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The Sindh Textbook Board, is assigned with preparation and
publication D_f the textbooks to equip our new generation with
knowledge, skills and ability to face the challenges of new millennium 1n
the fields of Science, Technology and Humanities. The textbooks are also
aimed at inculcating the ingredients of universal brotherhood and to
reflect the valiant deeds of our forebears and portray the illuminating
patterns of our rich cultural heritage and tradition.

The aims and objectives of the book are to pro '&the students
with sound basis for studying mathematics at hi %t‘,‘undaﬂ* stage
in such a way that even an average student m erstand and use |
it without any difficulty. The language simple and easily
understandable. It is designed to guidg an bsequently provide a
strong base to the readers in order to gra e fundamental ideas and

also master themselves with the Wﬂtﬂl}’ techniques to excel in r

further professional studies.

The Sindh Textbook Boa
expenditure in publishing thi
is indeed not the last wor
While the authors ha

taken great pains and incurred
inspite of its limitations. A textbook
ere is always room for improvement.
2ir level best to make the most suitable
presentation, both in of concept and treatment, there may still
have some deficigficies ¥nd omissions. Learned teachers and worthy

students are, ope, requested to be kind enough to point out the l
shortcomin text or diagrams and to communicate their E—
e

suggestions jections for the improvement of the next edition of
this book.

In the end, I am thankful to our learned authors, editors and
specialist of Board for their relentless service rendered for the cause of

education.
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We are already familiar with the system of real numbers%lt the systemn of
real numbers is not sufficient to solve all algebraic equati . real numbers
provide inadequate solutions when we have to solution of the
algebraic equations like x?=-1x*+4=0, etc. se no real number
satisfies these equations. Similarly, there %ﬂ}f other equations like
x*+x+1=0, x* +5x + 10 = 0 which have {no roots. To overcome this
inadequacy of real numbers, imaginary nu were introduced. Later on,
complex numbers were defined. The tidgship of numbers is shown in the

following diagram. * %
1 Nm\\ ¥ MNumbers
2 +

Kational numbers \

v v
‘ractions Integers
1
v ¥ i ¥
lgar (commaon) Decimal  Negative Zero  Positivi

Iraction Jractions integers

1.1.1 Recall complex number z represented by an expression
of the form z = a + ib or of the form (a, b) where a and b

are real numbers and { = V-1

A complex number is the sum of a real number and an imaginary
number, It is represented by an expression of the form a+ib or (a,b),
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where a and b are real numbers, and '’ is called imaginary unit and i = y—
Complex number is usually denoted by =

The set of complex numbers is denoted by € i.e., € = [(a, h) |a, b & ®}.

As we have mentioned (a,b) is a complex number. In this complex
number a is called real part and b is called imaginary part. Real and imaginary
parts of complex numbey z are denoted by R,.(z) and I,,,(z) respectively.

For example, in the complex number 2z=1(3,2), 3 is real part and 2 is
imaginary part. \

Two complex numbers are said to be eq only if they have same
real parts and same imaginary parts. E

i.e., Two complex numbers z; =a; +1i
a, =a; and by = b,.
“wample: Which of the following pairstof tomplex numbers are equal.
(i) 2, = (6 — 1) = (2 x 3)i ‘ z, =(7=2) +6(v-1)
(i) z, = 23 — (23 — i Q}md z, = (10 - 2) — (32 - 2)i
and

Solution: (i) z, = (6 — 1 ,=(7-2)+6(vV-1)

Z; = a; +ih, are equal iff

or zZ;=5-— and Z; =5+ bi
Here z; # 2, beca ary parts are not equal.
(i) z 23 -1)i and 2z, = (10—-2) - (32 = 2)i

or —(B-1)i=8-T7iandz, =8-(9-2)i =8-7i
Here z; = z, se real and imaginary parts are equal.

1.1.4 Carryout basic operations on complex numn

Basic operations on complex numbers are addition, subtraction,
multiplication and division.
i) Addition of Complex Numbers

Sum of two complex numbers z; = a + ib and z; = ¢ + id is obtained by
adding their real and imaginary parts respectively.
ie. Zr+=(a+)+ib+d)=(a+c, b+d)
Hence (a,b) + (c,d) =(a+c, b+d)




Simplify: (3 4+ 7i) + (6 + %) Simplify: (2.3) + (1,-6)
Solution: Solution:

(34 7i)+ (6+9i) =9+ 16i (2,3) + (1.-6) = (3,-3)

(ii) Subtraction of Complex Numbers
Difference of two complex numbers z; =a+ ib and z; =c+id is
obtained by subtracting their real and imaginary parts respectively.
Le., 2 —z; = (a+ib) — (c+id)
=(a-c)+i(b-d)=(a—c,b—d)
Hence (a,b) — (c.d) = (a—c, b —d).
Example 1. Simplify:(6 + 5i) — (4+30) &= ’ phfzr (7.8) —(5.6)
Solution: (6+ 5{) — (4 + 3i) Solution: [5 6)
=64+5i—-4-3i
=2+2i

(iii) Multiplication of Complex Number r()e’

letz; =a+iband z; =c+id, the
2:2; = (a+ib)(c+id)

=ac + i*hd + i

= (ac — bd},+ bc) = (ac — bd,ad + bc)
Hence (a, b)(c,d) = (ac — bd, ad
Example 1. Find z, z,, whe ,5) and z; = (6.7)
Solution:

2= (4 ﬂ} 72 = (6.7)
2'121=[4%'T.4~?+5'ﬁ} N
24 935 28+ 30)
1,58)

Example 12Z;, where z; = 1+ 5iand 2z; =4 + 3i
Solution:

zy z; = (1 + 50)(4 + 3i)
= 4 + 3i + 20i + 15i°
=4+ 23i—-15 (v {2 =-1)
=—11+ 23i
(iv] Division of Complex Numbers
Let 2z, =a+iband z;=c+id where =z, = (0,0)
zy a+ib n+l.'b c—id
Then, =04~ cvid " c-id
a(c — id) + ib(c — id)

(c + id)(c — id)




ac — ind + the — i*hd
i c? — j 2

ac — fad + ihe + bd
- c? + d?

ac + bd + i(bc — ad)
- el 4 d?

ac+bd bc—ad jac+bd be—ad
=.:,-1+¢:F+Ir:3+d3=(cz+da ’r:2+d3)

bd bc—ad
B+ led :(m:+ : )
Hence (a,b) + (. d) = |5 —7. 577

(: i =1)

F‘in{iz—:whmz1=3-?iandzz=2+ﬁi \
Solution: "\6
zy 3-7i  3-7i 2-6i Q
Hews, Z, 2460  2+6i * el @
6 — 18 — 14i + 42i2
4 — 36i2

 (6-42) +i(—14—18 ,
= 4+ 36 [+ ©=-1]

-9 4
=70 's \'\
Example 2, ];?i]:“;[z—.IE ]:[Q 3) and z; = (2,5)
Z

# Solution:

—

(1,-3)

2,5)
= ((lJ(ZJ + (=3)}(5) (—3)(2)- {1){5))
L (22452 1 (2% +(5)7
_(-13 -11
= (ﬁ' F)

1.1.5 Define 7z = a —~ ib as the complex conjugate of 7 - a + ib

If z=a+ ib then the conjugate of z, denoted as Z, is defined by 7 = a — ib.
Example: :
(i) The conjugate of z=5+2i is2=5-2i
(i) - The conjugate of z = (7,-9) is #=(7,9)
(iiij  The conjugate of z = (3,0) is Z = (3,0)




1.1.6 Define | | h' as the absolute value or modulu

acomplex numbe THE

The absolute value or modulus of a complex number z=a+ib 1S
denoted by mod (2} or |z| or |a + ib| and is defined as
|zl = la + ib| = ya* + b?
“wam Find modulus of the following complex numbers:
6+ 8i and 5—iv7

) v z=6+8i
« |2 = V6? + 82

—ViET el \Q)\
=100 | Q
=10 CZ’
(id) v z2=5=i7 C)
.z.=J5=+[ e O

1.1.7 Geometrical I:ntntmn of complex number z as a
pair af nurhbers (a, b). Complex Plane \
The c ht-r z=a+ib can _'} gt EniE = atib |
be represen metrically by the point : t.JE_mrﬂmﬂ_ Pﬁ’m |
whose cartesian coordinates are (a,b) in a + it

plane where real part of z is taken along
X-axis (real axis) of the plane and imaginary
part of z is taken along y-axis (imaginary
axis). This plane is called Argand diagram or
complex plane. =i

In the figure 1.1, the complex number “" = el
z=a+ib is represented by the point P(a,b) | T' il | .
where a = |DA| and b = |0BI. (Fig, 1.1)




Real numbers can be represented in either increasing or dEﬂl'tELEi_ng
order. Numbers on the right side are greater than those on the left on a
number line. Let A,B,C and D are the points representing real numbers on
number line as shown in the figure (1.2a). They have increasing and
decreasing order.

-2 A-1B 0 C 1D 2

On the other hand, number line cannot represent mplex numbers.
The complex numbers 2z, 23,24, 2,25, 27 €tc are .
represented on the plane but cannot be written in Zy
increasing or decreasing order because all of th@ 4 Zy
do not lie on the same line as shown in figure | % |

So, the complex numbers cannot befarr
in an order but moduli of complex numb real %6 Zq
numbers and can be written as sing and
decreasing order on a number I_ine ere is no
order relation for all cnrnple but their
moduli follow order relation. %

1.9 Vector reprege

ple::numberz-a+lb as
mplex plane. The complex | Pla.bj
reted as vector whose initial
inal point P as shown in Fig 1.3a. b
vector O is the distance from the tail

O of the vector to the tip P. 0 -

The vector representing the complex number .f*”
z = =3 + 4i is shown in Fig 1.3b. S St S
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What are the lengths of the vectors representing the complex E

numbers '
n=-34+4 and 2,=2-7i? E
Bolution £

Here |Z,|=v9+16=5 E

and |Z;]=v4+49=53 =728 i’.

The lengths of the vectors that represent z; and z; are 5 and 7.28 g !:

respectively. i-.r
o>\

- Exercise 1.1
Evaluate: i) %% (=) (i) (-0 c—)@ (i) ()" (-0
For what value of n,i" is equal to 1,4 -1%r —i where 1 <n <4
Simplify the following:

fij (-6.3) (4-2) * ﬁ (8,—4) +=(-2.2)

(iii) (2,3) + (4,5) \\ fiv) (6+5i)— f-i + 3i)
(v) (5—-6i)+(3 LQﬂq} (vi)  (4+50(6+70)

i) (7 %Qm it} (5,-6) + (4,8) = (3,-2) \

(ii) (=1 - iv3)? (iii) (=1 + iv3)? [iv) (1+0)3

VEEh 1 2-i - (24? .
Ly -t 1-i A Y el (2-1)2

©  Show that z =1+ i satisfies the equation z° -2z +2 =0
6.  Find the conjugate and absolute value of the following:
(i) 4 + 5i (if) =1+ 7i (i) V31
(iv) V7 - 3i (v) =3—4i (vi) (5 — 4i)*

= o (14E)(1420)
wi-E




Find real and imaginary parts of:

i . L Y5+

(i) 2i(3— 5i) (i) TEi

If z=x+ iy where Re(z) =0 and |z] = 2 then find Z,
Solve the following complex equations:

i) (x.¥)(2,3)=(-47) (ii) (x + 3i) = 2yi

Represent the following complex numbers on com plex plane.
i (2,-3) (i) (3.4) (i) (=5.7)

(iv) (=6,—2) (v) (0.6) (vi) (=5,0)

Find the length of vector representing the complex numbers.
7 B, o1+ . +y3i
[i) =5+ 2i (ii) 3 + oF [iii) B @’

1.2 Properties of Complex Num} ,S"b

1.2.1 Describe algebraic pl'ﬁ?ﬂ]'t.;@@jtﬂ;}h‘}{ numbers (e.g
nd

commutative, associativ distributive) with
respect to ‘+' and "’

(i) Commutative property w.r.t, n
Let z, and 2, are two co X bers then commutative property with
£3

respect to addition is defined = I+ ;.
Example: Let z, =2 + 3i 4 + 5i, then verify commutative property

with respect to additign.
Verification: We ha rify that 2, + 2. =2, + 24

LHS =z, + z,
=243 '
=6 4.8i

R.H.S =
=44+5i+2+3i
=6+ Bi

+ LH.S = RH.S

+~» commutative property w.r.t addition is verified.
(i) Commutative Property w.r.t. Multiplication
Let z, and z,, are two complex numbers then commutative property
under multiplication is defined as z;,2; = z32,.
Example: Let z, = 4+ 5i and z; = 3 + 2i then verify commutative property
with respect to multiplication.
Verification: We have to verify that 2,2, = 2,2,
LHS= z2 =(45)(3,2)=(4x3-5x24x2+5x3) = (2,23)




RHS= 72, = (3,2)(4.5) = (x4 - 2x52x44+3x5)= (Z23)
v“LHS=RKRHS
 commutative property wor . multiplication is verified.

(iii) Associative Property w.r.t. Addition
Let =z, z; and 2, are three complex numbers,
property under addition is defined as:
(zy + 23) + 23 = 2y + (22 + Z3) :
- Let 2z, =4+5{, 2z, =3+ 2i and z; = 2+ 7i then verify associative
property w.r.t addition.
Verification: We have to verify that (z, +z)+z =% + (z(:z;}

then associative

LHS = [31 +zz}+33
= {(4+50) + (3 + 20} + (2 +70) Q)
=747 42470 X
=94 14{ @Q

RH.S =2z + (2; + z3)
=(4+50+{(3+20+(2+7i)} ‘ ,
=4+5i+5+9i

=9+ 14i \Q
+LHS =RHS

iv) Associative property w Multiplication o
P = & e complex numbers, then associative

. iz defined as:
N

(2y27)23 = 2,(2223)

property under multigli

={(2+3)-(4+50)}-(1+40)
= (8 + 10i + 12 = 15)(1 + D)
= (=7 +22i)- (1 +1)
=-7-7i+22{—22

= —29 + 15i

R.H.S = T Z }
= El‘:{:s?} (4450 (1+10)]

= (2 + 3i)(4 + 4i + 5 = 5)
= (2 4+ 30) - (-1 +90)
=-2+18i—-3i-27



U

= =29+ 15{
 L.HS = RH.s
. associative property of multiplication is verified.

(v] Distributive Property of multiphication over nddition
Let 2, 2; and z; are three complex numbers, then distributive
property of multiplication over addition is defined as:
22 + 22) = 212y + 2124
Let, z; =24 3i,2; =4+ 5i and z; =1+ then verify distributive
property of multiplication over addition.
Verification: We have to verify that z;(z; + z;) = 292, + }:12\

L.H.S = z,(z; + 23)
=(2+30{(4+5)+(1+ )] \'Q)
= (2 4 31)(5 + 6i) Q
=10+ 12i + 15i — 18 @
=—8+27i C)

RHS =z,2, + 2,2,

={(2+3i)-(4+50}+{(2+3i)-
= (B+10i + 12i - 15}+[2+E:
= (=7 + 22i) + (—1 + 5i)

= =8+ 27i
+ L.H.S =RH.S
+ distributive property @H tion over addition is verified.

2.2 Know a '!.iE‘IHi anda
the mplﬁh numbers

(i) Additive
Let z = ) be any complex number then there exists a complex

number (0, 0) such that,
z+ (0,0) = (a,b) + (0,0) = (a,b) =z
and (0,0)+z=(0,0)+(a,b)=(a,b)=2
Thus, (0,0) is additive identity in set of complex numbers.
(ii) Multiplicative identity
Let z = (a,b) be any complex number then there exists a complex
number (1,0) such that,
z(1,0)=(a,b)(1,0)=(a,b) =z
and (1,0) z = (1,0)(a,b) = (a,b) = z
Thus, (1,0) is multiplicative identity in set of complex numbers.




ki
[ﬂ Additive Iinverse ol Complex Numbors r
A complex number (c,d) is called the additive inverse of the complex E
pumber (a@.b) if  (a,b) + (c,d) = (0,0). ;
(a,b) + (c,d) = (0,0) +'
(a+c.b+d)=(0,0)
= a+4+c=0 and b+d=0 gl
= = —a and d=-b ;
Therefore, (c,d) = (—a,—b) ;Ef

So, the additive inverse of g + ib is —a — ib \'Q’\

« (i) Additive inverse of (0,0) is (0,0). Q
(ii) Additive mversn of (a, b} is {—n -El} @

e —— -

Example:
(i) The additive inverse of plex number 6 — 4i is —6 + 4i.
(ii) The additive inverse ut‘ le:s: number - 14i is 14i.
(ii) Multiplicative Inverse ofg lex number:
The mlﬂtjp!.lcattve invers -zero complex number z, denoted
aﬂzlﬂr— 1samm er such that
T=3"1r={1,0)
As the multlph:: rse of a complex number z is i where \
z #(0,0)
L. X ﬂ—b (By Rationalizing the d 1
'z a+ib m+ib a-ib e SRR TR
2 a—ib
" (a + ib)(a — ib)
a—ib a ib

T@+b a4+ b at+ b
Hence the multiplicative inverse of a complex number (a, b) is ( E-T-I: _2.%5)
a a4+
Example 1- .
ind the multiplicative inverse of a complex number z = 5 + 3i

Solutlon: ~ z=543i
5 -3 5 -3 % -3

. e ((5}3 +(3)?'(5)% + {312) B (25 +9'25+ 9) i {ﬂ’ﬁ)




Find the multiplicative inverse of complex number z = 4

Solution

z =4 or (4.0)

rh= ((4}1 : (0)% " ( 4}“3 WF) B G 'u)
np Prove that( E =

al+b* ' al+h’
where (a,bjz (0,0).
Proaf:

a -b \_( @ -b*  —ab ab a’ + b? A
1:ﬂ'mr(az+t:rz'.ﬂl-i-hlz)- POy TR sl St

iLe., ( - e ) +{a, b) = (1,0), hence proved. \-

a?+b? "' a?+b?

is the multiplicative inverse of (a,b)

: Note: The mlﬂﬁi]_li{:ﬂﬁ‘h’l! inverse _tm?[ﬂ,ﬂ} does w
1.2.4 D;e_m-::unﬂtrate the fﬂllﬂ:l;iﬂ r rties
) lz| = |-z| = |Z] = |=2], C)
(i) 2 =z, 2zZ = |z|%, z, + = Z, + ;3.
|iii} Triangle ineqq&@cﬂmplex numbers
|

(iv) z,2; = Z; 23, 2y # 0
2

Property (i) lzl 7 Iqe = |-2|
Proaof: Let + b then |z| = |la+ ib| = /(a)? + (b)? = vaZ +b? ...(a)

and |-z| = |-a- a)? + (—b)? = VaZ + b* .. (b}
Aslo, |zZ| = |a a)? + (—b) =VaZ + b* o e
and |-Z| = | = J/(—a)? + () = VaZ + b? .. d)
From the res (a), (b), (c) and (d), we get

|z| = |-z| = [z] = |-Z2] , hence proved.
Property (ii) (a) 2=z (b) zZ = |z/?, () +2; =5 +7;
(a) I=2z
Proof:

Let z=a+ib then Z=a—ib
Now, I=(@)=(a—ih)=a+ib=z
Thus it is proved that 2=z
(b) 2z = |z|*
Proof: Letz=a+ibthenZ=a—ib _
Now, zz = (a + ib)(a ~ ib) = a* — i?b? = a* + b* 1
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and [z = |la+ib| = Va7 3 57
S0, |z|;'f = lﬂ + ”1'[: = ﬂ'z 4 hﬂ.
From (i) and (ii) we have,

27 = |z]* | hence proved. ..[b)
(] htn =0 +%;

Proof: Let =z, =a+ibandz, =c+id
LHS=z1+z,=(a+ )+ (c+ud)=(a+c) +ib+d)
=(a+c)—i(b+d)

Thus z;+2; = (a—ib)+ (c—id) i)
Now, RH.S =2+ % = (a+ th) + (c + td)

Thus H1+o=(a—-ib)+ (c—id) @\ ... |11
From (i) and (ii}, we have z, + z; = I; + I3, hence pr%

Triangle Inequality of complex number

Ifz,,z; € ¢, then |z;| = |zz| = |z; + zzl < |z; ] which is called Triangle
inequality.
Geometrical Proof

Let 2, = x;, + iy; and z; =\\\bbﬁ- represented by vectors OF; and

OF, respectively as shown in |

Considering the figure, g the parallelogram OF; P; P;.
In AOP; Py, =z, +12; |
Since sum of the | h any two sides of a triangle is greater than the
length of the thi jte. e
1|+ [OP;| = [OPs| (+ PiP; = OF;)
So |2y | + |22] = |24 + 22|
> Yi

.==(i)
Again, in AOP,P;

[OF;] + [PPr] = [OF:| )
p [P;| = [OP;] - |OF,] T
= lzg — 22| = |24| — |22 s *-:
= lel“‘liﬂﬂhl'hl Eg/x 2
Replacing z, by —z; We get 4 g

|2,] — | =22 < |21 — (=22) S D . X

= [z, = |22] < |21 + 22l (i) ‘ . 4.4
Combining inequalities (i) and (1), and rearranging ;
izlf —, FEEI = I'?_.l e III = II] ' + IE;’ L' 2,82 e ¢ . Hence proved.




