 ¢cpsS” x
. 1—si 1-sin
Solution: lim ;nx_l b
=0 cos’ x MOI—Sm X
1-sinx 1
= lim =lim—————
50 (] —sinx)1+sinx) =91+sinx
NS e by
l1+sn0 1+0
¢
® lim—>
x—0 x
Solution: lim J":=1im S
=0 x =0 xCcosx
i . sin
Fip S0 . & o g 202 1
-0 ¥ -0 cos x -0 x
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. secx—1
Iim
@ it xsecx
! -1
secx-l___l. COS X

Solution: lim im
=0 ysecx x=0

cosXx
1—-cosx

= lim Cos X
x>0 X

cos x
. l—cosx z cosx

=0 cosx x
. secx—1 .. l-—cosx
=> lim =lim ,%X and + by l+cosx
=0 xsecx 0 x
. l1—cosx l+cosx
=lim X

x50 X 1+cosx

2
. 1—008 @
=lim———
20 x(1+cos x)

v sin’ x
=lim—
Hﬂx(l+cosx

. sinx sinx
=lim g
=0 x I+4+cosx
sinx

-
=lim Jim
=0 x 20 ]4cosx

=(1( simD ]=(1)(0)

1+cos0

= Ans.
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- .. sin*(7x)
lim
(h) lim 7
2 .3
Solution lunSln (7x) = lim 2 Ux)xk
=0 TIx =0 Tx Tx
_ i S 2(7x) l1m(7x)
10 (7x)

- (1522797 10

=(1).0=0 Ans.
Q.2: Use algebra and the rules of limits to evaluate the
following limits .
-6

Solution : lim-— : - = 3
>4 (x—4) (4 —4)
-6
=—=—00
0
Thus limit does not exist .

x+3 3
(b) lim ———x

=0

[__1_._1}
Solution: Iim-—-x—_-F—B-—g’-— = lim 1 |: ) 1]

=20 x =0 x| x+3 3
_hm_l_[3-x—3]
a0 x 3(x+3)
e
230 3x(x +3)
=lm o N S Ans.
=03(x+3)  3(0+3) 9
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(¢) lim

5 x=5

Solution: Divided and multiplied by vx ++/5
IthE—JE=HmJ§—J§xJ§+J§
=5 x-—5 =5 x-—5 «f;+\/§

= lim (“/‘;)2_("/5_)2

& (x—S)(\/;-i-\E)

TS =
"’5(x-—5 «E+~./§)
TR S
=S x5 J5+45

1
=—=  dns.
25
Q.3: Find the limit of the convergent of the following
Sequences .

S5n
@) {n+7}
Solufion: lim{ i }=lim 2
= n+7 T=3x [ 7)
nl+—
n
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4
4-7Tn n(— 3 7)
Solution: lim{ } = lim——2—Z
n—»x +n n—w 8
n(—- + 1)
n
= lim &
n=FxD E + 1
n
: 7
{ 4- 7n} o = _0-7
=> lim =3 =
| 8+n &1 0+1
(v 0}
=-7 Ans
=3 F
) &Y
n
Solution: Iim{(" 12)” } = Eim(— 1)"]lim~—1—2— )
n—w n ] n—x B
But 1im(— 1)" does not approaches to a single value .
Then lim(—1)" does not exist . But lim-1~2—— - 0
n—=x n—x n w

n—m 2

Thus from (i) lim{ € 1) } = does not exist x 0
n

= does not exist .
Q.4: Weekly sales (in rupees) at big store x weeks after the
end of an advertising campaign are given by :

S(x) =5000+ —3-6.% .Find the sale for the indicated
X+

weeks limits :
@ 5@ &) InSE © msE
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Solution : S(x)=5000+ L (i)
x+2
(@) Put x=2 in(i)
3600 3600
2) =5000 = 5000+ ——
s T 2

=5000+9000 = 14000 Ans.

) Tty Iim(SOOO e 600] 5000+ 2600
x5 =35 x+2 S+2

=5000+514.28=5514.28 Awns.

© }%S(x)zaim[5000+§%99 5000+ 2200

16 +2
=5000+200=50200 A4ns.

