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Exercise 6.4

Q1 Find the focus, vertex and direction of the parabola, sketch the graph.

i. y®=8x
Solution:
Given y? = 8x

Comparing with ¥? = 4ax, we have
da=8=a=2
Hence focus § = (2,0) vertex V = (0,0) and axis f
Parabola
Equation of direction=x=—a =-2
Equationof axis=y =10

%-01xis sketch is
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ii. x*=—-16y
Solution:
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Comparing with x? = —4ay, we have

da=16=a=4

Hence focus F = (0,—4) vertex V = (0,0) and axis of
Parabola is y axisi.e.x =0
Equation of direction=y=a =4

y—4=0

aty, <

JH

Given x? =5y
Comparing with x? = 4ay, we have

4da=5=a=->
4

Hence focus F = ({}, %) vertex V = (0,0) and axis of

Parabola is y axisi.e.x =0
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Fquation of direction =y = _45

The sketch is

iv. y'=-12x
Solution:

Comparing with ¥ = —4ax, we have

4a=12=a=%=3

Hence focus F = (—3,0) vertex V = (0,0) and axis f

Parabola is x-axis
Equation of directrix=x=a =3

Equation of axis y = 0
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v. xP=4(y-1)
Solution:
Shift the origin to (0,1) so, that
X=x+0 and ¥ =y + 1 referred to xy-axis with (0,0) as origin
e, xrx=x y—1=1
the equation (1) becomes
xZ=4y
This is parabola whose focus lies on

x = 0, coordinates of the focus of (2) are

xr=0, y=1
x=0 y—1=1
x=IR yp=2

Thus coordinate of the focus of the
Parabola (1) are (0,2)

Axisof (2)isx=0

.e. x=0is the axis of

vertex of (2) has has coordinatesx =0,y =0

Are the coordinates of the vertex of (1)
Directrix of (2) has equation y=-1
e, y—1=-1

or , ¥ = 0is an equation of directrix
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if 1
the graph of (1) can easily be sketched, and is shown as

Ed

* | v=(0, 1) > X

X<€

vii y'=-8(x-3)
Solution:
Shift the origin to (3,0) so, that
X=x+3 and Y =y+0 referred to xy-axis with (3,0) as origin
.e. x—3=x, y=y
the equation (1) becomes
yi=-8x
This is parabola whose focus lies on

y = 0, coordinates of the focus of (2) are

x=-, y=0
¥—32=-—2 y=0
x=1, y=0

Thus coordinate of the focus of the
Parabola (1) are (1,0)

Axisof (2)isy=10
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i.e. y=0isthe axis of (1)

vertex of (2) has has coordinatesx =0,y =0
x—3=0, y=10
x=3, y=1

Are the coordinates of the vertex of (1)

Directrix of (2) has equation x=2

e. x—3=2
or . x = 5is an equation of directrix (1)
sketch is

K\

—
X '[lrh‘l.lh “:Ul'x
el X=5

vii. (x—1)72=8(y+2)
Solution:
Shift the origin to (1,-2) so, that

X=x+1 and Y =y-2 refered to xy-axis with (1, —2) as origin

ie. x—1=¥x y+2=y
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the equation (1) becomes

x% =8y (2)

Which is parabola whose focus lies on

x = 0, coordinates of the focus of (2) are

x=0 y=2
r—1=0, _‘5,-'-|—2‘=2
x=1, y=2

Thus coordinate of the focus of the
Parabola (1) are (1,0)
Axisof (2)isx=0
ie. x—1=0 y+2=0
x=1, y=2
Thus the coordinates of the vertex of parabola of (1) are (1,—-2)
Directrix of (2) has equation y=-2
e, y+2=-2
or , ¥ = —4 is an equation of directrix of (1)

sketch is
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vili. y=6x2-1

Solution:
6x’=y+1
z__1
x*=-(y+1)

Shift the origin ta (0, —1) so, that

X=x+4+0 and Y =y-—1 refered to xy-axis with (0,—1) as origin
ie. x=zx, y+1l=y
the equation (1) becomes

x? =2y (2)

Which is parabola whose focus lies on

x = 0, coordinates of the focus of (2) are

xr=10 Pi=os
x=0 y+l=—

1 23
xr=10 }’—E—l —5

Thus coordinate of the focus of the
23
Parabola (1) are (D,—;)
Axis of (2) is x = 0-is the axis of (1) vertex of (2) has coordinated x = 0and y = 0
e. x=0y+1=0
xr=0, y=-1