.y z

&) &z =2 -z, (b) (Z) =:z:z-:‘a*u
Proof: @ HZH=5'%
Let zZy=a+ibandz, =c+id
then z,2; = (a + ib)(c + id)
or 2,2z, = (ac — bd) + (bc + ad)i
L.H.S = 7;7; = (ac — bd) + (bc + ad)i = (ac — bd) — (bc + ad)i .. i)
From the results (i) and (ii), we get Z,2; = Z,.%;, henc ed.

Proof: (b) (E)=i_—:,zzatﬂwhere,zl=a+ih z, = c+ id.

zZ a+ib _a+ib c—id (a

How, Z, c+id c+id c—id - d?
i(bc—ad
Thus k S (“H'bd:;ﬂ(z ad)
Z; c*+d \Q
z ac+b . (bc—a c+bd) . (bc—ad R
LHS = (2)= +;(_._“(b i )
Z2 cl4d 2 +d* c24d
Zy  a—ib +id
. B =
s 7z =i c+id

ci+d?
(ad — be) _ (ac + bd) i(bc — ad)
T c24d? T 24d? 242

@2
- uHY_A
From (i) a@ue get (Ez) x Hence proved.

1.2.5 Find real and imaginary parts of thi

.. (if)

complex numbers

Type | (x4 Ey)",
. "'1”_'1"1 n | | |
Type [l (r IWJ , Xe+ vy v D whi |
Type: (I) (x +iy)* where n=+1 and +2
(a) Let, n=1 :
then (x+iy)"= (x+iy)=x+iy

Here, x is real part and y is imaginary part.




(b) 'Let, n=-1

! x=iy X1 AL
then (¥ +iy)"=(x+iy)~' = T x4y Jr-lL'}'Rt —ly xé—{" 7_!2
| _ { X {
o v ,h O = = A
Here, R 18 real part and — ﬁ? 1s imaginary part
(c) Let. n=2
then (x+iy)" = (x + iy)? = x? + 2xyi + i2y% = (x% — y2) + 2xyi

Here, real part is x* — ¥* and 2xy is imaginary part.
(di Let,m=-2

o %)
T+iy) =
Lo T x+iy)? x4 2xyi + i2y? \'

" 1 " x'-y?)-2
(x2=y2)+2xyi ~ ([x2-y7)+2 —2xyi
__ =y —2xyi (2P 2xyi
(2 = y2)2 + dxlyis | (x™F y2)E
Thus, (x+iy)"? = x-y: __ 2xyl

{114.}-:}1 {II +P2E

Example: Find the real I
i) 2 5&1@
(i) Solution:
@ = (2)% = 2(2)(50) + (5i)* = =21 - 20i
Therefore, re is¥—21 and imaginary part is —20.

(ii) Solution:

is real part and 5 is imaginary part.

2
ye)
parts of the following complex numbers:
3 -4

1 3+4i_3+4i_3 4
- 3+4¢ 25 257285

we have real part —2-?15- and imagina.t}r part E'

(3-4i)'=

Wote: We can solve the above example directly by using the derived formula
as done below.

(i) real part = x* —y* = (202 - (-5)?=4-25=-21

and imaginary part = 2xy = 2(2)(-5) = -20.
i) real part =ty =—go——y ==
real PAIt = T T 3yla(—4)?  9F16 I5




= s B S )

i 1 1t = - = — Tat
and imaginary pa pﬂ:,z (it(A)2 OF16 25

_ - (:lrr"f}'l
g s .l‘;,g'l"f}"g

n
) L x;+ iy, #0  wheren=+1and %2

For n=1
C + r'.v;)” N (n + "}’1)1
s +iva)  \xp iy,

x4y, A iy, _ (x1 +iyy)(x2 — iy;)

T Xz iy, xz—iy, {Iz}":-ii}ﬁ

Cxyx— (Y, Xy i (=1)yyy,  (nxa+y¥.) - '[1:]_.1"'2 =Xz ¥ )i

h X+ " 2+
(x1x2+¥1¥2) =(x1¥2-%2¥1)

Here, and > are the r d imaginary parts

x3+y3 x3+y3
respectively. Q
For n=-1, @
(r1+i}r1_)" - (x, +iy1)—l 1 _x;@_xz+i}rz Kx1 — iy

Xz + 1y, Xz + iy; xy+iy, +iyy x+iy x-—iy

x1%z2 + (X1 — Wy, Xix2+¥Y, (X1 — Xay N

(xy)4 J.'% +J"§ x% + ﬁ
X1X2+¥V1¥z | (x1¥2—-x2¥1) . . ;
Here, — = —5 a1 > is imaginary part.

For n=2

(;-'1 + iy )"
2 T Iy

(atin) () +2nitityf  x +2oni+ (-=Dyi
Tty ()P4 20y0+ 2 () + 20y + (-
( 2eyyai {0 = yi) + 2000 iH(x2 — ¥3) — 2x,y.0)
(x5 ~w3) + 2,50 ((xF = ¥3) + 222321 H(x3 — ¥d) — 2,51
A =y = D) + 4y} + (2 (6 — y3) - 20,00 — yDH
B x3 +y3 - 2x3y? + 4xdy?
(xf-yi)(xZ-yI)Hax1y1%2),

Therefore, the real part is .
(x3+¥3)
2x 2 _y2)—2 - SR
(x5 +¥3)
Forn= -2 Z

(”1 + iTI)" s C? + ‘.'t'i]_2 _ O +iy)™? (e +iv)? ()24 20yai+ ityd
2+ 1y

x; + iy, T (g +iy)% 7 ()% + 2%y i + i2y3




T T T R,

{1n]3+212_f.r+{—llv; {1’.; vi )+ 2xp,i

()2 + 20,0+ (-1)yi { — i)+ 23y,
={.{15_}’1}+312F2‘] (xf —¥}) — 2203,
{(xF = »i) + 20,1} {(F = 32) - 23y,
-8 (- :-';}+4I1rtxzr,g} [2eay, (3] - y}) — 200y (%2 -
(x} + v - Exlyf+4.t3y1]
L"'l ¥i)(xs “}’zj'l“*i'-’fih X2z
(x2+y?)’

; s 2x y2_—yi)-2x y2_y? \
anid the imaginary part is 2¥a2(xf-yf)-2x,y: (x3-¥5)

(x3+y2)’
Example: Find the real and i unag;ln&_r_rf part-s of the i@g

2
(i) [11}
4 3i Q
2
_ . f2=i
(1) Solution: (-_hi—EE)
_ 4—4+E
T 16— 24i + 9i2
34

= 24i

Therefore, the real part is

(ii) Solution: (%::)- H

2-—i)

'(1-1
4 —4&i + 02

T 1-2i+i?
3 — 4i

— e —

-2

7




=243
= 21

So, real part = 2 and imaginary part = ;-

kD

We can also solve the above example by using the derived formulas,

Exercise 1.2

Let z;=3-4i, Z, =445 and :z
Verify the following: 6

(i) Addition of complex numbegre i mutative
(ii) Multiplication of complex fnumBers is commutative
(iii)  Addition of complex ers 1s associative
{iv)  Multiplication of co umbers is associative
(v) Multiplication of, numbers is distributive over addition.
If 2, z, and z, are com mbers then prove that:
(a) z+z (b) z—Z is imaginary.

o) lz
Find the addl@?ﬂrﬂﬂﬂ of the following complex numbers:
i_'l

n]3-+51 (i) (11,0) (i) (5.6)

) (5 twl (0.3)

Find ultiplicative inverses of the following complex numbers.
(i) 3 + 5i (ii) 8i (iii) (10,4)  (iv) (12,-7)

w80 ) (0.F)

Find the additive and multiplicative inverses by definition of the
following:

Verify the following properties with z = 4 —3i,z, =3—2iand z, = 2+ 3i

) ld=|-24=|a=|-2 (i)Z=2 (iii) zZ =4
MEFG=5+5  WEH=a% () (2)=3

s TG



If z, =3 —2i and z;, = 2 — 3i then express the following in the form of
a+1b.

7123

f127 Cir,
07 )2 ) 2

E3
Also verify Triangle inequality of complex numbers. |
8 Find real and imaginary parts of each of the following by using any
method:

M OVZ+0)7 @) Q-8 ) (B0 (2i-V3)
T SRR b  (3i-2)"%
) (m) (v1) (5:-4) (v (z—si)

1.3 Solution of complex equation Q}

In this section, we shall find the mluﬁun@uaﬁﬂﬂs with complex
coefficients by using different methods.

simultaneous Ei*r:':Q-.‘...".'h'-tlr- with COomj
te. For .h:?-.c-.-*'l_r].i_]iQ
 u (3 - :"ll'-,"\%

Example: Solve 5z —(3

(2 1) ~1+4+1
Where »@ complex numbers. \
Solution:
Here, Linear are
z=(3+w=7-1 ...{i)
(2—i)z+ 2iw=—1+I ... i)

In order to equate the coefficients of 2, we multiply equation (i) by (2 - i) and
equation (ii) by 5.
@-i)52—(2-D@+Dw=2-DT -1 ... i)
5(2 — i)z + 5 X 2iw = 5(—=1+ 1) . (iv)
Subtracting equation (iv) from-equation (iii), we get

-w(7 +9i) = 18— 14i
18—14i _ (—18+140)x(7-9i) _ —126+162i+98i+126 _

2i

or W= = +gf] g (7+9i (7=91) - 130
Now substituting w = 2i in equation (i},
we get Sz=(34i)2i=7-1




Thus. w=2i and z=1+1i.

:'|_|_I. s | .- -1|'.E'r.r|'.! I‘llll F' | L .I"I:r'l
For example: |a) " 2 o ) Gl

(b} et b pd B = 14410

(a) 28 +at =22 - (-1)a® =z% — i%a? = (2)* — (ia)? 6\
= (z —ia){z + ia) \,

Thus, factors of z* + a? are (z — ia) and (z + ia). Q

(b} Let p(z2)=2z'-3z"+z+5isa pﬂ]}rﬂﬂﬂ@

The factors of 5 are +1 and +5.

Here, p(z) =2 -3z +z

For z=1, p(1) = (1)° - %+ 5 #0

For z=-1, p(-1)=(- 1) 1)2+( 1)+5 =0

As, z=-=1, so, [3+QQ¢ of p(z) =23 -3z2 + z + 5.

By synthetic division

_.1_|

weget (27 —3z2 +z+45)+(z+1) = (22 -4z +5)

Hence, (2 =32"+z2+5)=(z+1)(z2 — 42+ 5)

Now we can easily find the factors of 2% — 4z + 5 by using quadratic formula.
In order to find the factors of 22 — 4z + 5,letz° —4z4+5=0.

Here,a =1, b= —4 and c =5, by using quadratic formula

—(—4}i¢[—4}=—4{1}{5} 4+16-20 4iﬁ ,
2(1) 2 e X




Thus,z=2+iandz=2-jorz—2—i=0andz—-24i=0 I
Hﬂ11c2r:+t‘;1e three factors of the given polynomial are(z+1),(z—2—1i) and |
(z-2+i |

by LT 4 1 1111

b e .
¥

We recall the method of completing the squma@'ing the following

standard form of quadratic equation. Q
The quadratic equation in standard form is:

p:rz+qrz+r=£||

i_
!:

constant on R.H.5)

=% pz? + q'z =— (5
= z? + g=—= mdmg by the coefficient of z7%)
= (2)*+2 (E) @z -=+ 2[:5' |Adding (Ep) to
both sides]
= (e L i
P 4 4p?

rﬁ
r :Eﬂ'z—“ﬁ’?’ :
5__2__ =+i (Taking square root)
JE—apr g _—atyei—der
.

= T F

Example: Solve 22 _ 2z + 5 = 0 by completing square method.
Solution: We have 22 —-2z+5=10

or 22 =2z =-h
By adding 1 on huth sides
we get —2z31=-5+1
- (z—1) = —4
By taking square root of both sides
z7—1=1V/-4%
z—1=%2I

=1+2




ii.

i

Exercise 1.3

Solve the following simultaneous linear equations with complex
coefficients for w and =z

i) 3z+@+iw=11—i (i) 224+ 3+ Dw=9~1i
(2—ilz—w==1+4i (A-Dz—-iw=-=-141i
Write the following polynomials as the product of linear factors:
(i) z* + 81b° (ii) 2* + 32 4+ 2—5 [(iii) 42* + 9h*?
(iv) 2* +32° + 4z + 2 (v) 23 — 72 + 19z — 13
(vi) z* + 322 + 19z + 17 (vid) z° — 322 + 42— 2 \
ing the squares

Solve the following quadratic equations by cu@
where zis a complex number.

\'
()= —4z+5=0 (ii) 2" +12z+5 '@
{iii) 342% — 6z = -1 . [iv) 2% — 6 éﬂ
(v) 2*—6z=-13 (vi) 22 + &4 =1

Review Y.x=rcise 1

—Elact Thie oOrreac)

For any complex num |z| is equal to

(a) 12 (b) | ¢) |-2| (d) all of these
If z, and z; ar Qmmp]ex numbers, then

(a) lzy + 22| < |z, 1 (b) |2y + 23| < |24 + |2;]

(c) |z, — z;| = |zl (d) |2y + 22| = |z, ] + |22]

If z= en z+4+ 7 = -——--—--- (@a)8 (b)—=3i (c)-8 (d)3i-8
Ifa <0, then (ajab>0 (bjab<0 -(c)ab=0 (d)all of these

If nis &n even integer, then (i)" is equal to:

(a)i (b)-i c) lor—1 (d) i or—i

If z is any real number x, then its conjugate is:

(a) x (b) —x () i (d) —xi

(_1}_22_1 is equal to: faji (b)-i (c)1 (d) -1

If z = (0,1) then 2° is: (@1 (b)-1({c)i (d)-t¢
The product of two conjugate complex numbers is:

(a) A real number (b) An imaginary number

(c) Always zero (d) Not defined

2+i 1
Real part of-*T[' is equal to; (@1 (b)2 (c)=1(dl3




xii

wial,

®iv

XY

xvl.

The plane on which complex numbers are shown is called:

(a) Coordinate plane (b) Complex plane

(c) Cartesian plane {d) Real plane

The modulus of a complex number 7 = x + iy is the distance of P(x,y)
from:

(a) x — axis (b} y — axis (c) Origin (d) (x.¥)
If2, =243, 2, =1—1i then o

(a) V13 (b) V26 (c) V15 (d) 26

If |x + 5i] = 3, then x is equal to :(a) +4 (b)+4i (c)+22i (d)None of these
Multiplicative inverse of (3,4) is:

@Fa) eE® o« (5@

If z=-3i+ 4 B 1 11 o O i —
(@-3i—4 (b)-3i+4 (c)3i+4

Real and imaginary part of i(3 — 2i) ctively:
(a) 2& — 3 b} 2&3 Om—z (d)-3&—2

. Ifz=a+ib, then |z|=! —--

(@) va—b (b) VaT - %{ N (c) VaZ + b2 d) va—b
\

1+i)12 _
i, e

) =1 ( Q (c) i (d) —
The value of i~ .,

Ti o
(a) 1 Q)b i (e) =1 (d) —i

Simplify:
+(50) + (7 +60) (i) (4=1) + (=9 +6i)
11i) — (3 + 50) (iv) (=2 — 15i) — (~12 + 13i)
=3 + 2i)(3 - 8i) (vi) (3 - D)(4 + 30)(5 - 2i)
i) 25 S rwr

(a) Find each of the following:
(i) Zforz =3—15f (i) 3 =2 forz; =5+i and z, =-8+3i

[iii)z;2; forz; = =10+ 5i,z. =5-10i
{iﬂ;fﬂr z=15-=3i (V)fH—Zforz, =5+ 4i and z, = =8B + 5i

(b)  Find absolute value of the following complex numbers:
6+3i 14

v
10+2i [ 1-i

(i) =3 =6 (ii) =6+ 3i  (iii)




U

Find the values of x and y if:

(i) 5x + 3iy = —x + 2iy fii) x* — 7x + iy = iy* + 20i — 12
Find real and imaginary parts of the following:

e » .'!,.v_+ir — 342
(fz=i—42i—3 (1) Sid or z

Find the additive and multiplicative inverse of each of the following;
(i) 3=7i (i) -2+ (iiij =2-—5i

: 1 3 :

iv) S+3i (v)  —4++Ti (vi) 34 4

7 Solve the following equation:

zt—(2-3Dz—=5+i=10 Q)\

8 Verify the following: x
(i) (2+43i)°=-5+12i 3 2 =42 — 40§
(iii) z23+i=(z—i)z* +iz—1]
=] Solve the quadratic equations by mg the squares.
(iyz*—52+7=0 {u]Ez — 9=0 (iii)4z®+25=0
(iv)z? =10z + 41 =0 4z+5=10
£ S




Matrices and
Determinants

Matrix is a Latin word which means a place where something develops or

originates.