Q.5: Use MAPLE command “limit” to evaluate the limit of
All parts of Q.1:

1 3
a) i + —
@ xi‘;{x x— 5)

Solution: Open the MAPLE programme and the open
new document . Use keyboard and write
limit ((3/(x)+1/(x~5),x =4} then press enter key and get
Command:

> timi 25+ g4

x“ % 3x+2
o i)
X +x+2
Solution: Open the MAPLE programme and the open
new document . Use keyboard and write

mit(((xA2)+ B* x +2)/(x 2) + (x + 2),x =1)};
then press enter key and get
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Command:
2
S s (x2)+(3-x+21] _ J
’“[[ @) ++2) )7
. 4
4
() 1im‘/;“'1
= =l

Solution: Open the MAPLE programme and the open
new document . Use keyboard and write
tim it(((sqre(x)) - )/(x = 1), x =1},
then press enter key and get
Command:

> !;'mfr( "(Ml,x= 1];

(x—1)

=

(d) lim=Z
= =1
Solution: Open the MAPLE programme and the open
new document . Use keyboard and write
imit(((1/ x) =1 A(x 1)), x =1},
then press enter key and get
Command:

Ly
> limit - ’x=1 T

[(x% Y

I—-sinx

(e) lim
0 cos’ x

Solution: Open the MAPLE programme and the open
new document . Use keyboard and write

lim ir((l —sin(x)) /(cos™2(x)), x = O);
then press enter key and get
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. tanx
o

Solution: Open the MAPLE programme and the open
new document . Use keyboard and write
limit((tan(x) /(x), x = 0); then press enter key and get
Command:
> l:'mit[ M, x= 0];

(x)

1

. secx-—1
lim

® =0 xsecx
Solution: Open the MAPLE programme and the open

new document . Use Keyboard and write
limit((sec(x) — 1) /((x) * (sec(x))), x = 0);
then press enter key and get
Command:
S il - (5E(x) — 1) cngle)
e 5 ey =)

.__sin*(7x)
() lm—s3
Solution: Open the MAPLE programme and the open
new document . Use keyboard and write
lim it((sin®2(7 * x)) /(7 * x),x = 0}, then press enter key and get
Command:

> h'mit( i%(i—)xu—, xr= 0]:

0
Q.6: Use algebric techniques to evaluate the following ,
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(@ 1
A0 h
Solution: hm i J_ = lim i, J_ x+h+x
k0 h \/x+h+«/_
(\/x+ h)? (-\/—)
= h(«ﬁr+h+«/_)
s x+h—x
= h( x+h +«/_)
Mg s
=0 HJx+h+x)
=lim 1 :
"‘"°w/x+h+\/_ Jx+0+\/_
1
= = Ans
Vx+4x 2«/;
aﬂ'
(b) lim
Solution: lim——"_ =lim~ —%_xX"%
xsa x" —g"  x3ax" -g" x-a
Ox"—a" x-a
>a x—q x"-a
=limZ % xlim——2
X—ra x_a x—Pax —a
A5 i " im0
x—hﬂx -—a I=a x—a .‘—’ﬂx —a
x—a
Since we have results lim>——2— = ng"™" ....(ii) and

=»a x—q

—9 g™ ....(ili) . put (i) and (iii) in (i)
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n__ n n-1 n_ n
B B e — or lim= g na”""’ Ans
=>ax” —q”  ma" =ax" —q" m
(©) liml—cospe
-0 1 ~cosgf
Note: use result 1-cosx=2sin’ %
1—cos p@ 2Sin2ﬁ
Solution: lim——22~ = lim
-0 1 — cos qg -0 25111252
2
&l
2912 il p29
(P_
-~ lim-l—:—@—s-ﬁg=1im 2 £
80 ] —cosgf -0 (qg‘\
2 /_sin® q6
=
2
. 2 pO
242 SH1'—
peo 2_2_
" 5
= lim 2
650 . 2_9
q292 " sin B
4 [ﬁ 4
2
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60 l-cosgd ¢*'1 ¢

. tan@-sind
d) lim—————
@ 6-0  sin’ @
Solution: lmw=lm : 13 [sm@__ 119)

60  sin” @ 6-0 sin” &\ cosé
) 1 [siné‘—sinf)cosé’}
=lim

-0 sin> @ cos®

. sin@ (l-cosé')
=lim

6-0sin’ &\ cosf
gy, 1 (1-0059)
0-0sin’ @\ cos@

« 5 1 (l—cos 9]
850 ﬁ— cos? 9) cosé

e 1 [l—cosﬁ]
" 650 (1—cos @)1+ cos@)\ cosd

TREWE
" 60 (1 +cosd)\ cos O

1 1
_(1+0050Xc050)—(1+1X1)

-1— Ans.
2
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o (2] )
(-2 )

= (e)" = 1 Ans.
e

® li%(uzxz)x"’

1

2
Solution: lim(1 +2x?J7 = !‘iirg[(l +2x? }?"]

® 1'_1:3(—-"—-]1

Soliition: hm[i-] .—.ﬁxn(li'-f)
o\ L+ X x>0\ X

~-x \!
=lim(—l-+1] =(lim(1+-l—]J
x| x—)w\ x

=(e)' == ANS.
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Left hand side limit(L.H.L): If x<a , then lim f(x)=/

is called left hand side limit of f(x)
As x<a thenweput x=a-h where £2>0
Also x—>a then h—0.