Thus the coordinates of the vertex of parabola of (1) are (0,-1)

Directrix of (2) has equation y=- %

e, y= —i— 1= —g is an equation of directrix of (1)


https://www.perfect24u.com/
https://www.perfect24u.com/

More Notes, Books Fbise Visit Now: www.perfect24u.com

sketch is
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ix. x+8-y*+2y=0
Solution:
y:—2y=x+8
y:i—2y41=x+8+1
y=12%=x+9
Shift the origin to (—9,1) so, that
X=x-9 and Y=y+1 refered to xy-axis with (—9,1) as origin
e, X+9=x, Y-1T=y
the equation (1) becomes

B

yi=x (2)

Which is parabola whose focus lies on

y = 0, coordinates of the focus of (2) are

: 1
e x=< y=0
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Thus coordinate of the focus of the

Parabola (1) are (—% 1)

Axisof (2)isy =10
i.e. x+9=0 y—1=0
x=-9, y=1

Thus the coordinates of the vertex of parabola of (1) are (—9,1)

Directrix of (2) has equation = X = —i
a 1
e, x+9=—-
x= —i— g = —? is an equation of directrix of (1)

sketch is

h 2.1y

X. xX—4x—-8y+4=0

Solution:
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x2—4x+4=8y
(x—2)*=8y
Shift the origin to (2,0) so, that
X=x+2 and ¥ =y + 0 referred to xy-axis with (2,0) as origin
e. x—2=x, y=y
the equation (1) becomes
x? =8y
which is parabola whose focus lies on

x = 0, coordinates of the focus of (2) are

ie. x=0, y=2
e x—2=0, Y =2
e x=2, y=2

Thus coordinate of the focus of the Parabola (1) are (2,2)
Axisof (2)isx=0
e, x—2=0
x =2 is the axis of (1)
vertex of (2) has coordinatesx =0,y =0

x—2=0, y=0

0

x =2 y
Are the coordinates of the vertex of parabola (1) are (2,0)
Directrix of (2) has equation y=-2
or , ¥ = —2 is an equation of directrix of (1)

Sketch is
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Q2 Write an equation for the parabola with given elements.

i. Focus(—3,0), directrixx=23
Solution:

Let P(x,y) be any point on the parabola
Let F be the focus (—3,0) and AB the directrixx —3 =0

Then |PF| = |PM]| (by def)

Ja+3)2Z+ (-0 =22

V1242

|x=32
1

x+3+(v)? = (squaring both sides)
X +6x+9+yi=x—6x+9

= y? = —6x —6x

= yZ = —12x is the required equation of parabola
Axis =y =0 (x axis)
Focus=x=-3, y=0

Vertex=x=0, y=0

Directrix=x=3
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Sketch is

-
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ii. Focus(2,5), directixy=1
Solution:

Let P(x, ¥) be any point on the parabola

Let F be the focus (2,5) and AB the directrix y = 1

Then |PF| = |PM| (by def)

VE—-22+ (@ -572 =y —1]
(x—2)2+ (v —5)? = (y — 1)? (squaring bath sides)
P4+ 4—4dx+y?—10y+25=y> -2y +1
= x24+4—4x =10y — 2y+1
= (x—2)2=8y-24
(x — 2)% = 8(y — 3) is the required equation of parabola
Ais =x—2=0 liex=2
Focus=x—-2=0, y—3=2
e..x=2, y=5 ie(25

Vertex=x—-2=0, y—3=10
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e..x=2, y=3 ie(23

Directix=y—-3=-2 _ile.y =1

Sketch is
Y
(2.5) 8
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iii. Focus(—3,1), direckrix=x—-2y—-3=0
Solution:

By definition of parabola

|FFl _ _
W—E =]= IPFI = |PMI

|PF| = J(x+3)24 (y — 1)2

W+ (=20 +(=3)] _ |x-2y-3|
IPM| = JZ+(-2)2 T \E

Putting (2) and (3) in (1)