J. J. Sylvester (1814-1897), was the first Briti ematician, who
formed squares containing rows and columns w !\' extracted from a
rectangular arrangement of objects and called it (plural matrices).

Arthur Cayley (1821-1895) develo e ry of matrices and used it
in algebra of matrices.

Matrices are used to sulve the of linear equations. These have wide
applications in the fields of ma statistics, engineering, physical and
social sciences also in other va%\&smphnes

* A I .n. s

. 3 two matrices
(a) A mat its notation

A rectangular array of numbers, symbols, or expressions, arranged

in rows and columns is called a matrix.

Matrices are generally denoted by capital letters of English alphabet.
Small letters of English alphabet or numbers generally denote its elements or

entries,
The following notations are used to enclose the elements of a matrix.

[ 1.0 )

Following are the examples of matrices:
a b

a=[f) B=[s 5 3b c=lu Zlendo=[C g




The general form of a matrix ‘A’ with ‘m' rows and 'n’ columns is
g

represented as follows: i column
i
T @y @z By o My o gy
@3y 3z Gz Q3p - fd3p
e : E T th row
@y Qg @y e i e B
Lﬂm] ﬂmz llm;! . ﬂTﬂJ iy ﬂm.ﬂ

It is noted that the element a;is lying on the interscﬁ'c:n of the i*" row
and j™ column of matrix A. It is referred to as the (i, '}t@
above given matrix A can be represented by A= [u-

where i=1,2,3,...mand j=1,2,3

ent. Hence, the

e,

riler f 2 matrix

The order or dimension of a ix having m rows and n columns is
denoted by m % n (read as m by n] 2 :"

A matnx ﬂfﬂrdermxnc ttenaa
3. ﬂln
@ ﬂEZ”
% ﬂmi Az
Examples:
i 4 7i
(1) [; i is a £ matrix (i) Ef 5 Eil is a 3 X 3 matrix
i 6 9i
or matr order 2. or matrix of order 3.

(iii) ’ l is a matrix of order 3 X 1. (iv) [1 2 3]is a matrix of order 1 x 3.

| Equality of two matrices

Two matrices A and B are said to be equal if they have the same order
or dimension and the corresponding elements are equal.

S _[2=-1 1+1 .
For example, .ﬁ.-[s 413111:13-[4_1 3+1] are equal matrices.

but, A = [; i] and C = [; E] are not equal, because a;; # 3z i.e. 4 # 5




4
similarly, [‘3‘ #[4 —3 5] because of different order.
5

(i) Row Matrix
A matrix having only one row is called a row matrix. i.e. matrix of order
1 % n is row matrix, \

For example, @
A=|a b]isarow matrix of order 1 x
B=[a £ vy]isarow matrix of orde .
The matrix A has two columns and B has mns but both have one

row,
(il) Column Matrix

A matrix having only one culu“aﬂed a column matrix. i.e. matrix
of order m x 1is a column matrix.‘ c-

For example:
A=[§]iﬂ&ﬂ{ﬂ rix of order 2 x 1;
o] o oo
B= [ﬂ is | matrix of order 3 x 1;
¥ \
The matrix A has ows and B has three rows but both have one column.
(lii) Square
A mat ich the number of rows and columns are equal is called
a square matrix.%.e., matrix of order m X n is square matrix if m = n.
1 2 3
Example: B=[1 2Zlandc=1l4 5 6 are square matrices,
3 4 7 89
The order of matrix B is 2«2 and the order of matrix Cis 3 x 3,

liv) Rectangular Matrix
A matrix in which the number of rows is not equal to the number of

columns is called a rectangular matrix. i.e., matrix of order mxn is
rectangular matrix if m # n.

2 1
Example: B = [; g 2] and C= [;3 g] are rectangular matrices.

l |




{v) Zero/Null Matrix
A matrix in which every element is zero is called a zero or null matrix.

Symbelically, a null matrix of order m x n is denoted by O

S0, Dy = In][:!l.ﬂ‘.' i.e, az =1
i

= 0 0. . : 0
- i I{} ﬂl is a null maitrix of order 2 aned IE] 0

0 .
IJ] 15 a null matrix of

order 2 x 3.
(vi] Diagonal Matrix

A square matrix is said to be a diagonal matrix if all the non-diagonal
elements of the matrix are zero and at least one diagonal @ement is non-zero,
1.€., @y = 0 where { # j and at least one ay * 0 where I®

dy 0 0
0 d, 0 I is a diagonal matrix 3.
it &,

The entries d, ,d; , d; are of principal or le ain diagonal of the matrix
D and these entries are called diagonal eldgents.

The matrix D can also be denoted as; B= diag (d, iy, dsy)

6

Example: D=

Z 0 0[5 0 0
]ﬂ 5 I]I . lﬂ 6 0] and are few examples of diagonal matrix
0 0 6110 0 O 0
of order 3.

(vii) Sealar Matrix

A diagonal m Qﬁrhich all the diagonal elements are equal, is
called a scalar matrix.We. if =0wherei#j, and a;; =k where i =j and kis

a scalar. For &l@ [ﬂ g] is a scalar matrix of order 2.
0

a 0
and I[} a i a scalar matrix of order 3.
0 0

(vwiii) Unit or Identity Matrix

A diagonal matrix in which each diagonal element is 1, is called a unit
or identity matrix. The unit matrix of order n'x n is denoted by .

For example, I; = ; [1]] is a unit matrix of order 2.
1 0 0
=0 1 I]l is a unit matrix of order 3.
0 0 1 -
Note Every scalar matrix is also a diagonal matrix. |

Every identity matrix is also a scalar matrix.

R — e — —




(i) Upper Triangular Matrix
A square matrix, whose all elements below the main diagonal are 2ero,

is called upper triangular matrix,
LE-, ﬂszﬂlvi}j

\

For example, [2 8 3

0 1 6

g 0 3 \'
is an upper triangular matrix of order 3. Q

(ii} Lower Triangular Matrix
A square matrix, whose all elements @ main diagonal are zero,

is called lower triangular matrix,

i.ﬂ., ﬂ.f; = 'D. Vi ":j:
&*

For example, 2 30

transpose of A. It is denoted by A® ; read as “A transpose”.

i.e., A" of order m is the transpose of matrix A of order m x n.

E}"l’ﬂhﬂ]il:allj.-’, ifA= Iﬂf“]{iﬂmﬁ then A" = [a-'”][n.m}l
123 1 7

For example, If A= , then A® = [2 5].
0 5 7 3 7

(iv) Bymmetric Matrix and Skew-Symmetric Matrix
A square matrix A is called symmetric matrix if A*=A.

) , . . 1 3

For example, A= [; g] is a symmetric matrix because A‘= [3 )] =A
a d c a d e

B= [d b f‘ is also a symmetric matrix because B' = Ia‘ b fl=8
I

e f &




A square mairix A is called skew-symmetric matrix if A' = —A

[ 0
For example, I A=| 4
-1

. 0

—4
[ 1
0
=—| 4
.~
L, At =—A

then At =

S0, Ais skew-symmetric matrix.

—4
0

3
4

0

-3

—4
0
3

1
-3
0
=13
3
0
1
-3

0]

i e

(v] Idempotent matrix

Not v.._Ip_ _s;tw}fﬁr-s}'mrﬁetﬁc matrix, all the diagonal ele_w@e_ always zero.

A square matrix A is called idempotent @
potent matrix.

Frample: Show that the following matrix

ey

-

’ -42 ;+4
-3

[ 2 =2
Bolution: letA=|-1 3
|1 =2
[ -2

Now, A*=|-1

2
Since A*=A
Therefore,

~4-6+8
4+9—8
—2=6+6

empotent matrix.

—4

4

-3

-8—-8+12] [2 -2 -4
441212 =[—1 3 4|=A
—4-8+9 1 =2 =3

| _J'iéiﬁ}{atrix multiplication will be discussed in detail in secti-_:::;_l:u 221 S

{vi) Nilpotent matrix

A nilpotent matrix is a square matrix A such that A" =0 for some
positive integer p. The smallest p is called the index or degree of nilpotent

maltrix.

ample: [.-El,. A= 1




_ (OO + (U 4 @d-n (12) + (202) + (i-2) (1)(3) + (2)(3) + (D)(-3)
A= (O + 02300 + @an-ny () + (2)(2) + (-2 (1)(3) + (2)(3) + (A)(-3)
GO M+ Enen (0@ + D) - (1)) + (C203) + 303

. 11+42-3 2+44-=6 3JF+6-9
= AP=(14+2-3 244-6 3+6-9
=]l =-243 -2—-44+6 -3-64+9
0 0 0
= A*=10 o u‘=u
) 0 0 o
re.. A" =0, 80 A is a nilpotent matrix of index 2.
(vil) Invelutory matrix
A square matrix A is said to be involutory matrix i L.

&
O

£

-5 -8 0
Let, A= [ 3 5 0
1 A |
-5 =8 0 ”—5 -8 0

Now, AA=|3 s oll3 5 0

’ L 1 2 =111 2,

- 25—24 40 — 40 10 0
=| =154+ 15 =24 ’D 1 ﬂ"=[
-5+6—-1 -8+ 0 0 1
i.e., A*=1, soAisaniny
(will) Periodic lnltlll
A square m Hllﬂd a periodic matrix if A**' = A for some
positive integer k here k is ca]lf:d the period of A.
Example: 5@ ls a periodic matrix of period 2.
-3
1 =2 —-6] [1 -2 -6
Now, Al=|-3 2 9|1-3 2 9
2 0 -3 2 0 -3

—|-3-6+18 6+4+0 18+18-27|=|9 10 o
2-0-6 —4+0+0 —1240+9

again we multiply by A

_5 —6 —2 —b6
S0, A’x A= 10 9 H ]
-+ —4

r14+6—-12 =2—4-0 —ﬁ—13+1j [—5 -6 "ﬁ]

-4 -4 -3




_54+18-12 10-12-0 30-54+18
or h3=['}—3ﬂ+lﬂ ~1B420+0 -54+90-27
-4 +12-6 B—-8-0 24 -36+9

1 -2 -

= [-3 2 9|1=A
z 0 =3

ie. A*=A, so A is periodic matrix of period 2. Hence shown.

jix) Hermitian Matrix and Skew Hermitian Matrix -
A square matrix over C is called Hermitian matrix if (A =A

Whereas a square matrix over C is called Skew Henniﬁan{atrix if (A)' = -A
Note: (A)F = A 6
Example 1, Show that matrix A is Hermitian maLmK'
1 it =2 9 Q
= B 5i 2i
2i =5i B =i
=9 =2i i 4

ardl il St
1 *\%; 9i
—{ { &
2i -i

Here A=

where A=

(\ L 4
Q" —i 2 -9i
Now A { 5 =5i -2i

=2i 5i B i

/ | 9 21 - 4

1 i =2i 9i

e _| =t 5 5 ZU|_
. W=lai 5 8 —i|4
-9i -2i i 4

5 A 18 Hermitian matrix. Hence shown.

In Hermitian matrix elements of main diagonal are real numbers, and
symmetric elements are conjugate to each other,

Example 2. Show that A is skew Hermitian matrix.

0 @ 21 9
Where A=|F 0 5i 2

2t 51 0 i
S Tl

9 2i { 0




| R N F I T
11 0 5 2
Here: A=lai s o i
9% 2i i 0
0 —i  =2i =9
Now A=|—t 0 =5 -2
=2 =5 O =i ¢
-9 —2i — 0 | .
[0 ={ =2i =9{] ::
e | = 0 =5 =2
and W=l_y 5 0o -i \
| =9 =2i =i @ @ *_H;'
0 i 2 9i Q f
T - ]
- @'=-b 5 0 i Q}
9i 2i i 0
ie., (A = —A
Hence, A is skew Hermitian matrix. - o
i In Skew Hermitian mat ts of main diagonal are always zero, {1
St

f
i

of each of the following matrices,

1 Specify e
: 0 %
1 :
" -3 0 i) ‘/5_] @ [5 0 3
0 0 % 2
1 0 0 0
, 0 i 0 1 0 0 ; 2 0
) ] o © foo1o® [ =l
0 0 0 1
V7 0 0 0 0 2 2 —i 5i
wiy o v7 o o) |-t o <@ [i 3 nl
0 0 7 -2{ 4 0 -5i =7i 4
2, A newspaper agent of a town records the number of papers sold on

each day of one week as follows:




Mon Tue | Wed | Thu [‘FJ | Sat Em.nl
Daily Dawn 80 90 100 | 95 | | 75 | 70 |
Daily Jang 100 | 110 | 90 | 95 | 105 | 85 | 80
Write this information in a matrix form and write its order =
Find the values of the unknowns in each of the following,
, 2 -3 5 d e |
U iy B G IR TR =\—z x
b ¢ -1 -4 7 =1
x+y 0 z1 [3 0 3
(i) 9  2x+y ﬁl— 9 4 5
| a 1 3 % 1
. Find the transpose of each of the ﬁ]"{lWng
. i 2i 5i -3 -E
M -+ 36 @ [§ > 34

-2i i -7 =10 8
(iv) [EE 7i l [v) ["H ?]( ’ 4 5 g]
P ] -1 2 3

Write down in tabular furm

(1) A= [ﬂi]']m.gj [Hlll[s A4 liif) B = [hik]“'":'
5. Which of the following metnc or skew-symmetric matrices.
0 1 3
m 7 fifi) |-1 0 s]
T 0 8 E -1 -3 =5 0
o’ 2 =5 4
[iv} ? [*u'} 0 1
-4 1 0
y. Fin dex of the following nilpotent matrices.
. 0 0 1 -3 - 1 1 3
i) {0 0 1 ml-1 3 4 ] (iii) [ 5 2 6 ]
0 0 0 1 -3 - -2 =1 -3
8. Find the period of the following periodic matrix.
1 -2 -6
32 9 ]
| 2 0 -3
£ Which of the following is idempotent or involutory matrix.
-5 -8 0 2 -2 -4
i) |3 5 ﬂl (ii) |- 3 4]
1 2 -1 1 =2 =3




Which of the following is Hermitian or Skew Hermitian matrix or neither.

3 1=2i 44 7i] -{ 3 f
(i) |1 +2i -4 —=2i| (i3 7 —5i

4-T7i 2 5 [ =50 —i
11 =f: =l
(i) | i 1 14

14i —1+4i 0

11 Find real numbers x,y,z such that matrix A is Hermitian matrix.

3 x+2i yi
3—-2i 0 1+zi
yi 1=xi -1

A=

*8}

2.2.1 Carryout scalar multiplicatiggp, ion/ subtraction of
matrices, multiplication 63 rices with real and

complex entries (3 by Q{Q
(1) Bealar Multiplication of a Mgt
Let A=[ay] is a d k is a scalar then the scalar

multiplication of the matrix A % ated by kA is defined as:

=K|ay] = [kay]: v,
In other words, trix A and a number k (also called a scalar), the

2.2 Algebra of Matrices

matrix kA is o by Multiplying each element of A by k. Ny
2 3]_[4 6 -
fA= n2a=2[; |=[g ;0|

Fiees
If A and'B are two matrices of the same order (dimension) m % n then

their sum A + B is the matrix of the same order obtained by adding each
element of A with the corresponding element of B,
T.hllﬁ, l.fﬂ. — [ﬂif}{mu] E.Iluﬂ B =.[bij](mn}l' thenA+B= [R” + bfj]

(m.n)’
1 2 3 4 7 8
Example; LetA=|4 5 El and E=l3 2 1}. Find A+ B.
7 8 9 9 5 6
Bolution:
1 2 3 4 7 8 1+4 247 348 5 g 11
A+B=|4 5 6|+|3 2 1I= 4+3 5+2 E+1l=[? 7 ?‘
7 8 9 9 5 6 749 B+5 9+6b 16 13 15




m.fﬂ__-——..

L

(iii] Subtraction of Matrices

If A and B are two matrices of the same order (dimension) m X n thep
their difference A — B is the matrix of the same order obtained by subtracting

the e]emenh of B from the corresponding elements of A.

Thus, if A = fflt,,. ) and B = |."J:fL , then A — B = |a;, - bﬂlrmr,.}-
1. & 3 4 7 8]
miple LetA=]4 5 ﬁJand B=|3 2 1f;FindA-B
7 B 9 9 5 6
4 ;r 8 — 4 2~T J= =3 =3 ‘=8
A—B= l ‘ [ l [ -3 5-2 6- 1 3 5
7 8 91 19 b @ -0 8-5 9 -2 3 3

[iv) Multiplication of Matrices "\'

Let A = [a;;] be a matrix of order m x p =¥by;| be a matrix of order
p % n. Then their product A-B or AB is th ﬁ{qj} of the orderm x n
where €y = ap by +aphy; + % apghy;

The following points may be fi ed in matrix multiplication.
(ij The product AB is defined onl ;,' i% ber of columns of matrix A is equal

(iij The elements in the (i) of AB is the sum of the products ef the

ufﬁandfhmlunmafﬂ.
2 3 1 g,
Let
oo §

1
il , compute AB and BA.

(2 x 6) + ) Qx10)+(AxBD+(1x7) xV+3xN+{1x2) 9 51
AB=(5x6)+(TxF+(2x2) (Sx10)+(PxB)+(2x7) GrxD+(TxN+2x2)|= L:;EI 120 Eﬂ
(Bx6)+(6x5)+(4x2) (Bx10)+ (=B +(4x7) (BR)+(6x3)+(4x2) 6 156 34
and
[(6x2)+(10x5)+(1x8) (6x3)+(10x7)+(1x6) BxU+(0xD+(1x9)] 70 94 30
BA=|(5xZ)+{(Bx5)+(3x8) (xIN+@xTN+(3x6) Gx1+(Bx2)+(Ixd) =hr4 B9 33
x4+ (Tx5)+(2x8) @ExI+(TxN+(2%6) (Ex1N+(TxD+2x4) 5 67 24
1 2 2
Example 2. 1fA=|2 1 El,ahﬂwthatﬁ1=4ﬂ~5[3=ﬂa_
2 2 1

ETV TR A N5 1

S




T4+444 24244 24442 [9 B 8
=[2424+4 44144 44242 =IH 9 H‘
2+ 442 4+z+z 44441 a8 8 9
9 8 8 U
A'—4A-5l; =8 9 g|- I_EI L 0
8 8 9 0 1
9 8 8] [4 E B 0
=18 9 E-*{E 4 EI—{H 5 ul
8 8 9] I8 8 4 lo o s
9-4-5 8-8-0 8-8-0] [0 O O
:[aha—u 9-4-5 B—H—ﬂ]=[ﬂ ﬂ&l:‘:’a
8—8-0 B—-8-0 9-4-5 ﬂ@

ie., A*—4A -5l = 0,. Hence, shown. Q

(i) Commutative property holds u ddition i.e., A+B=B+A
If the matrices A and B aresc able for addition then commutative

property under addition holds i.