Right hand side limit(R. H.L): If x>a ,then lim f(x)=/,

is called right hand side limit of f(x)
As x>a thenweput x=a+h where 2>0
Also x—>a" then A—-0.
If }.ﬁ? flx)= }1’151 flx) = }EE f(x) then limit of f(x) is

exist. i.e. if left and right hand sides limit are equal then
the limit of the function is exist .
Example. 36: Determine whether li_lg f(x) and li:l'.lsl f(x)

3x-4 if0<x<3
exist,if f(x)={l16-x if 3<x<5
* if 5sx<14
Solution: (a) lim flx)= 21_13;(3x +4)=303)+4=13
Jlrizgf(x)=£i_1)1;(16—x)=16—3=13
Since lim = lim f(x)=13
Thus £1_1’131 f(x)=13 Ans
(b) }ng(x)=£i£1}(16—x)=16-—5=11
lim f(x)=lim(x)=5
Since lim flx)= lim flx)
Thus lim f(x) does not exist .

Definition : Continuity: A function f(x) is continues at
x=a if the following three conditions are satisfied .
(a) f(a) is defined.
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(b) iu_*ral f(x) is exist.
© limf(x)=f(@).

A function f(x) is continues in the open interval (@ , )

if it is continues at each point in the interval (a , ).
If the function is not continues at x =g is called discontinues
Example. 37: Discuss the continuity of

flx)=x-2x* -3x+5 at x=1

Solution: f(x)=x*-2x*-3x+5 ....(J), put x=1

(@ f)=@)-20)-30)+5=1-2-3+5=1

Which is defined.
®) limf(x)= lim(x® - 2x> =3 + 5)

= (1) -2() -3()+5=1-2-3+5=1

(c) since 1in11f(x)= 7@

Thus f(x) is continousat x=1.
Note: A function f(x) is continous function in an

interval when the function is defined at every point in
that interval and no jumps or breaks involves .

2-.-
Example 38 : Discuss the continuity of f(x)= £ +24 g
x
at x=-2
2
Solution: f(x)zx —4, at x=-2
X+
Put x=-2
(-2*-4 0
-2 = — - =U dﬁnd-
{ & -2+2 0 naeine

Thus f(x) is discontinous at x=-2 .
Example 39: First class postage in 1995 was 0.32 dollars

for the first ounce (or any fraction there of) and 0.23
dollars for each additional ounce (for fraction thereof) up to
11 ounces . If p(x) is the amount of postage for a letter '
weighing in x ounces , then we write :
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(0.32 dollars if 0<x<1

0.55 dollars if 1<x<2

0.78 dollars if 2<x<3

| and so on

(a) Graphof P(x) for 0<x<5

(b) Find lim p(x) , lim p(x) and lim p(x)
(¢) Find ,1-1315 p(x) and p(4.5)

Solution: (a)

The graph of f(x) is
Shown in the figure.

P(x) =

P}
$1.20
$1.00 o—e
$0.80 @
$0.60 18R o
$0.40
$020

(b) lir}g p(x)=0.32 dollars
lir¥} p(x) = 0.55 dollars
lirrll p(x)ﬁ does not exist .

p(1)=0.32 dollars.
(c) l,iffs p(x) =1.24 dollars

And p(4.5)=1.24 dollars.
Example .40: Use MAPLE command “iscount” to check
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the continuity of the function f(x)=x?+4 in

(a) Internal from 0 to 1. (b) closed interval [0, 1]

(c) open interval (0 , 1).

Solution: (a) Open the MAPLE programme and then open

the new document and use key board and write
isocont(x"2+4,x =0..1); and press enter key get

Command:
> ::scont{f +4,x=0..1 );
true
(b) > iscont(x2+4,x=0..1, closed);
true

(c)> iscon{x*+4,x=0..1, open);
true

Exercise 2.4:

Q.1: Use properties of continuous function to test the
continuity and discontinuity of the following functions.
(@) f(x)=2x-3

Solution: As f(x) is defined for every real number.