_ lx=2y=3l

"UJ’(X-'_ 3}2 + U — 1)2 NS

4 2 _ xr+(=2y) s(-3)* +2(x)(-2y)+2(-2y)(-3)+2(x)(-3)
x*+6x+9+y“"+1= .
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Sx2+30x+ 52— 10y +50=x2 +4y2 + 9 —4xy + 12y — 6x

4x? +36x +yP — 22y +4xy+41 =0

iv. Focus(1,2), vertex (3 2)
Solution:

Here Focus (1,2), vertex (3,2) implies the axis of parabola is x axis

Let equation of parabolais (v — 2)? = 4a(x - 3) (1)

a=—J/(3-1)2+(2-2)2
(because parabola open left side)
Substitute the value of a = —2 in equation (1) we have
(y—2) =4(-2)(x-3)
(y—2)*=-8(x—3)
yi—4y+4=—8x+24

yi—4y+8x—-20=0
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!

(1, 2"1Ir Vi3, 2)

.
1

v. Focus(—-1,0), vertex(-1,2)
Solution:

Here Focus (—1,0), vertex (—1,2) implies the axis of parabola is y axis

Let equation of parabolais (x + 1)* = 4a(y — 3) (1)

a=—J(-1+1)2+(2-0)2
(because paraboela open downward)= 0 + 4 =2
Substitute the value of a = -2 in equation (1) we have
(x+1)?=4(-2)(y-3)
(x+1)*=-8(y—3)
x4+ 2x41=—-8y+24

x*+2x+8y—15=0
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vi. Direckrix x = -2, Focus(2 2)
Solution:

Let P(x, ¥) be any point on the parabola

Let F be the focus (2,2) and AR the directrix x = —2

Then |PF| = |PM| [by def)

JE—2D2+ (@ -2)? = |x +2]
(x—2)% + (v — 5)? = (x + 2)? (squaring both sides)
xP+4—dx+y*—4y+4=x+4x+4
yi—4y—8x+4=0

or (y*—4y+4)=8x

or yi—4y—-8x+4=0

Y2y /HLP.Z}

- = o = -

Xe = p 2

&
ol
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vii. Direclixy =3, Vertex (2,2)
Solution:

Clearly distance Ever’re:a and directrix ie equal to one so focus = F(2,1)

? -
Dirgetrix
Y=3
_...a--—q,.kII - lz'z]
‘.r" g ﬁ\\
Xe L —X
\
1
I
.rJ !
i
i

Let P(x, ¥) be any peoint on the parabola
Let F be the focus (2,1) and AB the directrixy = 3

Then e = 1 = |PF| = |PM| (by def)

JEx=-22+(y-1)2=|y—3|
(x—2)2+ (v — 1)? = (y — 3)? (squaring both sides)
xPt+d—dx+y?—2y+1=y"=6y+9

or yi—4y—4x—4=0

or (x*=4x+4)+4y—8=0

or (x—2)?=—(4y—8)

(x — 2)? = —4(y — 2) is the equation of parabola

vili. Directrix y = 1, length of latus rectum is 8 opens downward.
Solution:
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Here L = 8 = 4a
As parabola opens downward so equation of parabola is
(x—hyP=—4aly—-k)______ (1)

But k = —1, because distance vertex and directrix is equal to distance between

vertex and focus i.e. one and sign is negative because of downward.
Thus equation (1) becomes (x —h)2 = —-8(y+ 1)
x2—2xh+ h?=-8y—8

or x*-2xh+8y+8+h’=0

ix. Axisy=0,through (2,1) and (11, -2)
Solution:

The equation of parabola having axis y = 0 is

(v — k)? = 4a(x — h) (1)

Because the axis of parabola is x-axis, so k=0

Thus equation (1) becomes

yi=4a(x-h)___ (2

As (2,1) lies on equation (2) thus it must satisfy the equation (2) i.e.
12 = 4a(2 — h)

1 = 8g~ AGH (3)

Also (11,-2) lies on equation (2) thus it must satisfy the equation (2) i.e.