=B+ A
c go [ 0 3
xample: If‘ﬂ‘_[gg 2 { ] verify the commutative property
under addition.
Eaolution
0 3i i+0 Si+3i)_7r1 Bi .
9i —?1] I ] 0i + Bi —?f+l]-[1?: —6i )

...[ii)

.l ['Eill —'?I.I 'i]-l-l.f;t :ilj?sxll ll?.f —-EL]

From (i) and (ii), we get A+ B =B+ A , Hence verified.

(i) Commutative property does not hold under multiplication, in general

If the matrices Aand B are conformable for multiplication then
commutative property under multiplication does not hold in general

i.e.,, AB=BA
1 4 i 4 1
Etample:[f,ﬁ,:[z 58 andlil={1 2 1|, show that AB # BA
3 6 9 2 1 1

B

L
"
-
o
=
=
=
S
5
3
-lfl' -




’

Solution:

AB =

1 4 7113 4 1 344414 44847 14447
2 5 Hll 2 1l=|645416 8410+8 24548
3 6 99il2 1 1 946418 1241249 34649
3 04 1111 4 7
Now BA = ll 2 1”2 5 8
2 1 1113 & 9
34+8B+4+3 1242046 2143249 14 38 62
=l1+4+3 4+10+6 ?+lﬁ+"~]“= 8 20 32]
24243 84+5+6 144+84+9 7 19 31

From (i) and (ii),
we get AR # BA. Hence shown,

2.2.3 Verify that (AB)' = B'A' (3 by 3)

(AB)" = B*A*
2 =3 4 3 4
Let A=l5 7 H]andﬂ={—5 —7%. -9
-2 3 -4 .
2 =3 4 3 4
o qnms e
-2 3 - 2 \
6+15+8 8+ 2 104+ 27 4+ 24 29
=|15-35+18 20 27 25—-63+454 =[—Z
-G =158 — 12 —-10-27-24 —~29
Thus, (AB)' = :%‘1
—61
2 § =2 3 =5 2
Now, -3 7 3] and E’r—[d -7 3\
4 9 -4 : 5 -9 &
3 2 2 b =1 64+154+8 15-35+18
Er.AEEP -7 3][-—3 7 3]= B+21+12 20-—49427
5 =9 § 4 9 - 10+ 27+ 24 25-63+54

[29 -2 =29
41 -2 —41]
61 16 —61

From (i) and (ii), we get (AB)* = B". A", Hence verified.
Properties of matrix operations
Praperties of Matrin Addition

Following properties are satisfied by the matrices, A, B and C of the
same order w.r.t matrix addition.

(¥

21 19 12
=[1? 26 15‘.-.:11
33 33

14

... i)

If the matrices are conformable for multip@ then, we can verify:

41
-
-41

61

3

16
(i)

-6—-15—-8
-8-21-12
-10-27-124

...(i)




(H)

(144)

] A+ B s also a matrix of the same order
] A+ R=14A
[111) A+BY+C=A4 (B +)

(vl For any matrix A, there exist a matrix of the same order, that is
null matrix 0, such that A+ O =04+A = A
(vl For any matrix A, there exists a matrix B of the same order, such

that A+ B=B4+A=0
where O 1s the null matrix of same order. The matrix B is called the
additive inverse of A and is denoted by - A.

Properties of SBcalar Multiplication

Following properties are satisfied by the matgi and B of the same
order and two scalars with respect to scal c@pli-::45!1‘1_"u:ﬂ:1.

(i) k,A 1s also a matrix of same orde v

(1i) (kykz)A = ky(kyA) @

(i)  (ky + k2)A = k;A + kA and k, )=kA+ kB

(iv] l1A=Aand -1A=-A

(v) 0A =0 = Ao and k40 =0

Properties of Matrix M tion

If the matrices A, C are conformable for addition and
multiplication, t r&

(i) (AB)C = .

(i)  A(B4/C) = AF'+ AC and (B + C)A = BA + CA. Y
(i) A @‘n where A and I are of the same order,

(iv) = (kA)B = A(kB), where k is a scalar.

(v) be a square matrix of order n, there exist a matrix B of the

same order n, such that AB = BA = |,,, then B is called an inverse of A

and is written as B=A"".
Properties of Transposed Matrices g
If two matrices A and B are conformable for addition and
multiplication, then

() (A+B) =A"+B

(i)  (kA)' = kA" where k is scalar
i) (AH) =A
(iv] (AB)' = B'A!
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1L+ £ 3 241 3-—-1 4
I[.4=’4r' 5—i E+3i]undﬂ= i 0 5—f1thﬂnﬁnd:
| 5 1-—1i 641 i 24 3
(i) A+ B [ii)d -8 (iii) 24 — B [iv) 34+ B + 1
where 1 is unit matrix of order 3.
3 -4 1 -5 4
L¢m=[4 5 ] B = [3 ;llandcﬂlﬁ -3]
-2 -3 8 .
wherever possible, compute the following:
) AC (i) BC (iii) AB {iv) BA K[v] A*

(vi) CB (vii) (AB)C [viiil CtBt (ix) € {x: (CA) B
{ =8 2

Let X = [E 1 —3] an
4 =3 =1 3 —3 1

then show that XY = XZ.

=2 1 0
ol IfA= [ 1 4 3] then find: ﬁL + 41,
0 8 5§
%l (w2
2. Prove the identity: L l 1 ]” ] ’ ]
t'.i.F
3 2 1
6. If ﬁ=l4 =2 = -8 sl then verify:
-1 —1 0 3
(i) commutative rty under addition
[ii) (AB)" Al
2.3 D ants

cofar

fij Determinant of a square matrix

Determinant is the number which is associated with any square

matrix. Determinant of a square matrix A is denoted by det(A), det A, or |A|.

. dyy a3 e
For 2 X2 matrix A= [ﬁzl 'ﬂ-:z] ¥ the number Qyqds; — dyadyqy 18 1ts

determinant. Similarly,

for 3 x 3 matrix A = [ﬂn Q22 Q33

@11 @43 “13]

@3y Qgz




AN )
o)
ﬂ'!! a
Al = a; Il Q21 a3 Q21 dpz :
| _1 ||:Iu ﬂa;l @3z Iﬂn EHI 13 Iﬂat ﬂnz[ (Expansion by first row|
) ﬂ”mzﬁﬂﬂ ;ﬂzlﬁaz} — Qyz(ap1033 — dzaasy) + aya(dyg @3z — @22831)
9 2
Example: LetA= |3 5 ?Ir Find its determinant.
B 1 6
9 2
AR TR |‘_|5|_|= 5 ?=45 ?_93 T_I_EE
53 aafs 7ot 7ef

=4(30-7)—-9(18 — 56) + 2(3 — 40) = 360.
filff Minors and Cofactors of an element of a Matrix

The minor of an element a;; of a matrix A is the d ant of a square
sub-matrix, obtained by deleting ith row and sth ¢ t is denoted by M,;.
The co-factor of an element a;; of a denoted as A;;, is defined

as Aj; = (—1)""/My;
dy; Gy Gy
Example 1. Let A= ﬂ-:.n A3z ﬂul

Q32 Q
Find Myz, Ay;, M31 and 331\\\%

=alurinn ;
: 1 g =

M;,= Mino = Ael’ <
31 GHa3 g

4. @ L.
. |tz @3 Yy
i D‘I'Dfﬁn—|ﬂ22 ﬂzzr }
a B
o-factor of ag; = (—1)¥*1M;, = ’ﬂzz ﬂ:il' g
I '4' _E f:i_'
Example 2. Let A=|2 3 -4|. Compute My; and A;,. 3

Sninrion.
1 4] _ ; i =
MH:IU 5| = () x (1) = (4) % (0)

Az = (—ﬂﬂzlé

2.3.2 Fvaluate determinant of square matrix

1 4 -2
Lﬂtﬂ=[2 3 -4
0D 2 3

“i= i+ @i=o0




Using cofactors for cach element of 1% row

3 =4 _ s S
Ay = (1", L= 133 - (@) =1
M= = @) - Chol = -6
A= (1S = @@ - (3)(O)] =4
Aqy. Ayz. and A,y are three cofactors.
Now. det A= a; Ay +aafgz +apahAy = 1(17) + (4)(-6) + (=2)(4) = 15

Similarly, we can also calculate det A by using other rows,
det A = ag,A;; + azafaz + az3hyy = —15 (By Ry)
det A = az Az + AzpAap + dz3fay = —15 (By Ry) \
we can also calculate det A by using columns. @
Using cofactors for each element of 1% ::uiumn

A= S =1@@) -
An =[5 = -1@@) - }1—
e G Vil M B {4}( ~2)(3)] = =10

Similarly, we can also cal A by using other columns,
det A = a, A, % a2f3; = —15 (By ;)
det A= auﬂ% 23 + @azAgs = =15 By C3)
In gener be calculated by using any row or column. The

evaluation of mant with the help of cofactors is known as Laplacian
expansion.

Ay1. Az, and Ay, are three cofac
Hﬂw, det A= ﬂl-j_.l':hl.ll + ﬂgi.lf'l.zl @ = 1[1?] T {2]{_ 15] + {:ﬂ][ 1‘]‘_] ==

2.3.3 DeMge singular and non-singular matrices
(a) Singular Matrix:

A square matrix A is said to be a singular or non-invertible matrix if its
determinant is zero.

Example: [fA = [é E]' then !,ﬁl = I:]'3 31 = J
< 1Al =

~ A is a singular matrix.

(b) Non-Singular Matrix:

A square matrix A is said to be-a non- -singular or invertible matrix if its
determinant is not equal to zero,




S 5 T S S T AT I,

Example: If A = [3 4], then |A| =
v Al # 0
~ A is a non-singular matrix.

‘_11 ﬂ = —2 g 0.

2.3.4 Describe the Adjoint of a square matrix and a diagonal
matrix

(a) Adjoint of square matrix

The adjoint of a square matrix A is the transpose n e matrix formed
by all the cofactors of the corresponding elements of P\a\'l@ enoted by adj A,

Symbolically, adjA = [A{j] = [ J,.{.]
9 iz .. iy
Lot A= a3, uﬂ. - O C)@
Apy Qpa .. Qpy
The matrix of the co- factursh@\abuve matrix is

A Ap . Ay, Ay Az . Ap
Az ﬂ:z Azn _ Az

As .. A

[l =" o2 - -

Apng ﬁnz - Ay Ain Az . Apg

_ 1 35
Example: Find adjoin trixA=|2 4 Tl
9 8 6
Anp A Aga)

Eulutiumw@ tadj A=Ay Az Ayl , 50 we find all the cofactors.

a1 Az Agl
= (-)"1(-32) = -3 Ala=c—n"*§ | = s = st

= {—ljl-l!f_zm == A= {_IJEH

4

Ay = (-1)*" ia
s3]

A = (=1)} !L}
- o2+l
= (-1)**? 9

: ﬁ| = (~1)**1(-22) = 22

= (139 =39 Ay =DM = (-1)*(-19) = 19

J=0*MW =1 A =1[] O|= (i3 =3

L= = = = R

Ay = {_thl:

A= (-1 = (-D*0-2) = =2

—32 51 =20
Hence, adjﬂ:[ -3-3 ] —39 ]




i

(h) Adjoint of dis anllnl matrix

l'-l'u 1] ]

Let A= agy 0
0 M3

Ay D D]

The matrix of cofactors of matrix A is: ‘ 0 Ay 0
i (B Aqz

iz, 0
(1] (43

where Ay =10 = zpily3

- 0
Az = (1) éi.[;l ﬂﬂ‘—'ﬂu“as

Azy = (1) @z =ty 0z Q\

.t,
E
Q232033 ﬂz.eﬂ
Hence, adj A = [ 0 ay 1a33 ﬂ33
0 11072 ﬂuﬂ;z

.
0

’

I+3

Fxample: Find adjoint of matrix A =

0 0
The matrix of cofactors of mat : Ay 0O l
0 0 Asg
where % l i:|'| =51 =5
%- 1}=+=]ﬂ g|=22~:1=2

Asa If-1}3+31ﬂ Ul =2x5=10

5 l.'i 0
Hence, adj l l
0 L‘r 10 0 i} 10

=1||HI|T I'It!h'l-

i b T s | 1.:-r'l!‘l|.

The inverse of a square matrix A, denoted by A™", is another matrix

such that the product of A and A™ is the identity matrix.
ie., AA"1=ATA =1 (where I is identity matrix of the same order)

A~! exists only if A is non singular matrix.

() IfB=A"' thenB1=A
(i) (A"Y)"* = A,i.e., inverse of the inverse of a matrix A is A itself.




Adjoint Method for computing A '
The inverse of a matrix A by adjoint method is defined as
adj A

F Al . where |A| # 0

Example 1. Find the inverse of a matrix A = [; il by adjoint method.

Solution: Here |A| = I; i' =4=-6==2+0

Thus, A is non-singular, so its inverse exists.

Aza

So, adia=[% 7
Now, ATt =padj A= @Ki} [_2 __]

One can verify that aa*1=.~r‘ﬂ=[é ER

. _ [A1r ﬁhz] '_'q'”
We know that for 2 x 2 matrix A, adjA = [ﬂzl Aﬂ ﬁ.n

8 6
Example 2. Find the inverse of A g% 4 '?] by adjoint method.
* 3 5
Solution: We know that, A™1 = where |A]| = 0.
08 ¢ (;72
Here, [A|=|2 4 7 —B(10—-7) +6(6—4) = —21 % 0.
1 3 5
Cofactors of A:
=)t PGP =t A= =ume =
By = (=142 1 -1 @) =2z Ay = (-1)*" ig g = (=1)**(22) = -22
Ay = (~1)2%2 ’: = (—1)%%2(39) = 39; Ay = (-1 3 g = (-1)¥**(19) = —19
A= 0 [F 8] = 162 = 32 A= (1M} )= (-GN = -

Ay = (-1)°% ? H[ = (—~1)7*3(20) = 20

11 A Amy -22 32
So, adjA= k;; Az ﬂaz] [-3 39 —51‘
13 Aza Agg "19 EB

. 1 =22 32
Thus A2 :ETI—.P]LF_A = _Lﬂ[—E 39 —51]
2

-19 20




wle: If A= II .?] and B = | :;l then show that (AB)"! =B 1A-1

Solution: LH.S = (AB) '
Firet we find the product of A and B
1 2115 6 5+14 64+167_ [19 22
=3 > &l =liss28 18+320=la3 50

Now, |AB =17 22| = (19)(50) - (22)(43) = 4

43 50
(AR
We know that (AB) ™! = % \
25 -11
i 5u —22 ¥l |7 2
S (AR o= 19 |T|-43 19
4 4

RH.S = B! A C)
_1 o]

First we find A~ and B™1 . Q
i
A=[3 3l=0®-Qek B=] &=E®-6e
=4-6=-2%0 —40-42=-2+0

wrn=]? ]

5 4 _adjB_-1[B —6
1] Now, BT ==g==7l_7 5]
—4 3
/ =l? 55
1 8+ —4-2 ‘“
_1 =
7] |7-8 1.8 -

+L.H.S = RH.S
- (AB)™' = B~1 A1,

Hence verified.

1. Evaluate the following determinants:
5 4 3 -2 4 3 2c ¢ c
ij|3 —4 0 {11}]5 4 =2 (iii) ja a zal
L & 1 2 7 3 b 2b b




I 0 1= 7 -2 1

fwl| 0 1 i | Wil2 2 4 vi) | w1

b+ 0 1 4 3 7 w' w1
Identify the singular or non-singular matrix.

4 0 1 4 2 0 13 =5 4
@7 5 5} mp[a 0 1] (i) |8 1 3

—-12 -6 -7 -1 1 -1 L7 -1 2

1 6 3 4 0 0 20 10 30
fiv) I—z 1 u] fv) lu 3 u] M|z 1 3]

6 4 2 0 o 2 o 20 1

Find the value of x for which the following matrices are singular.

& 3 7 x —& 1
@[ 5] w> 4 Iiii]k ~4 fl {iv£ -3 _-;J

4 Find the adjoint of the following matrices.

13 s
o5 0 e w R
2%7 &
1 0 1-—i 5 0 0 Q,
[i\r][1+f {1 l (v [u 6 n]
0 1 =i 00 7

L

ta=[; sleman-l; ;] et
[ (A=A (i) (AB)S? % ~! (iii) adj (AB) = (ad] B)(adj A)
6 Verify the following: \S
ol 216 3] =G A
~ -1

ol 40 KGR STE o

¥ Use adjoin od to calculate the inverse of the following square
matrices le
1 2 3

. 5 v [T 3
(i) 3 4 fii) g 5] [u:]k ; g]

2 3 4 1 40 2 2 1 0
(iv] [3 1 5] ivi [0 2 ll (v1) [1 1 D]

-5 1 0 1 -1 1 Z -3 5

2.4 Properties of Determinants
2.4.1 State and verify the properties of determinants

The properties given in this section are very useful in evaluating the
determinants, The properties of determinants of order three are also valid for
determinants of any order. All the properties which hold for rows are also valid

for columns.




A .
g The values of the determinants of any matrix A and its transpoge
. are always same.

1 0 3
d le: Let A= |2 1 2|. Verify that |A] = |A"].
4 3 2
1 0 3
Solution: |A| = ‘2 1 2‘. Expanding |A| by R, , we get
4 3 2
|A|=1|§ i[—uﬁ §|+3|ﬁ ;|={2—E}—ﬂ+3{ﬁ—4}=2.
1 2 4 1 2 4
Now, ﬁ‘=’ﬂ 1 3] then |AY = |0 1 3| Expanding |A| R, , we get
3 2 2 3 2 2

vl 31_510 3 23 _
wl=1], J|-z[3 3|+4|3 j|=@-&- +4(0-3)=2
So, |A| = |AY]. Hence verified.

Froperty 2. The interchange of any two atrix A changes the sign of
its determinant without altering its num:@
1 0 3
Example: Let A=[2 1 2 venﬂ\@u |Bl = —|Al, where B is a matrix
4 3 2
obtained by interchanging an uf A,
Solution: Interchanging a.ny ws, say second and third, we get:
‘.l 0 3
4 3 2
2 1 2 %
/ Now |A| = = 1
|A| = |+3| 3|-2 |
and Bl=|4 % 2|=1 - +3'* Moo (i)
Ay R R
From (i) and (ii), we get |B| = —|A|.

Hence verified.

Froperty 3. If two rows of a matrix are identical, then its determinant is zero.

1 3 4@
Example 1. Show that |A|=ﬂTwhtr¢R=l4 3. 2
1 3 0
1 3 0
Solution: |A| =4 3 2|,
1 3 0

Expanding |A| by R; , we get




- (- T 1 3
Al=1 ]."-: 0 _'1|1 nl + "]1 :il
=10 —-6)—3(0-2)4+0=10
So. |Al = 0. Henee shown

Alternatively, © Two rows are identical
x|A] =

i 3 1
Show that |A| = 0, where A = [E 2 2‘.