Thus f(x) is continues for all x.

(b) h(x =-3—5-
Solution : As Ah(x) is undeﬁned for x=5 i.e. if put x=5
Then h(5)=—-—2——=-%=oo
5-5 0

And hA(x) is defined for every real number other than 5.
Thus /A(x) is continuous for all x except 5.
And A(x) isdiscontinuous at x =5.

x-5
() g(x) —m

Solution :
g(x) is undefined for x=-2 and x=3 and defined
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for every real number except -2 and 3.
Thus g(x) is continues for all x except -2 and 3.
sinx
Q.2: “Show that function f(x)={ x ° y ox20
1 if x=0
is continous at x=10
Solution: (a) Given that f(0)=1,which is defined .

(®) lim f(x) = lim—
(¢) Also lim f(x)= f(0)
Thus f(x) is continouseat x=1,

Q.3: Use the graph of the function g(x) to answer the
following questions .

sin x
=1

(a) Is g(x) continuous on P
the open interval (—1,2)? .
(b) Is g(x) continuous
from the right at x=-17?
Is lim gx)=g(-1) ? N
(c) Is g(x) continuous from -2 / ol 2 4
the left at x=2 ? g(X)=—-x*+2x+2

Is limg(x)=g(2) ?
(d) Is g(x) continuous on the
close interval [-1 ,2]?

Solution: (a) yes g(x) is continuous on the open interval
(-—l ,2) because from the graph it is clear that g(x)
A\ is-defined for every x in the open interval (-1 2).
(b) yes g(x) is continuous from the right at x=-1
Because from the graph it is clear that Lun‘i g(x)=-1
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Also g(l)=-1. Thus lin}‘+ gx)=g(1.

(c) yes g(x) is continuous from the left at x=2
Because from the graph it is clear that lim g(x) =2

27
Also g(2)=2. Thus 151 g(x)=¢2(2) .

(d) yes g(x) is continuous on the close interval [—I 3 2].
Because g(x) is defined for every x in the close
interval [-1,2].

Q.4: Use the graph of the function f(x) to answer ine

following questions .
(a) Is f(x) continuous on [ &
the open interval (0, 3)? .
(b) Is f(x) continuous
from the right at x=0 ?
Is lim f(x)=f(0) ?

(¢) Is f(x)continuous from |
the left at x=3 ? NOZ% 5
I limf(x)=/3 ?

(d)Is f(x) continuous on the
close interval [0 , 3]?

R

i e i i 5 2n prh r rmn i

4

h
v
=

Solution: (a) yes f(x) is continuous on the open interval
(0 ,3) because from the graph it is clear that f(x)
is defined for every x in the open interval (0, 3).
(b) yes f(x) is continuous from the right at x=0
Because from the graph itis clear that !_131 fx)=2
Also f(0)=2 . Thus xEI_I.Sl‘_ F{x)= F(0) «
(c) yes f(x) is continuous from the left at x=3
yes lim f(x)=f(3) .

(d) yes f(x) is continuous on the close interval [0 ; 3].
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Because f(x) is defined for every x in the close
interval [0 ,3 ]. |
Q.5: Graph and locate all points of discontinuity of the
following piece wise functions.

-x,if x<0

1+x ,i i
(@) f(x)={5: ’j}’;; ® f(x)={1, if x=0
g B x, if x>0

Solution: (a) we check the discontinuity of the f(x)

at x=1. Ya
(a) f(1)=5'"1=4 ’ /
which is defined . 4

(b) Eﬁ}f(x)zlxi_:}ll(1+x)=1+1=2 e
As lirfzf(x)ﬂig}f(x) s

Thus lin;x f(x) does not exist.

Thus the function is discontinouse at x=1.
(b) we check the discontinuity of the f(x)
at x=0.
(@) f(0)=1 ,which is defined. yA

(b) gr;zf(x)=1,i_13(—x)=0 4
lim fx)= Ixi_r;l'll(x)——- 0 2 /
As_ lim f(x)=1lm f(x)=0 <oy TrTa>
Thus lim f(x)=0 is exist. /

() As limf(x)= 7 (0) t

Thus the function is discontinouse at x=0.

Q.6: Personal computer sales person recives a base salary of
$ 1,000 per month and a commission of 5% of all sales.
over $ 10,000 during the month . If the monthly sales
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are $ 20, 000 or more , the sale person is given an additional
$ 500 bonus . Let E(s) represents the person, earnings
during the month as a function of the monthly sales .