(-2)% = 4a(11 — h)

4 = 44q — 4ah (4)
Subtracting (3) and (4), we have

36a=3
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(2.1)

> X

x*{ 1.0) \ sERoA

i
(1. 2)

¥

Subtracting the value of a in equation (3), we have

1 1 2 1

1=8(2)—4(2)n or  1=2-ln
3=2—h or h=-1

Subtracting the value of a and hin equation (2), we have
¥ =4 - (-1)

Or y2=%(x+1)

Or 3yi=(x+4+1)

Xx. Axis parallel to y axis, the points (0,3), (3.4) and (4,11) lie on the graph
Solution:

A axis of parabola is to y axis, so equation of the parabola is
(x=h?=4aly-k)______ (1)
As (0,3) lies on equation (1) becomes

(0 — h)2 = 4a(3 — k)
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= h® = 12a — 4ak (2)

As (3,4) lies on equation (1) then
(3—h)? =4a(4—k)

9 — 6h + h = 16a— 4ak (3)

Also (4,11) lies oneguation (1) then
(4—h)* =4a(4-k)

16 — 8h + h? = 16a — 4ak (4)

Subtracting (3) from (4), we have
7—2h =28a
28a —2h =7 (5)

Subftracting the equation (2} from (3), we have
9—-6ht+t4a=0

= 6h+4a=9 ()

Multiplying equation (&) by “7" we get
28a + 42h = 63
— 8o+ 2h=7—
40h = 56
e 0

= h==—=-
40 5

Putting the value of h in equation (6), we have
7 432
ta+6(1)=a=74a2=09

42

45=42
= da=a —-;r== 43

3
== —
20

= dg =

|
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Substitute the values of a and h in equation (2), we have

B =12(5) -+

= —=-—-k = 24k
25 5 5 25 5
- 359 o St
5 25 5 25
= k=22
25
Y
»
(4.11)
(3.9
(0.3)
- X
' 57
5 5
‘.ﬂ

Substitute the values of a and h in equation (2), we have
(x-) =+@v-E)
> (=) =Qu+E)

Is the required equation of parabola

Q3 Find the equation of parabola having its focus at the origin and directrix is
parallel to

i. x-axis
iil. y-axis
Solution:

i. Directrix parallel to x-axis
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Since directrix is parallel to x-axis

Its equationisy=a=y—a=20

Focus is at (0,0)

Now let P(x, y) be any point on the parabola

Then |PF| = |PM| (by definition)

ly —al
x—2024+(y—0P2=—u—
V=27 + (- 07 =75
2_|}r—3|2 . .
x + y* = —— (squaring both sides)

1
x*+y?=y%—2ay+a?
x* = -2ay +a®
B _9
x*=-Za(y —3)
= y:tday —4a* =0

Equation of the parabola

Y
—
a4 S
Il " !
%
X — X
o | FIOLO)
l"""---_
Y

ii. Directrix parallel to y-axis

Since directrix is parallel to y-axis
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Its equationisx=a=x—a=0

Focus is at (0,0)

Now let P(x, v) be any point on the parabola
Then |PF| = |PM| (by definition)

|x —al

02 T A .
Jax—02+(@-0) S

x+y: = ﬁ (squaring both sides)
x2+yf=x%-2ax+a?
y?=—2ax+a*
y?=—2a(x—?)

= yitdax —4a=0

Equation of the parabola

Y
—
Fitn -
X Y, v X
~
- :
Y

Q4 Show that the parabola having

(xsina — ycosa)® = 4a(xcosa — ysina)’a
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Has focus at (acos a,asina) and its directrix is

xcosa+ysina+a=0

Solution:

Here focus = F(acosa,asina) and equation of directrix is xcosa + ysinag +a =0
Now let P(x,y) be any point on the parabola

Then |PF| = |PM| (by definition)

lxcosa + ysina + al

J(x —acosa)? + (y — asina)? =

Vcos a? + sina?

(x—acosa)® + (v —asina)® = (xcosa + ysina + a)?

x? 4+ a®cos?a — 2acosa x + y? + a’sin®a - 2asinay

x2cos?a + y?sin‘aa® + 2cosasina xy

a’sin*a — a® + 2asinay + 2acosax + 2acosa x + 2asinay — a® — a’sin’a — a*cos’a
x%(1 —cos?a) + y*(1 — sin’a) — 2cosasina xy

a’ + 4acosax + 4asina y — a*(sina + cos*a)

xZsina + y?cos’a — 2xycosasina

daxcosa + daysina

(xsinag — ycosa)® = 4a(xcosa — ysina)

Q5 Show that the ordinate at any point P of the parabola is the mean
proportional between the length of the latus rectum and the abscissa of P.