1 3 1
Solution: Here |A] = [2 2 2].
4 0 4

Expanding |A| by R, , we get \'é

ai=1]g gl-3lg d+1ls g Q
=1{E—ﬂ]—3(3—ﬂ)+1(ﬂ—ﬂj=i®

So, |Al=10
Alternatively, + Two columns are identical
~ |Al =0
Sroper If all the elements Gfil_ square matrix are zero, then its
determinant is zero.
\\\ 2 -3 5
“zemple Show that [A] =0, w@ = [n 0 ﬂ‘i
>0 o
0 0
A =2 +3lg ol +slg 4l
(0)F3(0)+5(0)=0
Alternativ h element of R, is zero.
Al = 0.
Property 5. If e element in a row of matrix A 1s multiplied by the same
number k, then |A| gets multiplied by k.
1 2 3 5 10 15
Example: Showthat 512 3 7|=2 3 7|
4 0 11 4 0 1
5 10 15
Solution: RHS=|2 3 7
3 s 2 13 3 7 2 7 2 3
s 7 2 7 g
=s[y q|-10[f [+1s[s ol=5(1]; =2l 1+305 o
1 2 3
=512 3 TFl=LHS3
4 0 1




L.H.S = RH.S

1 2 3 5 10 15
512 3 7|=1|2 3 7] Hence shown.
4 0 1 4 0 1

If every element a row of a matrix A be expressed as the sum of
two terms then |A] can be expressed as the sum of determinants of twg
matrices differing in the elements of that row but with remaining rows as the
same as those of |Al.

Example: If
16 3 0 16 3 0 0 3 u
=[zu 5 1|,B=|16 5 1] l
17 7.2 16 7 2

then show that |A| = |B| + |C]
Solution: L.H.S

16 3 0 16+0 3 0 16 3 {I
|Al=120 5 1|=|16+4 5 1|=|16 5 = |B| + |C| =R.H.8
37 R 1641 7 2 16 7
Froperty 7. If the elements of one ro a matnx A are k times the
corresponding Elements of i rts am::-th . then |A] =
2
Let [ﬁ:[ﬁ] k(5) k( 2 = kRI
7 2
2
Then |A| = |k(2) k 5 = k -3 by property 5
7 —2 11
/ by property 3i.e,R; =R;
= [}
Corollary:
kzﬂal ky@zp + kaasy  kyaps + kpas,
“- A= a1 a3 255 l i then Iﬁl = [}
@33 A3z Qa3

Hint: |Al = |B] +C],
(ky@ay  Kya32 kydgs kiasy, kpazz kyass

Whﬂl! E = ﬂzl ﬂzz ﬂ;g H.nd 'E ﬂg-| ﬂ-:z ﬂzj:
| (33 3z a3 Q33 3z Q33
Froperty 8. If to each element of a row of a matrix A is added, a constant
multiple of the corresponding element of another row, then the value of |A] is
unaltered.

@y Gyz Gy
Let A=z Qpz a3

33 0z d33




1y + p;l'flz| iy + kfl'd;_pl iy + kﬂ.g;;
ﬂ'.jd H = ‘ l-i:_” Hz;:: ”.2:{ ‘ i
LEY) Iyz 233
where (R; of B) = (R0l A) + k(R; ol A).

Ay @yp Gy kay, kay, Fkaz,
Then |B] = [az1 a2z @3] +|azy 0z @y |, By using property B
3y @3z «aj e gz tlyy
A3y Gz @3
= |A| + k|azy azz azz|, By property 5
3y @3z O3z
= |A| + k(0) = |A| By using the prﬂpeﬁr 3 (R, =Ry
Similarity, it can be shown that @
@yq + Kyagq + kaGay @z + Kiage + kaas; 1875 + kaa33
a4 azz Az

33 a3z @ @33
2.4.2 Evaluate the determindnt hout expansion
(i.e., using prnpeﬁiﬁ terminants)

" %3 1 x yv+z
Example 1. Without ﬂ}tpall% w that |1 ¥ 2+ x| vanishes.
1 z x+Y¥

Cé‘h’f
Solution: Let + x|.
z x+Yy
E

Adding C; to C

Q:;Vk}f+z
&@ x+y+z|;
x+yv+t+2
1 x 1

A=(x+y+2)|1 vy 1 [Taking (x + y + z) common from Cs],
1. 2 1
=(x+y+z)x0=0; [By using property 3]
1 w wf
Example 2. Without expanding, show that |Al = e «* 1|=0.
w: 1 w

Solution:
1 w 1+0+e?
Al =|w w? 1+w+w?]; [By adding C, and C, to C3]
o 1 14w+

= |Al




1“1+ m+ w? = ]|
(b 1 ]

= () | By using property 4|

1 o a*—bhbe
Without expanding, show that b b* — ca| vanishes,
1 ¢ c¢c*—ab
1 a a*—bc 1l a a* 1 a be
Solution: LetA=|1 b p—cal=I1 b »2l-|1 b ca
1 ¢ ci—ab 1 ¢ * 1 ¢ ahb
A= A — A, (say) ... (i) Qy using property 6]
1 a be
Now A,=|1 b ca @
1 ¢ ab é.
1 |la a* abe
=~Tc|p b* abcl: [Multip 2, R3, by a, b, c respectively]
c ¢ abe
abe |@ a® 1
= | L 1 ; r@abc common from C,]
c c*
1 a? a \\E
=1 b* b y using property 2]
1 ¢ ¢

1 a a® Q
1 b b [By using property 2]
1 2

From (i), A= A 1 — Ay= 0 Hence shown. [+ A;=A4,]
Exercise 2.4
2 6 0
» LetA=|3 4 ﬁl , verify that |A| = |AY
1 -5 1

b

Without expanding, prove, each of the following:

xX+y y+z z+x 1l x y+z2
(i) 2 X y |=0 (i) 1 ¥ z+x|=0
1 1 1 z x+y
k b a c+d
k b ¢ a+d
W Y d ¢ bta|=0
k a d b+c




Without expanding determinants, prove thal
x+1 x+3 x+5

1 a bh4+r
(1) 1 b |'-I-n[=l| ii] v+4 x+6 x48B|=0 .
1l ¢ a+b *r+7 x4+9 x+11 t
Y+1 x+3 x+4+5
{11i] x4+4 x4+6 x+8|=l
r+7 1r+9 xr+11
b+ i i
[iv] b c+a b | = 4abc
Fai 'y a+b
1+a 1 L 1 1. 1
(v) 1 1+ b 1 =::br:(1+E+E+E)=nbc+bc+m+nh
1 1 1+¢
a By afy| |a a® of
v) B va apy|=[8 B B W\
y af apyl |y ¥ p® Q
Without expanding the determinants t
a b ¢ y b g Xy
X Vv EZl=|x a p|=|P 4
p q T 2 T c
g 1+a®
If @, b, ¢ are different and A= 1+ 53 =0,
ct 143

then show that 1 + abe =

2.5 Row and n Operations
Row and colyfmn o tions are very useful in many applications in

matrix theory, solving the homogenous and non-homogenous
systems of lin ons.

2.5 Descrite the elementary row and column operations

on matrices

{2) Row operations on matrices:

If A is m x n matrix, then m X n matrix B obtained from A by performing
elementary row operations on A is called row equivalent to A. Symbolically,
we write B~A and read as “B is row equivalent to A.”

Similarly, we can define column equivalent matrices, that is replacing
the word “row” by “column” in the above definition. We also write B~A to
denote B is column equivalent to A,




There are three elementary row operations:
Interchange of any two rows, This is usually denoted by R, which
means interchanging of B, with R;.

3 2 1 1 4 -1

1 4 - il ne ‘H & X

2 3 0 2 3 0

[11 Multiplication of a row by a non-zero scalar. This is usually denoted by
kR; which means R; multiplied by k.

For example, by Rys

1 4 -3 2 B -6
For example, 'l] 2 5 ]m \[I 2 5 |by2R,
1 3 7 1 3 7
(il Addition of any multiple of one row to another the matrix.

This is usually denoted by R; + kR; which m ; is added to R,.
3 b}r RE +EH1
5

i1 2 1 J.Q\
For example, [2 -1 3 ‘é
4 5

(b) Column operations on matrices

Three elementary column opergtitns with notation are given as below:
] : i.E., EU )

(i)  Multiplication of a columm*gany non-zero scalar ki.e., kC;.

(i)  Addition of any multile #§ one column to another column i.e., C; + kC;,

where (; ,C; argfs

2.5.2 Defin eldn and reduced echelon form of a matrix

(a) Echelon a matrix
A A of order m % n is called |row) echelon form, if it has the
following structure.

(i  The first non-zero entry in any row is 1 that is leading entry.
(ii)  All entries below the leading entry must be zeros.
(i)  Every non-zero row in a matrix precedes every zero row, if there

is any
0 1 -3 & 1 5§ =1 2
For example, |0 0 1 —3] and [l] 0 1 5} are in echelon form.
0o 0 0 00 0 1
011 5 0 1 -5
But 0 1 6 - ] and {1} ] —'J’] are not in echelon form.
0 0 0 0O 0 0 4




(b) Reduced Echelon form of n matrix

A matrix A of order m % n is called reduced echelon form if it is In
echelon form, additionally all the elements of column which contain leading
entry 1 are zero except that leading entry.

0 1 0 0O 01 0 6
For example, [0 0 1 ﬂ‘ and [D 0 1 E]an:in reduced echelon form.

0 0 0 1 o0 o0
o 1oy 120
But|0 0 1 2] and 0 D ol are not in reduced echelon form.
0O 0 0 4 00 0

2.5.3 Reduce a matrix to its echelon and r éﬂﬂh&{ﬂﬂ form

Method of reducing a matrix in echelon forngi lained with the help
of the following example,

Z 3
Example: Reduce the matrix A = [1 -1 to (row) echelon form.
3 =l 3

[2 3 -1 4
Solution: A=|1 -1 =2,
N
4 b}'Rlz

by R, +(~2)R, and R, +(-3)R




, -l..
I
T
e .

{ii} Reduced Echelon form of a matrix

6 3 —4
Example: Find the reduced echelon form of the matrix A = [—4 1 hﬁ}.
1 2 -5§
[6 3 —4]
Solution: A=]l=4 1 =6
1 2 =5
1 2 =5]
i —4 1 “ﬁ " R1_3
6 3 -4
112 <5 \
~l0 9 -26|, R,+4R, Q)
5 G 4 \'
1 2 =5 Q
~lo 9 —Eﬁ]. Ry Q,
0 -9 25
1 2 =5
= 26
0 1 -5 \@;
g -9
1 0

R] - ERI

i .(\ Rs + 9R,
0
u helon form of A,

the rank of a matrix

7 It is the
2.5.4 Re

The
a matrix is

er of non-zero rows in echelon form/reduced echelon form of
d rank of that matrix.

1 -2 ‘51 has rank 2, because there are 2 non-zero

1
Forexample, |0 0 1 3i _
o o o ol Trowsinechelon form.

Whereas, 0010 !
0 0 0 1 zero rows in reduced echelon form.

1 4 0 “‘ has rank 3, because there are 3 non-

Note: 1. If [A| # 0, then rank (A) = order of the matrix A =
2. Rank (A) 2 0.
3. Rank of a non-zero row or column matrix is 1. |




Let A be a non-singular matrix. If the application of elementary ToW
operations in succession reduce A to | then same sequence of operations
[A: 1]~ A7

reduces [ to A~ L,

Find the inverse of the matrix AE[S 4 EI by using row

operations.

Solution: |A =

! =2(-8-4)-5(-6-2)-1(6—4)
=40-26=14
As|A =0, so A is non-singular an

Appending /3 on the nght of the nlat%

»

I3
0 1

[

|~
[ %]

ge exists.

2 5§ =1:1 0 0
have[z 4 2 :01 0

1 2 =-2:00 1

2

S
i
[

:

Y

2 5 =]

1 2 =i

Q;\

Rz +(=2)R,

o (-

Ry +(=1)R;
Ry + (=2)R;

by

1
by 553




1
1 Ry + (=6)Ry
=3 % g, 4 ar,
1
— 5]
L E %S
Example 2. Find the rank of A = [-—3 5 53 % cing it to echelon
=
form.
5 9 3] Q'
Solution: A= [-—3 5 6
-1 -5 -3

~l=3 5 6

L
=]
Lid

~|-3 )R,

" IS]h’F H3+3R1
3

i 5 39
0 20 15 |by Rs—SR,
0 =16 -12.
1 5 37
. 1
i =46 13
15 3
~lo 1 %]hy Rs + 16R,
0 0 0

This is an echelon form of the matrix A and number of its non-zer®
rows is 2. Hence, the rank of the matrix A is 2.




Ex: Find the rank of the matrix A =

3 1 12 =11
1 -1 2 =3
Solution [E 0 ) 5,
i 1 12 -11
=] -3 ;
Rk * | by Ryt 2Ry
4 —3] i :I:I}? HZ‘F+{"3}H1
-1 -3
. M
- 1 by 22

| by Ry+(~4)R; \_Q;\

.._.
k0 | B O R e I S Ll pa B
|
o [

LI 1F " 1
L = T == T e R e TR S s T
o

0 0 Q
7 7
= "
= 3 1|, by Ry+R
0 0 0 0

This is in reduced echelon fo the number of non-zero rows are
2, so the rank of the given matrix A §5

1. Reduce the fn]_l s into echelon form using elementary row

operations.
5 9 _3 1 2 =1 3 -4 0 9
[i}’—3 5 {ﬁllz - 1] {iﬁ]lz 4 -1 u‘ \
-] 31 6 2 10 0 -2 -4
2 Reduce owing matrices into reduced echelon forms using § =
eleme row operations.

3 5 o0 3 =2 1 1 1-=-1
(1) |4 1 5} (ii) |2 —4 EI fif) | 2 2 1 -3]
7 6 3 2 3 =1 =1 -1 1 -3
3 Find the rank of the following matrices using elementary row operations.
1 2 3 [2 3 4 (0 -3 -6 4 9§
|2 3 4] |3 1 EI fiii) -1 -2 =1 3 1
0 2 2 -1 2 2 2 3 0 3 -7
L1l 4 5 -9 =7
4. Find the inverse of the following matrices using elementary row
operations.
1 2 -3 1 2 -1 1 -3 2
(1) I 0 -2 0 ] (ii) [n -1 3 l (i) [2 1 n‘
-2 =2 2 1 0 2 0 =1 1




A system of linear equations is a collection of two or more linear
equations for solving same set of variables.
For example, a,x + by = ky and ax+bhytaz=k
a,x + by = ky axX + bay + 22 = k3
azx + by y + 032 = kg
are the systems of linear equations in two and three variables respectively. An
ordered triple (t;.tz t;) is called a solution of given system of three linear
equations and three variables if all equations are satisfi d by these values,

the set of all solutions of linear system is called the 3:}% set.
homogeneol

Consider a system of three linear c@ﬂns in three variables:
@y1Xy + Xz + ﬂlav }
X5 +ﬂzz.r1+ﬂ “."
ﬂ-glxj + g2 X = b;

The system (1) can be m as

AX = B,
= xz]m [ ]
X3

Q11 H12
Q21 G2z
3z
The m t@ js called the matrix of the coefficients of the system of
equations olumn matrix of unknowns and B is the column matrix
of constan
In the' above system (2), if B=0, then the system is called
homogeneous, otherwise non-homogeneous.
For example, the system of equations:

.[2)

where A=

—3x; +2x, =0,
7x; —Sxp; =13
can be written as AX =B
where a=[7 2],  x=[]and B=[}]#0 (eB=0

Thus, the system is a non-homogeneous system of two linear equations
in two unknowns.
Similarly, the system of equations:




Vi +2xs + 3y =10 can be writlen as AX =1 .

] | 3 Xy 1
where \ 11 -5 21 > 2 ()

-1 2 3 Xy 0
wilogeneous svetem of three linear equations with three

X = and B= =0 i.e i =0)

Hence. 1t 18 &
unkinowrs.

T - 3 »
£y o ™

< b.< ©0IVe a system of three homogeneous linear equation
in three unknowns

A system of homogeneous linear equations \?0

ax+by+cz=0
X + by + 32 =0 @
ayx+ b3y + oz =10 ( !
is always satisfied byx=0,y=0and z=10. olution (0,0,0) of the above
system is called trivial solution or zer jon. Any other non-zero solution
I of the above system of equations isc non-trivial sclution.

We usually convert the
using elementary row operation
Finally, with help of free

the coefficients to echelon form by
t simplified form of the system.
e get non-zero solutions, if possible.

|Note: [f AX = 0 is homo system of linear equations with “n” unknowns,
ithr:n: (i it h y tri solution if rank of A = n or 4] # 0

(i) it i as well as infinitely many non-trivial solutions iff
. J<n or|A=0
Example 1. Solv® the following system of homogeneous linear equations:

x+y+z=0
dx+5y+2z=0
2x+3y=10

for non-trivial solutions if possible.
Solution: We change the above system of equations to the matrix form AX = 0

1 1 1% 0
i.e [4 5 2] }"}= 0
2 3 0ltz 0
X

and 0=

11 1
where A = |4 5 2]. X=1y
2 3 0 -&




l b

1

, Ry — 4R,
1 =2| by Ry — 2R,
1 =2
I
1 —2]lby Ry-R,
0 0.
1 17x 0

Thus, we have 1 -2 }f] = \Ul - {A)

0 0llz 0

Here, Rank=2, n=3. Since Rank (A) =2 <3 so system has infinitely many
solutions.
From system [(A)

We get x+y+z=10 Q,\ -]
y—=2z=0 ’\- (i)
From equation (ii), we get: y = @Q

Put y = 2z in equation (i), we get: x + 2z +
or x+3z=0 or = -3z
Here, we have only two equations with ariables, so we take one variable

as a free-variable. The value of fre@iahle will be assumed as a non-zero
real number. M

Therefore we consider z = k, s free variable.
By using above equations wé gék'y = 2k and x = -3k

Now the solutions are x = - 2k andz=k, keR-{0}
By putting dﬂtrent% of k, we will get the different solutions.
1

/ If k=1, ghe -3, y=2andz=1.
If k = x=—=6, y=4and z=2, and so on.
So non trivi ns are (-3,2,1), (-6,4,2) at k = 1 and k = 2 respectively.

2.6.3 DeBne a consistent and inconsistent system of linear
equations and demonstrate through examples

Consistent and Inconsistent Systems

L. Consistent System:

A system of equations is said to be consistent if it has one or more
solutions, for example

x+2y= : . ‘ . . c

Ty + 2']; =42 18 consistent because it has a unique solution (—1.§}

x+2y=41. , - : : . _
3 + ﬁ; i 12] is also consistent because it has infinite solutions (0,2), (=2.3), (=44},




If a system of equations has no solution, it is said to be inconsistent,
for example

X4+ dy=47 .. - : . :
3x + by = 5] 18 Inconsistent hecause it has no solution

Demonstration for consistency of a system of linear equations
yugmented Matrix:

Augmented matrix of the system of equations AX = 8 is obtained by
adding constant matrix as the last column of the coefficient matrix and it is
denoted by Ap. Consider a system of a non-homogeneous¥linear equations in
three variables:

@ypXy + @12X7 + Ay3x3 = by \v
Apy Xy + @ppX; + Az3%3; = b, Q
@31 Xy + Q33X + A33%X3 = by Q’
In matrix form, the above system of equation be written as AX = B,

fip Hiz @3 -"-'1
where A = |Gy @2 da3|, X= 1’: an b .
3y 3z 33

Augmented matrix is nbtm %&dﬂhng the constant terms as the last
column of the coefficient ma
12 @z by
We have az; @z by
as; @3z by

Consistency Erit

i. If rank of k of Ag = n then system has unique solutions
ii. Ifrank rank of A; < n then system has infinite solutions
where nis the n er of unknowns of the system of equations.