(a) Graph E(s) for 0<s<30000

(b) Find lim E(s)and E(10000)

(¢)Find lim E(s)and £{20000)

(d) Is E continous at 5 =10000

and at 5=20000
Solution:
Monthly base salary =E(s) =8 1000 , 5<10000
Commission = 5% of all sales over $ 10,000 during the
month , then earning E(.s') represented as

E(s)=1000 + 5%(s —10000) , 10000 < s < 20000
=1000 + 0.05(s —~10000) , 10000 < 5 < 20000

He get bonus $ S00 more if the sales are $ 20000 or more .
Therefore for s> 20000
E(s)=1000 + 5%(20000 - 10000)+ 5%(s — 20000)+ 500

=1000 + 0.05(10000)+ 0.05(s — 20000) + 500
=1000+ 500 + 0.05(s — 20000)+ 500
= 2000+ 0.05(s — 20000)

Thus the earning E(s) function is
10000 , s<10000
E(s)=1{1000+0.05(s —10000) , 10000 < s < 20000
2000 + 0.05(s —20000) , s=20000
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1400

1100

()  lim E(s)=$ 1000 and E(10000) =$ 1000
() lim E(s)=_lim [1000+0.05(s —10000)]
=1000 + 0.05(20000 —10000)

=1000+ 0.05(10000) = 1000 + 500 = $1500
lim E(s)=_lim [2000+0.05(s —20000)]

5-»20000*

= 2000 +0.05(200000 — 20000) =2000 + 0
=$ 20000

Since ~ lim E(s)= Jim E(s)

" Thus  lim E(s) does mot exist.
5-»20000
As  E(s)=2000+0.05(s - 20000) , for s>20000
E(20000) = 2000 + 0.05(20000 — 20000) = 2000 + 0

=> E(20000)=$2000
(d)Yes E is continouse at s = 10000 . But does not continouse
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at s=20000.
Q.7: Use MAPLE command “iscont” to test the continuity of

f(x)= xz +1

g 0
Solution: > ;;gconr[ £ +] ,X=-5..5, c:'osed];

in closed interval [-5 , 5] .

Z+2.7

true

Review Exercise 2.
Q.1:Choose the correct option.

x> +4x~3.

(i) The independent variable in the function y =———-—1is
(x+3)

@x @®x @ @ y

2 —
@ I Fx)= 33’; +92 then f(-3) is

(2) % (b) 12—3 (C)% (d) undefined

. 3x% -2
(iii) The domain of [ (x) = 2% 0
@ (-, =33 ,®) @) (-=,3)UE , =)
) [~ -3] @) (=, 3)
; ] 3x-2 .
(iv) The domain of f (x)= e is :
@ x2-3 () x<-3 (¢) —o<x<w(d) —o<x<w
) If f(x)=2x+3 then f7'(5) is
(a) 13 (b)-13 (c¢)1 (@@ -1
(vi) If y is expresses in term of x as y=1f(x) thenyis
called (a) Implicit function (b) explicit function
(c¢) linear function (d ) identity function
(vii) If f(x)=3x?+2x-1 and g(x)=x+1 then f(g(x)) is
(@) 3x*+2x+1 (b) 3x* +8x+4
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- (¢) 3x*+8x-1 (d) 3x* -8x—4
(vili) The value of e is
(@) 3.142 (b) 2 © 0271 (d) 3.8

(ix) If 5 =7 then thevalue of x is :

In(7) In(5) In(x) 1n(7)
(2] 5 () (b)ln(';) (C)m(s) (d) 1n(x)
(x) Cothx=......
@) e —e™* ®) e*+e’”" ©) e’ +e:’ @ e’ —e:‘
2 2 e*—e* " ef+e”
(xi) In(m)-In(n) =.........

(a) In(mn) (b) In(m+n) (c) In(m—n) (@) 111%

(xii) The function f (x):
(a-1,1 () 2,2 (c) 3,3 (d) 4,4

is discontinous at point :

@1 M2 () 3 (@ 9%
(xiv) If f(0)=0,secfd then f(0)=

@0 (1 ()2 (d-1

.:_e-x

e’ +e”

2—x 24 x
@ —1og[2 x] b) —log[z_x]

-1-x 1-x
(c) —2-log( N ] (d) —-log( T J

Answers: () a(ii)d(iii)a (iv)d (v)c¢ (vi)b (vii)b
(viii) ¢ (ix) a (x) ¢ (xi) d (xii) ¢ (xiii) a (xiv)a (xv) ¢

(xv) The inverse function of
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