Solution:
Let P(x,y) be any point on the parabola

yZ = 4ax

y =1y (4a)(x)
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(ordinate of P)

= +./(length of latusrectum)(abscissa of P)

Which shows ordinates of P is mean P proportional between the length of the

latus recturmnm and the abscissa of P

Qé A comet has a parabola orbit with the earth at the focus. When the comet is
150,000 km from the earth, the line joining the comet and the earth makes an
angle of 30°with the axis of the parabola. How close will the comet come to the
earth?

Solution:

Let the earth E be the origin. If vertex A has coordinates (-a,0) them directrix of

the parabola isx = —2a. If the is at P(x, y) then

Jx =02+ (y — 0)2 = |x + 2a|

x* 4y = (x + 2a)* (1)

Now from right angle triangle EQP

xZ + 32 = (150,000)2 (2)

From (1) and (2)
(x + 2a)? = (150,000)2
(x + 2a)? = 150,000

Now from AEQP
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30

= 150,000 * cos 30°

X
300 =
cos 150,000

= 150,000 + 2
= 150,000 +3

Put x =75,000+v3in above
75,000 + V3 + 2a = 150,000
2a = 150,000 — 75,000 * v3

2a = 75,000(2 —v3)

) = 10048.095km

z

a = 75,000 (‘HE

2=3

Thus the comet is closest to the earth when it is?S,ﬂD{]( -

)km from the earth.

Q7 Find an equation of the parabola formed by the cables of a suspension
bridge whose span is “a" meters and vertical height of the supporting towers is
“b" metres.

Solution:
An equation of the parabola is

x? = 4Py (1)

The point P(%,bjﬁes on the parabola and so
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()= 0
(£)=
Y P(5.b)
b b
—
X« 0 » X
Y

=  P=(Z) (putin(1))

16b

z
=4(a)
xs = ot
lﬁby

2=

Q8 A parabola arch has 100m base and height 25m. find the height of the arch
at a point 30m from the centre of the base.

Solution:
An equation of this parabola is
x? = 4ay
A PL50.25)

25

The point P(50,25)lies on the parabola and so
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(50)2 = 4a(25)
2500 = 100a
= a=25
xZ = 4(25)y
x? = (100)y
To find the height of the arch when x = 30we have
(30)* = (100)y
900 = (100)y
¥y=9m

Is required height.

Q9 Show that tangent at any point P of a parabola makes equal angles with the
line PF and the line through P parallel to the axis of the parabola being focus

(these angles are called respectively angle of incidence and angle of
reflection)

Solution:
Let the P(x,,y,) be any point on the parabala.
Let the angle between the tangent line point P and PF be 8, let the angle

between the tangent line at point P and a line passing through point P which is

parallel to the axis of parabola be 8,
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To prove 8, =8,

Let the equation of parabola be y? = 4ax (1)

Diff (1) w.r.t “x", we have

dy
2y—=4a
ydl‘
dy _ 2a
dx ¥
dy
dx 2a
XX = —
f—t1,3*1:| ( 1 1} ¥

Thus the slope of tangent line at point P(x,, y,) is equal to ;—“
2a
g L (say)

The slope of line parallel to axis of parabola is equal to zero

= m, = 0, (say)
The slope of
PFXAT
Xq=il Xy—d
= m; = -, (say)
2a
Mmy—Mg (ﬁ}_[x:_ia]

Now tanf; = = TH
1+ Sy
M4 Mg 1+(}?1}[II ELJ
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(2a(x; a)) (¥)®
_ (yi(xy a)+zay, _ 2ax,—2a’—(y;)*

(xq1—a) ¥ X y1—ayi+iay

_ 2ax,—2a’—4ax,

X1y tayy

: www.perfect24u.com

On the parabola it must satisfied the equation of the parabola

<2ax,-2a®  —2a(x,+a)
Xy¥1+ayy yi{x,+a)
tan 8, = —= (2)
¥i
—2a
B, =% —_—
= ; = tan ( = )
Mz —1my B {:TE:)
And tan Eg = = Za
1+mym, l+{ﬂj(}r_1)
(ﬁ
—in
1+(0)
-2
tan g, = (=) (3)
¥1

From (2) and (3)
8, = 8, as required

Hence Proved
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