Inconsistency Criterion
If rank of A # rank of 4, then the system has no solution.
Example: Check the following system of linear equations to be consistent or
inconsistent. x=y+2z=05,
3x+yv+z=8,

2x —=2y4+3z=7

Solution: We write the above system of equations in matrix form:
AX =8

1 -1 2|x 2
i.e., [3 1 1“}*1 = {E]
2 =2 31tz ¥

63




’

Now we reduce the augmented

matrix to echelon form to check consistency

| 1 2 5
Augmented Matrix = Az = |4 i1 1 8
L 2 -2 37
1 -1 2 5
~lo0 4 =5 =7|by R;-3R,
2 -2 3 7
1 -1 2 5
~lo 4 =5 =7|by R3—-2R,
o 0 =1 -3
1 -1 2 5] \
~lo 4 =5 =7|by (-1)R; @
()

Here. we can see rank of A = rank of 4z = 3 =nu
system has unique solutions. Hence the systmr@

2.6.4 Solve a system of 3 by { npn-homogeneous linear

0 1 3l K‘a
1? unknowns; so, the
g5

1stent.

equations using:

li) matrix inversion K@\Q

(i) Cramer's rule %
(iii) Gauss e i ethod (echelon form)

liv) Gayps-Jo method (reduced echelon form)
(i) Matrix In Method
We olve the following system of linear equations

@y1Xy + @ypX; + Qy3Xz = by
@31X; + GzpXz + Az3%3 = by
@3,%) + GapX; + @23%; = by by using matrix inversion method

which has the following steps:

Write the system of linear equations in the matrix form AX = B.
Find A™! if exists.

Find X by using X = A™!B,

consistent and also has unique solution. |

Note: The “Matrix Inversion Method” works when the given system is




I i Use matrix inversion method 1o solve the following syatem of linear
equations. il possible,
vy +2x, —x3 =4
3.1.'; —xx+ 2x; =10
—3x; —4x; =15
Salution: We write 'rhf- system of linear equations to the matrix form AX = B,

3 2 -1 ¥y
where, A=|2 —-1 2| X= J’zl and H—\lﬂl
1 -3 -4 X3
3 2 =1
A=|z -1 2 =3{4+ﬁ}—2(—5—2]—1(-—5+® 5
1 =3 -4

Ay Az Anl
Foradf A= |Az; Az Ay
Az Agy  Asg

We find cofactors of A: Q
- 7 y1¥1 -1 3 .,
Au =05 200N
Ay = (-2 _RK\%-’},

- 2+ -1 R
'A'E?- i } 1 —4 11, \
A +13 3 2 I =11,
3 1 .,31
e §
AN -D*H 5 =3,
3
- 13343
=) z —1|
10 11 3
Now, ad,m=[ -11 l [ ~11 —al
11 -7
Thus, A= adjd = [ —11 —al
r' 55 _
4
Now, X=A'B=A"1 m]
L5




1 X 4

: A0 4 110 4+ 15
10

10 —1 —-H :,-_,—_|.-'|{] | 10 — 40
P -

I ‘ —h =71 L5 20+ 11035
Thus, xy =3, x; = -2 -md ¥y = 1 is the reguired solution,

3
= |-2
1

(i1} Cramer’s rule

Consider the system of linear equations,
iy X +a; ¥+ apZ= b‘l
HETE + daz¥ + Azz& = b_zl
Gy X + Qa2 + G332 = by
We write the above system of linear equations in mﬁx form as

AX =B Q) oo (i)

13 @12 T3

where, 4 = ’ﬂm Gz G| X =

A3y GQ3zz 433

To solve the system of linear equations

s rule, following steps are

used.
i. Calculate ||, if |A| # 0 then go (ii) otherwise the method fails.
ii. Calculate |4;], |4;]and Iﬂgl.w
by, as ﬂ;g @13 ay; ay; by
A = bz a3 ﬂzz , A; Gzz|and A; = |az; ap; bz‘
3z *133 -5133 az; @3z by
iii.  Now find = = 14| = 144l
_ & “‘5 e |.4| bily = ) and z =7,
¢ | Note: only when the given system has non-singular |
meﬂ']'::lentm& 1 ]
Example: er's rule to solve the following system of linear equations.
x+3y+2z=19 i)
2x+y+z=13 ... (i)
4x +2y + 3z =31 o (Hd)
Solution:
Write the system of linear eqUEﬁuns to the matrix form AX=B
1
ie., lz 1
4 2 3
Now, we find the determinants of A,A,.Azand Aj.
3 2
Mizll-l =32 Y42l Yaqogro=-=
<1 | : 3|+2|4 J|=1-6+0=-520.




—

0 & 11 13 1 131
= |1 = o . ; v S ¥ = e
|4, 1’: l :lt 1q|2 3| .=||_“ Hl+.a|m 2| 19 — 24 —10 = —1
1 19 2
13 1 2 1 2 13 :
L=z 13 1]=1 - —B—38420=—10
Hal = tlyy -1y gl+2fy 5l=2-3
£ 31 3
{ 3 19
. _ S 1 L o -3 | G sy
4zl ={2 1 13 1|2 31| 3|4 E“|+1'ar[4 Ei_s 30 40 = —25.
i 2 91
i : A =15 . sl =10 _|As} _ =25 _
B}-Lfﬂ.ﬂlﬂrﬁmlﬂx—lﬂI——_?—ﬂ,y—|A|—_—E—E and -Ml—-—_-g"--ﬁ-

Thus, ¥x =3,y = 2 and z =5 is the required snlutic%

(iii) Gauss elimination method (echelon form)

Gauss elimination method is an algorit
equations. It is usually understood as a se operations performed on
the corresponding matrix of coefficients. ethod is named after Carl

Friedrich Gauss (1777-1855).
This method can be used to “E non-homogeneous system of

linear equations. \\

a3 x + 3% = by

a + 32 = by
ﬂ&z}’ + a33z = by
Following steps of Gauss elimination method:
«  Write the M%J linear equations to the matrix form AX = B. \
« Form ented matrix by including the constant elements as an
extra cohitan in the coefficient matrix.
» Convert augmented matrix into echelon form by using elementary row
operations.
» Find X by detaching the last column back to its original position i.e.,
on the right-hand side of the equivalent matrix equation to AX = B.
Example: Use Gauss elimination method to solve the following system of
non-homogeneous linear equations:
x+5y+2z= 9
x+y+7z= 6
—3y+4z=-12

Solution:
We write the system of linear equations in matrix form AX = B.




A

where I | T vl arel i

{1 l
i a4 4 2

Forming the avpmented matrix by including the constant clements g, &

X

catra column in the coeMicien! malrix

)} B 2 9

| | 7T 6

i i 4 -2

Converting augmented matrix into echelon form by using clemen tary
5 2 9

hy:sg"&

L -3 HQY )

Au =

Iy
operations.

5 2 9
-4 5 =3
i g e=d,

AH et

Ll
Led
B
i
o+
E)

by Rs + 3R,

i
e o
2.
|

TR Ll

by 4R,

From the above ma 1: equa]ent matrix equation
by + Ez = (1)

@ _'.r—-zq-— . ()
z=1 . i

From (iii), tz=1. Putting z = 1 in (ii) we get y = 2 then from [i), we get
X+5(2)+2=9 = x4+12=9= y=_3

Thus,x=-3, y=2 and z=1isthe required solution.

liv)] Gauss - Jordan Method [reduced echelon form)

Gauss-Jordan method is the modified form of Gauss elimination method
in which the augmented matrix ig converted into the reduced echelon form.
Faxample: Use Gauss-Jordan method to solve the system of linear equations:

X+5y+2z= 9
X+y+iz= &
=3Iy +4z=-2

/f
[y ]
e e = I el il |

v’

Solution:
Changing the system of linear equations in the form AX = &

e
68




W

where, A = ' . - ly| and i = [ f
E 2

Here

Augmented matrix = A =

hjl" RE"E]

L@
.

i

il I T B R

4

2} by R+ Rj
1

2}1:;4&,-?.%
1

Find X by detaching the last column back to its original position from the
above matrix,

1 0 01rx7 [-3
We get [ﬂ 1 ulH=[zJ
0 0 1llz 1

or ﬂf+}-‘+ﬂ3= E s {ﬁ]
ﬂ.l'.'+ﬂ}"+3= 1 n-liﬁ}
From (i), (i) and (iii) equations, we directly get x = -3,y = 2 and z = 1 as the

required solution.




n

nogeneous system of linear equations for non-

Solve the following hor
trivial solutions, if possible.
x+2y—2z=10
(i) 2x+y+52=10
Sx+4y+8z2=0
Determine the consistency
equations.

x+4y+2:=10
liij 2x+y—32=0
3x4+2y—4z=10
of non-homogeneous system of linear

x—2y—2z=-1 x+2y+z=2
(i) Zx+3y+z=1 (ii) 2x +y+2z=-1 \
Sx—4y—3z=1 2x+3y—2z=

Solve the non-homogeneous system of line tions using matrix

inversion method.
x+2y+z=8 2x — %@
iy 2x—y+z=3 {ﬁ}x+1ﬁ—m
x+y—z=10 X = —6
Solve the non-homogeneous
elimination method.

of linear equations using Gauss

-x+y+z=0 > % x+2y+z=8
(i) x+2y=5 \\\ [iij) 2x—y+z=3
—3x+2y—-z=-1 % x+y—2z2=0
Solve the non-h @c system of linear equations using Gauss-
Jordan- meth
x—y44z 2x+2y—z=4
i} 2x+ =2 (ii) x—2y+z=2
3x— -3 x+y=10
Sol “homogeneous system of linear equations using Cramer's
Rule.

x—-2y+z=2 x—2y+0.z=-4

i) 2x42y-z=4 i) 3x+y+0.z2=-5

x+y+0.z=0 2x+0.y+z=-1

Review Exercise 2

Select correct option.
If a matrix A has m row and n column, then order of A is:

(a) m xn (b) nxm () mn (d) m"

Any matrix of order m x 1 is called:
(a) Row matrix (b) Column matrix
(c) Square matrix (d) Zero matrix




For the square matrix A = |a;|. Wall ay; = 0. #  and all a;; = k (non
zero) for i =/, then A is called:

(a) Rectangular matrix (b) Scalar matrix

(c) Tdentity matrix (d) Null matrix

The matrix |7] is:

{a) Square matrix (b) Row matrix

(c) Column matrix () all of these

(k ABC)' =

(a) kA'BEC! (b) kCEBEA (c) k(BA) {d) k*(AB)

Y- 3= Qj\
(e) = (d) 10

(a] 4 (b) 8
If AB = BA , then which one is true, wher@ are square matrices:

[a) A and B are multiplicative inverses o other
(b) One of A or B is null matrix.
(c) One of A or B is identity matrix. (d) all of these

Let A = [a;;| be a square hen cofactor of a;; is equal to:
(a) My, (b) My (c) (=1)YM;; (d) (1) ay;
For any triangul Al is equal to:

{a) Product of 1 1 lagonal elements

(b) Sum of leadin®difigonal elements

(c) Sum of @ of diagonal elements

id) All of

If A=[-7], then |A| is equal th
(a) 7 (b) =7 % (c) O (d) Not possible

A = [ay] for which all a;; = 0, i <j, then A is called:

(b) Lower triangular
(d) Hermitian

A triangular matrix 1s always a:

(a) Diagonal matrix (b) Scalar matrix

(c) Square matrix (d) all of these

A sguare matrix A is skew symmetric if:

(a) AT = A (b) A" = —A (c) (A)t = A (d) None

A square matrix A is Hermitian matrix if:

(a) At=A (b At=-A (c) (A=A (d) (A)F = -A

Each diagonal element of main diagonal of a skew Hermitian matrix

must be:
fa) 1 (b) 0 (c)Any non-zero number (d) Any complex number




L ]

]

B

=l

i ]H !:: = |'13 .:Jq[ then

(a) @ = =3 (b)a =b (] rrz% () @ =_.—‘:1
The number of non-zero rows in echelon form of a matnx 1s called:
(a) Order of a matrix (h) Rank of a matrix
(c) Leading Column (d) Leading row
If A is any sguare maftrix and A = —A' then A is a:
(a) Symmetric matrix (b) Skew symmetric matrix
(c) Hermitian matrix (d) Skevr\Hemitian matrix
If A is idempotent matrix them:
(a) A® =1
c) A=A

1 2 4
The cofactor Az; of [-1 2 5|y

g I -
(a) O (b) =1 c) 1 (d) 2

5 3 =f1 7 1
N7 }’"3‘4'[1 2]= g 14]'
C. Also verify that (A + B)C = AC + BC for

Find the values of x
Calculate AC, BC and (

0 6 1 2
ﬂ=[—ﬁ 0 10 E].C= -2].
7 =8 1 & 48 3
IfA= show that A2 =54+ 7/ = 0.
1l -3 -
Fin egree or index of the nilpotent matrix [—1 3 4
1 =g =
1 -2 -
Show that matrix |-3 2 9 | is periodic matrix of period 2.
2 0 -3
Which of the following is idempotent or involutory matrix
1 -1 0 0D 1 -1
i [[. 1 a] I
o 0 1 3 -3 4

Which of the following matrices are Hermitian or Skew Hermitian

1 1-i 2 4 1—-i 7
(i) [—1—|‘. 3i :] (ii) [1+1‘ 6 =i
-2 i 0 7 i 5

R




11

=

Let A be a square matrix. Show that
(a) A+ (A)' is Hermitian,

(b) A— (A)* is skew Hermitian

1 b s
Show that [a+2x bh+2y c+2z|=0

x ¥ 7

xX+yv+2z x ¥
Show that 2 Y4+z4+2x Vv =2x+y+z) B
Z X z4+x+2y P
Solve the following system of linear equations x—aer’s rule, Gauss vir
elimination, Gauss-Jordan and matrix inverst thods. :
Ix+4y—-2=0; x-2y-2z=2 and ¥+ 3z =-2,

'@



Vectors

There are many quantities in daily life which needdirégtion for their
specification. Let us take an example, in the army, wh d@ are launching
missiles, they first need the direction and distance a their target and
the impact, it is going to cause. This kind of qu ich needs magnitude
and direction, is called vector. Furthermore fcon the forces acting on a

boat crossing a river. The boat's motor genera force in one direction, and
the current of the river generates a fi another direction. Both forces

are vectors. % %

3.1.1 Define a scalar and or

specified only by its magnitude with an
quantity or scalar, for example mass,

The quantity that i
appropriate unit, is ¢
volume, area, dis

The quang

3.1.2 Give geometrical representation of a vector

A vector in a plane is represented by a directed terminal point (tip)
line segment. In Fig 3.1, a vector AB is shown which B
is denoted as AB or U. The endpoints of the segment u
are called the initial point and the terminal point of _
the vector. A

initial point (tail)

The length of the segment represents the Fig, 3.1
magnitude whereas the arrow indicates the direction
of the vector.




J. 1.4 WL

we the following fundamental definitions

feometncal representation:

1

bl
LR
1w

LR

magnitude ol a veclor,
cqual vectors

negative of a vector,
umnt vector,

zero/ null vector,

vi. poesition vector,
vii. parallel vectors,
vi_ii- addition and subtraction of vectors,
1x. triangle, parallelogram and polygon 1 addition,
x. scalar multiplication @
i. Magnitude of a vector Q
The length of a vector is called it ifude. The gt

magnitude of vector ¥ is denoted by |V| or Was ghown in Fig. -

3.2.

ii. Equal vectors

Two vectors # and V are
the same magnitude and dire
written as u = V.

iii. Negative of a w@o
The negatiy® of a Vector V is denoted by —V. It has the same

!

equal if they have
ig. 3.3). Symbolically, it is -

length as ¥ but jte in direction as shown in Fig. 3.4,

iv. Unit vecto

A vector whose magnitude is 1 is called a unit vector. The unit vector

of V is denoted by ¥ as shown in Fig. 3.5. &
Note: “§" is pronounced as “v cap”. T
¥

v. Zero or Null vector

A vector whose initial point and terminal point are same is ecalled zerg
or null vector, it is denoted by 0.




"

vi. Position vector

A vector whose initial point is origin and terminal ™

point is P. is called position vector of point P and it is
denoted as OF as shown in Fig. 3.6. Its magnitude ;

0 ME11E

represents the distance of the point P from the origin. _

Epﬁ »Plx.¥)

vii. Parallel vectors
Two vectors are said to be parallel if they have the same o

direction. In figure 3.7, d and b are parallel vectors, we denote %

asal b. s
"'\.Q) !

— F
a .~

viii. Addition and subtraction of vectors |
1 - o 7 ?::l" 5 Q .II.I
Consider two wvectors d and b as n@’ in H;,.e-'*?
Fig. 3.8 (a). In order to add these two vectors, fird place oy "'u-r-"-l'il
b in such a way that its tail coincides vitBelip OF ead of B 4
& keeping its length and direction sam own in Fig, =
318 [h:: & __.'.I b
Now, the sum or resultanfy d E, denoted as ""_'--ﬂ'i'
i + b, is the vector whose initj %‘ is the tail of @ and = E'dlbfl,
terminal point 1s the he sffown in Fig. 3.8(c) 8 “_,
The above meth dition of vectors is called 2 !
Head and Tail ru s o
Subtraction of T Fig. 3.8(¢)

i . b of these ctors d@ and b is defined as the sum of the vectors d and
(-b), ie.,d=b =i+ (-b).

Thus, in urflcr to obtain the difference d — b, we just add d with the
negative vector of b by Head and Tail rule as shown in Fig. 3.9(b}.

-

r ’ﬂi
o ;
7 4 JT’

Fig. 3.9b

76



ix. Triangle, Parallelogram and Pelygon Lawe of Addition

Triangle law of vector addition states that when

two vectors d@ and b are represented by two sides of a
triangle in same order, then the third side ¢ of the 4F
triangle represents the resultant vector of the vectors

d and b taken in the opposite order, as shown in

(Fig. 3.10).

E=d+b

a
Parallelogram law of vector addition states E
when twovectors d and bof same initial t . "'i’

represented by two adjacent sides of a P .}.Eﬂ

then the resultant of these vectorsis é=d% b= b + d 3

represented by the diagonal of the starting :

from the same initial point of the %tgﬂ b, as shown in (Fig. 3.11).

‘olygon law of addition: \\ - S o
Polygon law of ve states that if a ﬂﬂ_l ay

number of vectors are in magnitude and

direction by the consec ides of a polygon takenin . i

the same order, theif resultant is represented by '\ Hz

the closing sid polygon taken in the opposite A \
order. In , the sides of given polygon are rig

represented vectors dy, dy, ds, ..., @p_q, the closing side is represented by

vector d, which is the resultant.

ie,d,=d, + d; + dzg + -+ dpy.
Example: Prove pentagon law of vector addition.
Proof: Pentagon law of vector addition:

Pentagon law of vector addition states that, if four vectors are
represented by four consecutive sides of a pentagon in same order then the
last side is the resultant in opposite order.

Let @, b, € and d be the four vectors represented by the sides AB,BC,CD
and DE respectively of pentagon ABCDE as shown in Fig 3.13, By pentagon
law of vectors, we have to prove that AE=d+b+é+d




U\

In A ABC, by triangle law of addition
AC=d+b i)
In A ACD, by triangle law of addition E c
AD = AC + ¢ ] g

ie, AD=d+b+¢ ... (i1) (Using equation (i)) '
IE.& EE. 135! triangle law of addition M
AE=AD+d

ie., AE=d+b+c+d (Usingequation (ii)).

Hence proved.

=. Secalar Multiplication of vector 6\

When we multiply a vector V by a scalar k, the
result is a vector kV. The scalar multiplication by ;
positive number other than 1 changes g
magnitude of the vector but not its di n. 24 aid A
scalar multiplication by negative number o an i
—1 changes its magnitude and reve direction 14
as shown in the Fig. 3.14, whereag ication by

—1 only reverses the direction. \}
3.1.4 Represent a vec% a Cartesian plane by defining
fundamen 1@ tors i and j.

The algebra o rs is based on representing each vector in terms

axes and component as an

appropria of a unit vector along either a o

of axes. o1, 4% o
The unit vector along x-axis is the vector i : f i“| .

i determined by the directed line segment from 0(0,0) ino al xaxis
(0,0) to (1,0). The basic or unit vector along y-axis Fig 315
is the vector j determined by the directed line segment from (0,0} to (0,1).

Figure 3.15 shows a vector v = OF resolved into its { and j components
as the sum: v= al + bf

Here ai, where ais a scalar, represents a vector of length |a|, paralle!

to the x-axis, pointing to the right if, a > 0 and to the left if,a <0. Similarly,
bj is a vector of length |b|, parallel to the y-axis, pointingup if, 8 > 0 and down
wards if, b < 0.
The numbers ‘a’and ‘b’ are the scalar components of V in the directions



of I and | respectively,

The vector ¥ = af + b} can be written as [E) or |a, b| or (a,b).

1.9 Kecognize all above definitions using analytical
representation
i. Magnitude of a vector

If a vector Vv is given in terms of components as v= al+ bj then its

magmmde 18 obtained by |#| = vaZ + B2,
If Vv=7i-7], find |V].

Solution: Here a=7 and b= -1 \
Now, ¥l = V(7)? + (-1)? = V50 units Q}
Let P, Q are the points in the xy-plane \Daneman coordinates

(x;,¥1) and (x;, ;) respectively, then the vector to Q written as PQ, is:

PQ = (x; —x;)i +
By using distance formula between two

Hagmmde of PQ is: [PQ| = /(x; — x, ottt — y, )
xample 2 ITP7,0) and Q(13,8) points in Cartesian plane
then find magnitude of vector c:é
Solution: Here (x,,%) = (7. {}) 2,¥2) = (13,8)
Magnitude of vector PQ = | -5+ —n)?

(13 7 + (B—0)2

J62+(8)2 = 10 units

ili. Equal vecto \
We vectors p and § are said to be equal if they have same
magnitude ame direction.

In terms of c nentsif, p =ai+bj and §=a'i+b'j
theng=g§ ifand onlyifa =a’ and b=#
- 6 == _ 112 - —
Example: If Eﬁ:(a) and ED—E(E) then show that AB = CD
Solution:
—p == S OF ) .
Here, AB=(5)=6i+3) and T=3()=61+3]
coefficient of | and j are equal.
: AB = CD
lii. Negative of a vector

Negative of vector d@ = a,i + apf is —d = —a;1 — a,J
Let, d=6i+jthen -d=—(6i+j)=—6l—]




iv. Unit Vector ; ;
We have already studied that a vector having magnitude 1 is called un;
vector,
Let ¥ = af + bj then, |V| = Va? + b? .
The unit vector of ¥ is denoted by ¢ and is ”T*H'"Ed by
(L -+

v
Wt e B e ——=
Wl a? + b*

—

miple: ¥ =i—7f then find .

Solntion:
Here a=1 b=-7 then, [¥|=(1)2+(=7)% = 5)/2 units
VBT 1. 7
Y "=FN=%7 53 s \'Q)
v. Null vector or Zero vector
A vector whose magnitude is zero is call vector or Null vector, [t

is denoted by 0.
Zero vector in plane, in terms of mmpnani) ﬂ)'

vi. Position vector
The vector from origin 0(0,0) @mt P(x,y) is vector OP and is called

position vector of the point P. \
The position vector of P(x, ¥) = (;) =xi+yj

Example: Write down itienl vector of P(3,4) and Q(5,2).
Solution: The positio rof P(3,4)is 0P = () =3i+4;.

and the positi or of Q(5,2) is 0Q = G) = 5 + 2.
vil. Pa B
Two rsd and b are parallel if there exists a non-zero real number

k such that b = kd.

Note: i) b hasa magnitude |k| tlmf.; the magrﬂtﬁde of a.
[ii) if k<0 then d is antiparallel to b,

=

Example: tf a= (_32) , b= (_:) and ¢ = (-‘Ifﬁ) are three vectors then show

that, d is parallel to b . Also show that # is antiparallel to d.
Solution:




b = 3d
* b is parallel to 4
and the magnitude of b is 3 times the magnitude of d
o 10 = |
Also = = — = —=5d
ol ) 5( 3 )= -5

) -15

¢ = =54

¢ is antiparalle] to d,
viii. Addition and subtraction of vectors
Vector Addition

If  d=al+a,f and b= byi+ b.f e"\

then, d+b = (a; +b)i+ (a; +by)
For example, if & = [i) = 31 + 4 andQQ(_s} 8i — 5]
then -::+.El—(4) (5) (

or d+b=30+ 4f +
Vector Subtraction:

H&—a1i+nﬂmdi%bz}
then d—-b=(a,-b,)i+

For example, ﬂ' :‘41 and b= (3 = 5i 4 3j

then,

or -—?i“--l-j' 51 21‘—?} \
ix. tiplication nl.' vector :

scalar and Vv = al + bj is a vector, then
= k(ai+ bj) = (ka)i + (kb)j
The length of k¥ is |k| times the length of v:
ie., [|kV] = |(ka)i+ (kb)jl
= Jka)2 + (kb)* = Jk?(a® + b?) = |k|¥].
r. If k=-2andV= —3i+4j, Find |kv|].
SBolution:

Here ¥ = —31+ 4], so [V] = |=-3i+4j| = /(-3)* + (4)* =5
Now, |k¥| = |-2¥] = |-2|¥]
=2x5

&



1.1.6 Find a unit vector in the direction of another given

vectorn

The unit vector in the direction of a given vector v is I—T or ¥= 1_“,'

Find unit vector in the direction of ¥ = 3i — 4j and verify.
Solution:

Here, [¥ =3P +(-4)2=v9+16=5

Thus. unit vector in the direction of ¥ is: ¢ = %

3i— 41-}

i

3
| L
Verification:
¥ = 3? —-+ 1¢
i IE 25 ' 25 K'e}
Hence verified.

3.1.7 Find the position vector nt which divides the
line segmentjummg two Rgoi ts in a given ratio

Jector in terms of position
Let X and Y be the end poin vector XY. Now taking position vectors
of points X and Y, we have \ ¥ ik
—= — _ ~ XY =y-x
0X = % and OY = y as shown Fig. 3.16. P S
* pel

r addition, we get

L OY -
/ = x .‘.lr 2 ﬂ'}{ 9 "']
=y-
Thus, if ¥ position vectors nf points X and Y then XY = j = &.
Position ve of point of division of line segme

Consider two points P and Q having position vectors OF and 0Q with
respect to -nngm O. The line segment connecting P and Q is divided by a point
R lying on PQ. The point R can divide the line segment PQ in two ways, ViZ.
internally and externally as shown in Fig. 3.17 and Fig. 3.18.

(ij Line segment P() is divided by R internally:

Consider the point R which divides the line 5 9\:&
segment PQ internally in the ratio m:n, given that m - 4 N,
and n are positive scalar quantities (Fig. 3.17) — —""‘Ehm

2

So,




= m|RQ| = n|PR|

—_ !ﬂﬁj:ﬂﬁﬁ _{u
Let @, b and 7 be position vectors of points P, Q and R respectively.
Using equation (i)

We have m(b —#) = n(# — &)
= mb —m# = nf* — nd
= f(m+n)=mb +nd
- 7o 0+ nd
e RN e _
Hence, the position vector of point R dividing PQ inmrﬁm the ratio m: n is
given by:
. mb +nd \,
e
If R is the midpoint, then R divides the line se PQ in the ratio 1:1,
ie., m:n = 1: 1. Then position vector ut'po@ be as under
b+

¥ R externally:
ine segment P externally in the ratio

Letd, b md&siﬁnn vectors of points P, Q and R respectively.
i.E.. ﬁ:ﬂ ﬁj:ﬂ and ﬁ=?

¥

Using equation (ii) m(ﬁ' ~F) = —n(f - a)

— mb — mf = —nf + nd
=> F{m-n)=mE-nﬁ

mb — nd
= “"m-n

Hence, the position vector of point R dividing PQ externally in the ratio m:n is

given by: . }
mb —na

i m-n




Find the position vector of the point dividing the join of two points
with position vectors 31 4 4] and 8i — 5] in the ratio of 1:3.

Solution:

Let, d=3+4; b=8i—5 andm: n=1:3

Let ¥ be the required position vector

mb + nd

So, P = —

m + n
_ 1(8Bi — 5]) + 3(3i + 4))
143

 BI—5]+91+12]

3.1.8 Use vectors to prove simple the(ﬁy

geometry @
Fheorem 1: gg
If the position vectors of points e X and y respectively and M

d
e o { . _ X+y
be the midpoint of XY then positiog u@ of point M is =
Proof: \
Since ¥ and ¥ are the vectors of X and Y respectively.
Therefore OX = # and 0Y
Let m be the pn jor vector of midpoint M as M
shown in the Fig. 9. X — /
So, fM=0M #:‘-.
Now appl'_vm aw of vector addition, we get f,‘__._.- : -"":;
0X + XM .(0)
Also, = 0Y - MY ....(i) |
By adding eq. [i} and (ii) A
20M = DX + XM + OY — MY
2m = # + XM+ + TM

Sir{v::: M is the mid-point of the line segment XY therefore, XM and YM
are equal in magnitude but opposite in direction and cancel each other, so we




The line segment Joining the midpoints of two sides of a triangle i
parallel and half of the length of the third side.
Proof: Let 4, b and ¢ be the position vectors of vertices ©
A, Band Cof A ABC respectively as shown in Fig 3.20.
By using Theorem 1, the position vector of M
., d+¢
midpoint M of AC is EEE :
& a g A
Similarly, the position vector of mid-point N of BC is

b+¢

N B

So, MN]||AE and MN is half of length of “t

Hence proved.

Theor 3

The diagonals of a parallelogram bis%ch other B - C

Proof: + B / ~Ff
Consider a paralle B as shown in M

Fig 3.21, where d.b be th: ion vectors of the 0 —

vertices A and B res . re 3.2
thtniﬂ=§andﬁﬁ% \

In ADAC, by tri law of addition of vectors

OA+AC=d+b r[+ E=G—E=E]
The midpoin the diagonal OC has the position vector

—, _OC_a+b :
S i % ot

Using Theorem 1, the midpoint N of the diagonal AB has the position vector
d+b

2 "

=g

o E‘E— - ...(ii)

ie.,
From (i) and (ii) we have m = #i _
Hence the midpoints of both the diagonal are same
Thus, the diagonals of the parallelogram bisects each other. Hence proved.




- Exercise3.1 __J

Classify the following quantities as scalars or vectors:

(1) Force fii) Speed (iiij  Velocity
(iv) Area (v) Acceleration (vi) Work
(wvil) Volume (viii) Weight {ix) Mass
Write the vector PQ in the form xi + ¥ :
B P(46) Q(—45) i) P(-3.9).00108)
1ii) P(—3.6), @(59) fiv) F‘{ —6,2),Q (0,-5)
Find the following vectors if = =5i + 4j, § = —31 jand 7= —61+7].
6 25+3d @) 35+ @
, -+ -
(i) 37+ 54 —4F iv) = + 49
P(-2,5).Q (8.0),R (5.6) and 5 (-10,7 given points. Find the sum
of the vectors PQ and RS.
Find unit vector in the dm:::h ach of the following vector:
(i) p=-—3i+ 8] q = 5i—9j

(iiiy #= 10— 12f \ [w] §=7i+5j
Find the vectors in the ion of the following vectors with given

magtumdea

(i) = 2f — 3} de 6 units
(id) = 10f — itude 7 units
(iii) &= j : magnitude 11 units

Find the unknowns if;

(i) pi+ 5] 1)  (5.7)=(5-—q)
R PN P . 2 p
) Si=gf=pl—r=] (iv) (_??) . (_?)

Find the position vector of point dividing the join of A and B in the given
ratio, where position vectors of A and B are given:

(i) 4 — 5j and 2i + 7] where ratio is 3:5

(11) 3i+ 5] and 11[ + 8] where ratio is 3:2

(iii) 2= 3j and 2{ 4+ 6] where ratio is 4:3

Prove Hexagon law of vector addition.

If A(3,-5),B(6,0) and C(2,4) be vertices of a parallelogram, then using
vectors find the coordinates of point D if:

(a) ABCD is the parallelogram  (b) ADBC is the parallelogram

(c) ABDC is the parallelogram



Given that A is the point (1.3). AH and AD are (‘D anl { J respectively,
Find the coordinates of vertices B, C and 1) of the parallelogram ABCL,
Using vectors, prove that.

(i) If one pair of opposite sides of a quadrilateral are congruent and
parallel then it is a parallelogram,

(11) The line segments joining the mid points of the opposite sides of
a quadrilateral bisect each other.

[iii]l Medians of a triangle are concurrent.

(iv)  The midpoint of the hypotenuse of a right angled triangle is

equidistant from its vertices,
Given that the points (1,1),(54),(8,9) and present position
vectors of A,B,C and D respectively. Show t is a trapezium.
A,E,Carethepmntaabandza-bres c ynmwdea?s.‘fmﬂa
and E divides BD in 4:1. Find the i tor of E.

In a parallelogram ABCD, X is th
1:2. Show that if Z divides ﬁ%

idBpoint of AB and Y divides BC in
en it also divides AY in 3:4.

': d-? it
L
In the previous section W@ ;mdied vectors in plane, now we study

vectors in three-dimensional space.
3.2.1 Recogni ngular coordinate system in space

In three-gimen space, the rectangular cmrdmate system or
Cartesian i system is based on three
mutually cular lines which are called i3
coordinate viz. the x - axis, y — axis and z - axis
as shown in the Fig 3.22 (a). g i iif .

These axes determine three mutually

perpendicular planes which are called coordinate :
planes (yz —plane, zx -plane and xy -plane). The x ;
z

point of intersection of coordinate axes is called H—

The origin along with the three axes, is said to form a Cartesian
coordinate system for 3-space. It is of two types: left-handed and right-handed

system.
A right-handed system has the property that when the fingers of the

=y

i

I.

1
-

(U el TEW TR




right-hand are curled from positive x-axis z
toward the positive y-axis, the thumb % _):L
points roughly in the direction of the %}_ fﬁ
positive z-axis, The system which is not ¥
right-handed is called left-handed (Fig Right-handed J
3.22 (b). We shall follow the right-handed *

system. .
To locate a point P in space, we draw perpendicular PA, PB and PC from

P on yz-, zx- and xy -planes respectively. The lengths of these perpendiculars
are taken as x, y and 2. So coordinates of Pare (x,y,z) as sh Fig. 3.22(c).
It should be noted that
(i) fnrapﬂintnnx-a:da,huth}r=ﬂandz=ﬂ
(i) fnrapﬂintnny—axia,bnthz=ﬂandr=ﬂ
(iii) furapﬂintunz-m:is,hﬂth:r=ﬂand}r 0
[iv) for a point on xy -plane, z=10
(v  for a point on yz -plane, x = 0

(vi) for a point on zx -plane, ¥ =ﬂ&
Furthermore, the 1 )R divide

the space into eight octants.

3.2.2 Define uni% i, jand k
The vecto , [ are the unit vectors in the direction of

positive x, ¥, %, respectively. In terms of coordinates, we can write
them as i= = (0,1,0), and k =(0,0,1).

3.2.3 Reco¥nize components of a vector s
In three-dimensional space, vector A has L
vector COmponents, EI, E,, and Ei along x, y and i e
z-axis respectively. Vector Ais equal to the sum of ' ,M:"‘
its three component Fig. 3.23. . " e = AR
: - o —4 ; |
. i fx+ﬁj+ﬁi :#tr}fi;' i 'y
= A=Al+ 'A.'l"j.l- ﬂIE f"‘j]"f :

Where, A, = A, A, = A,f and &, = A,k.



U

3.2.9 Give analytic rrl-n*u('nl:llnna ol a vector

Let, d = ayl+ ayf + azk be a vector in 3- space.

1y
Here, a,, a; and a, are real numbers. The notation (a;, a3, a) or (ﬂz) or
ds
[ay. az. a;] is called the analytic representation of the vector d and the
numbers a,, a; and a; are called the x,y and z components of the vector in
space respectively.
In the given triangle of vertices P, Q and R with its coordinates

P(1,—1,0), Q(2,1,—1) and R{—1,1,2) respectively. Find thaﬂmpnnﬂnta of the

vectors PQ, QP, PR, RP, QR, RQ
Solution: Here OP = (1,-1,0), 0Q =(2,1,-1) =(-1,1,2) are the
position vectors of points P, Q and R mspe-::tjve]@

o C)

73 = 03— 0F
ie, PQ=(2-1141,-1-0)=
=3 QF =(—1,—21)

PR = OR — OP \

ie, PR=(-1-11+12-
= RPF=(2-2,-2)

QR=0R-0
ie., QR=(-1 %,2 +1) =(-3,0,3) N

= RQ={
3.2.5 Find Mmagnitude of a vector

We have already studied that the length of a vector is its magnitude.
If V = ai + bj + ck is a vector in space, then its magnitude |V| is obtained by
V| = vaZ +b% + c2.
Example 1. Find the magnitude of a vector d = i-27+ 3k.
Solution: - d=T1-2] + 3k
d =)+ (=27+(3)? =VvI+4+9 =14 units,
Example 2. Find the values of tif the vectors 37 + 5] — 7k and

51+ 2] — tk have same magnitude.
Bolution: d=3i+5/ -7k and b= 5i+2j—tk

_'@




B

Az hoth vectors hoave sane magnitade e |d = | b

-y JE 1LY = J R (2)7 ¥ ()P
—= VO 26+ 49 =2 4
t = +3Jh
Find the vector of magnitude 6 in the direction of vector
51+ 2f — 7k
Solution: Here, d=5+2]—7k
S0, Gid is the required vector.
Now, 6 = ﬁﬁ \
5i+2j — 7k
_ (5i+2j—7k) %)
. V78
_30i 12j 42k Q
“VE v v &
1.2.6 Repeat all fundamental defini' for vectors in space

(i} Equal vectors

Two vectors d and b are \‘h be equal vectors if they have same
rresponding components.

which, in the plane, have W been discussed

Ifd=ai+ayj+a, 11+h2;+b35
then @ = hlfandunlytfa ﬂz—bzandua—hg
(ii) Negative of n

If d=a,i E then —d = —a,1 — a,] — a3k is negative of the given
vector d .

(iii) Unit vecto
We have already studied that any vector whose length or magnitude is

1 is a unit vector. The vectors | , j and k are basic unit vectors in the direction
of x, y and z -axis respectively.

- o " . v a
If @ = a,i + az) + a3k is a vector in space then its unit vector in the

direction of d is @ and defined as:d = g . a,i+a,j+azk

@ JaZ+b%+c?
liv) Zere or Null vector

We know that a vector with magnitude zero, is called zero vector. In

0
space (ﬂ) is zero vector or null vector,
0

h
SR )




It also represents
direction of the point from the
the point then

by

the distance and

origin, If P(x, v, ) is Pix, y, 4
its position vector is represented i

. X o . ¥
OP = (J.r) | /
F 4

as shown in Fig. 3.24

Exampl I\'Q,\

4
The position vector of point P is ( 2 ) and the positi tor of point Q) is (-32).
— ~1 7
then find vector PQ
Solution: C)

i ——

PQ = ﬂq [}P

%=_4
O

a; i+ a;j + azk and b = byl + byj + byk are parallel if, and
ultiples of one another: \

Therefore, PQ = (
8
(vi) Parallel vectors

rds, if two vectors are parallel, then the ratios of each of
their corresponding components are same.

i.E.,, —_— I — i —
by by by
(vii) Addition and Subtraction of vectors
Addition of vectors

iy . by
ty
torresponding components.

'ﬂl -b!
ie., d+b= (ﬂz)+(’5’2)
iz b;




iy +h|
= (ll:,_-l-hl)

iy + by
subiraction of vectors

Difference of two vectors d and b is obtained by subtracting their
corresponding components.

a, by n
If d = ({II) and b = (bz) are two vectors then the difference d —b is
by

3

obtained as;

Solution:
i d+b;
([i)d—>b:
’
[ﬁiﬂ B-r:ll.lr tinn
iy kﬂ-l
ctor and k€ R then; kd = k (ﬂz) = (fkmz)
iy (i 9
Example: If d = ( 5) then find: (i) —d (i) 3d
4

Bolution:



(1.

LO.

i)

Letii= 11 24 i hpandd W= 1 7] 2k Findd

[i) 354 R AT i) i — 3042w

(v 3 ey —201 4+ lrr 3w

If o e o r
ey : .

(i —=2a L) 3)al [1nt} E” [1%) —é“'

Let A= -3k B=21~-F+2k €=31-]+sk. Fing

[i) A— 28 (it} 3B + 2C (iii} 3A — )

Leti=1-3/+2k i=i+jandw=2{+2] -4

() i + & — W i) lul + |9

T POt + HF o £
(a) the pasition vector of point P and the position vector of

~2
point Q is ( 4 ) Find d |5PQ).
(b)  Ifid=3i-5/+2k, \\ — 2 + 3k then find
(i) @ (i (iif) |d@ + B| (iv) |d — B]
Find wvector A;A. ;

fi) A1(0,0,0), Ax( {ii) A,(2,1,—-3), A,(7.1,-3)

(i) A (5, — 20l As(2,4,2) \
(i) Find t'%™g#l point of the vector d = (-2, 1,2) if the terminal point

“is (4,

(ii) Find the terminal point of the vector AA; =(1,3,-3) if the initial
point is (—2,1,4).

The initial point of a vector d of magnitude 5 is (1,—v3,-5). Finc  if

the terminal point is:

(a) (3,V3, k) (b) (2,-3v3,-10k) (c) (—2,k,—3)

Find the coordinates of A, if OA is of length 6 units in the direction of
OB , where B is the point (2,-14).

P,OR,S are the points with position vectors given by (1,1,—1).
(1,—1,2;,(0,1,1) and (2, 1,0) respectively.

(i) Find {F0

and |QS].




tor of the point whieh: i

(1i) Find the position vee
(a) divides QR internally in the ratio 302
(b) divides PR externally in (he ratio 502
i) 1f X and Y are the midpoints of PR and RS Show  that

XY = 118,
Find the vector OA, where:
(i) |0A| = 6 and OA is in the direction of the vector (2, -3,6)
(id) |ﬁ| - 7 and DA is in the opposite direction of the vector (8,1, -4),

(a)  Find the magnitude of a vector d = —2i + 3j - {a
(b) Find the value of t if the vectors —3F+E‘®( nd 2i -

have the same magnitude.

(e) Find the vector whose magnitude iﬁ& the length of d and
is in the opposite direction of gr=r 48 3] + 6k.

(d) Express d=-2i+4j—6k as Cﬂduct of its magnitude and

direction.
Find the length of the media:%%h point O of the triangle OCD, if

3 +th

4

Cand D are (2,7,-1) and% espectively.

el v R |
14 If S and T are the mid p% f PR and QR show that 5T = 5 FQ.
3 Properties (ctor Addition

3.3.1 State @rn e
i. commuty§™ law for vector addition
ii. assocl law for vector addition

(i) Commutative law for vector addition
This law states that the sum of two vectors remains same irrespective

of their order.
Let A and B are two vectors then by commutative law for vector addition

A+B=B+A
Consider two vectors A and B, which represent two adjacent sides of &

parallelogram OPQR as shown in Fig 3.25.
In AOPQ, by triangle law of vector addition

R=B+A (i)




In AOQR, by triangle law of vector addition
R=A + B (i)

From (1) and (ii]. we gei A+B=0H+A

o

(ii] Associative law for vector addition
This law states that the sum of three vectors remains same irrespective
of their order or grnupmq in which they are arranged.

Let A B and C are three vectors then by the assmﬁ:w law of vector

addition A+(B+C)=(A+B)+C
Consider three vectors A, B C and their resul Q
by line segments OP, PQ, QR and OR respectivel

tor R represented
own in Fig. 3.26.
ain (A+B ) and (B+C ).

We apply triangle law of vector additiga. t
Now in AOPR; OR = OP + PR ‘1 , p N _':If_ N
1.e,, R=A+ {fﬁ + E] Il}l [ S .

And in AOQR; OR =0Q + QR

i E _ﬂ. '| - ____.':"':'. 5,. L
—= — '..i\'i____.-"'f o, ] | L
Le., R= {J!L + EJ + c @ ;'( P’ 1'::_ -."

From (i) and (ii) » TR
We get ﬂ+r ) (Fig. 3.26)
Example: A =5i +j L+ 5] — '?k and
C =i+f—kare thr u% then verify associative law of vector addition.
Verification:

N

Associative law r addition is:
A+(E+C)=(A+E)+C
LHS =A+(B+C)=(5i+j—k)+[(I+5 —Tk)+(i+]-k)
= (5i+]—k)+ (2 + 6] — 8k)
=(5+2)+(1+6)+(-1-8)k
= 7i+ 7] — 9k
RHS=(A+B)+C=((5i+]—k)+ (@ +5 —7h)+(i+]~k)
= (6i + 6] —Bk) + (1+]— k)
=(6+ DI+ (6+1)+(-8-1Dk
=714 7] — 9%k
L.H.S = RH.S
A+(B+C)=(A+B)+C
Hence verified.

ey




Prove tha

iv e the identity oy veo i Hll:l.'i!ll'hll
L is the inverse Tor A

(i) O is the ldentity for vector addition
Let Vis the set of all vectors in space, containing vector 0 which
satisfies the property: 0+ i =V + 0 = #, for any vector ¥ € V.

Therefore, O is the identity for vector addition. \

Proof Let # =i+ va) + 3k \'

then there exist a vector 0 = 0 + 0] + 0k

such that t'=+ﬁ=[ulf+v3f+v3§]+{ﬁf+ f@?jf‘l‘ﬂﬂd‘l’gﬁ
So, F+0=7 d)

and similarly we can prove that 0+v=4J

Hence, O is the additive identity or i Q for vector addition.

(iij —A is the additive invers ctor A,

Let A be avector, ditive inverse —A which is also called
negative vector of A, is a ¢n added to A gives the additive identity
ie A+(-A)=0
Proof: Let A= ,j + azk is a vector in space.
then A= —ayl — a,] — azk
Now, + (-A) = ayi + az] + ask + (—ayi — ayj — ask)

= u,i'+ azf+ naﬁ == alf = uzf = aﬁ =0

Thus, —A is the additive inverse of A,

Example: If A=4l+]-k and B=—4{—]+k then show that A and B are
additive inverses of each other.

Solution:
Here, A+B=(4l+j-RH-di-j+l=@-Di+(Q1-1Dj+(-1+1Dk=0
W E'q'“ﬁ:ﬁ

» A and B are additive inverses of each other. Hence shown.




3.4.1 State and verify
[i)] commutative law for scalar multiplication: m(a) = (a)m
(ii) associative law for scalar multiplication: m(n(d)) = (mn)(a
(iit) distributive laws for scalar multiplication:
”'{-ﬂ- tb) = ma + mb and {m + n)d = ma + nda

(i} Commutative law for scalar multiplication
Let d be a vector and m is any scalar such that m Kll

Then mid) = (d)m
is called commutative law for scalar multiplication. @

Proof:
Let d=|xv2] beavector Q)Q

then m(d) = m[x,y,2z] = [mx,m ]
and = [xm, VVGP
=[x yzlm = (d)m
Thus, m(d) = ﬁence Proved.
cation

(i1} Associative law for sca
Let @ be a vector and
Then m n%{mn}&
is called associative | @ multiplication.
Proof:
Let i [JQ’ be a vector
\

then n(d) =nfx.y.2] = [nx,ny,nz]
Now, m(n(d)) = m[nx, ny, nz]
= [(mn)x, (mn)y, (mn)z]
= (mn)[x,y, 2]
= (mn)a

Thus,  m(n(d@)) = (mn)d Hence proved.
(ili) Distributive laws for scalar multiplication
Let @ and b are two vectors in space and m,n € R are scalars
then;
(i m(d + b) = md + mb (ii) (m +n)d = md + nd
are called distributive laws for scalar multiplication.
(i) m(d + E} = md + mb
Proof: Let d = [x.y.z] and b= [u, v, w] are two vectors in space and m € R is

A



L s |
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Then., m{a + h) = milv,v. 2] + [wewll=mlx + .y + vz b owl
= |[mx 4 mu, my + my,ma + |
= [mx, my, mz] + [mu, mv, mw |
= eyl -+ mfu, v.w| = md + mbh

Thus, m(d + b) = mi + mb , Hence proved.

(i1) (m + n)d = mda + na

Proof:
Let d = [x, ¥, 2] is a vector in space and m,n € W are scalars,

Thf;n, (m +m)d = (m +n)[x,y.2] = [(m+n)x.(m+ n)y, o + n)zl
= [(mx + nx), (my + ny). (mz + nz)] @

= [mx, my,mz] + [nx,ny, nz]

2 S

(m + n)d = md +nd , Hence provgd .

Exercise o.3.

Thus,

If § = =51+ 3f — 4k and b =,2ifF4 5k, then:

(i) veﬁfy:ﬁ‘+a=&+
(i)  find additive invefse®5f d, b and 2d + 3b
A for vector addition

(iii)  verify com u@
2. Let ﬁ=3i+j+%( $=1-2] and w=-i+3—-k

Verify assogiitive of vector addition.
Let d =3 E is a vector and m=5 is a scalar then verify

Led

w of scalar multiplication.
Let d= 2j—3k is a vector and m=2 and n=>5 then verify

associative law of scalar multiplication.
5 Let d=3i+j+5kand b=-5i+3j—4k are two vectors and

m = 3 and n = 7 are scalars, prove that;
{i]m(&+b}=m&+m5 (i) (m +n)d = ma +nd

3.5 Dot or Scalar Product

3.5.1 Define dot or scalar product of two vectors and give its

geometrical interpretation

Let @ and b are two vectors with magnitudes |d = aand |B=b
respectively then their dot or scalar product is denoted by d - B and is defined




PIIBL s e el bl v e,
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a8 i o= ||l cos )
11 = i s ()

where (s the anele between d and b in the eounter clockwise direction

with 0 <8 <nq
When two non-zero vectors dand b oare b
placed so that their initial points coincide, they

form an angle 8 of measure 0 < 8 < win the counter o<

component of vector b along vector @ and its length &

product of magnitude of d with projection of 5@

ie.. E-E=|ﬁ|l5|msﬂ ( l
3.5.2 Prove that: {\

Proof (i)j: ('i=]"
Since i, j and k#re tors along

coordinate axes, s are mutually
perpendicular yfctprs as shown n Fig. Ak
3.28. By defi ot product
|d||b| cos @

Ifd =b=1 then jii=1and 8 =0° o
So, i-I=lilcos0°=1 [+cos0®=1] ¥

je, I-i= / :
Similarly, we can prove that j-j=k-k=1
Hence i-i=j-f= EE:I
Proof (ii): [-j=j-k=k'i=0

If d=i and E—j.thenﬂ 90° and | =|j=1

So, [+ =|i|]l cos90° =0 [+ cos 90° = 0]
Le., i-j=0
Similarly, we can prove that
Hencei-j=] k=k-i=0.

i
b
;L
clockwise direction, whereas bcos8 is the hcos B
Fig. 3.27
bcosB 1s called projection of b onto @ as shown in Fg@
Hence geometrically, the dot or scalar prﬂﬁ vector @ and b is the
N

(FF1z, :




/

F =i dol product 1n terms ol component:

Wob = ayd 4 asf Uk v b Iyd b by b byde e twns (o zero vectors,
Mhe dot product in term of component is defined a5 o b - o by S agh, +a. b,
Proof
Ll a= n|F-1 n.-,r! | n:.:ﬂ:r and b= hii+ h;._:i i h-f
Taking scalar product, we have
i b= (ay i+ ayf + azk) - (byi+ byj + bsk)
= ayby (1) + aby(i-J) +ay by(1- k) + azhy () - )+ "*'z““i js = gbalj ke +

ﬂ_g.l‘.!;{fl.: - ?} + ﬂ;bz[ﬁ j} + ﬂgbg [E’ - E}
Since i-i=jj=k-k=1 and i-j=j- @

Therefore, @-b=ayby + azhy + asbs

Hence, the dot product of two vectors is Lh@l of the rroduct of their
corresponding components.

Example: fd=1—4/—7kand b =3i— |+ M#fien find - &

Solution:
Here, d=i- 4-1—?‘.'?:3.1& i—j+k
then d-b=(M3)+ (= ] +{=7)(1)
=3+ 4
Sa, d-b= D
3.5.4 Find the c tiﬂl]. for orthogonality of two vectors
Two ectors @ and b are perpendicular or orthogonal if the

o
angle be em is S as shown in Fig. 3.20. =

b

" T
For such vectors, we have u-f:: = () because cos E =

=g

Conversely, if d and b are non-zero nrthngunal vﬂf_*t-nrq with
d- b = |d||b| cos 8 =0, then cos 8 =0 and 8 = cos- ‘D—

Hence the condition of orthogonality of two vectors is i-h = 0

Example 1. |f 4= 3] 'l‘,F-l'-E and b= i'—j- 2k, then show that they are
orthogonal.
Solution: Here, 4=

Bl

= - -_— —i
i

+j+k and b=1-j-2k,

3
Now, d-h=31+]4+k) (I-]-2k)=0END+)=1+(1)(=2)=0
So, the vectors d and b are orthogonal.




We =543 -2k and b=%-2+7k, lind d b
Arve these vectors perpendicular to each other?
Caluiion

1]

Here. d=5+3/—2k and b=3i-2]+7k
Now. i b= (51437 —2k) (3 = 2j + 7k) = (5)(3) + (3)(-2) + (~2)(7)
=15-6-14==5 =0

- d-h=0 the, vectors are not perpendicular.

'

5 Prove the commutative and l:li'ﬁtrib'utiQ laws for dof

product @

(ij Commutative law for dot product

If @ and b are two vectors, then commu w for dot product is:

+ . F =
Let d = a1: + ayf + azk and b= bﬂQ‘]‘ byk are two vectors,

then d-b=(ai+a+ H3W+ baf + bak)
= iy h-lﬁ . I] +ﬂ@ + ﬂaba{ﬁ ' E}

ﬂlbl + s

similarly, b-i = (byi+ )+ (@l + agf + ask)
=b ,Q az(-3) + baas(k - k)
bz + azby

s the commutative law.
for dot product

¢ are three vectors, then distribution law for dot product is:
d-(b+¢&)=d-b+d-¢
Let @ =ayi+azf +ask , b=bi+bj+bk and é=ci+c,]+ck are
three vectors,
then d - (b+ &) = (ayi +azf + ashk) - {( b1 + baf + bak) + (€1 + 2] + €ak))
= (ayi + az) + azk) - (byl + byf + bk + €1 + c3] + e5K)
= (ayi + az) + ashk) - (byi + ci + byj + ca) + bak + ¢:k)
= (ayl + ay] + azh)  {(by + )i+ (by + ¢2)i + (ba + c3)k]
= ay(by + ) 1) + ay(by + )+ ) + as(bs + e5)(k - &)
= aby +a; ¢ +azh; +azc: + azh; +azc;
= (ayby + azhy + azhg) + (aycy+ agcz + azey) = d- bt
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Thus if [.I‘PI L) =a hdd-d

Hence dot product obeys the distributive law

irection Ccosines 1ili tlirection ratios r;F a

Consider a vector OF passing through the

origin O makes angles a, f and y with the positive gl
vy and 7 -axis respectively as shown in Fig, 3.30. _
These angles are referred as the direction angles SR e~
of OF and the cosines of these angles give us the {xﬁ;: ¥ -
direction cosines. These direction cosines are \%{r i~ B
usually represented by [,m and n. 0 i '
iLe., cosa= '§= l,cosp =% =m and cosy = 1—;‘:-—- n,@ ;f SR
where iﬁﬂ =7 Q X (Fig. 3.30
These are called direction cosines.
Now,x=rcosa, y=rcospand z=rco
These are called the direction ratj or OP or 7
where r = |OP| = o/ (x = 0)* + (¥ 5 7 —0)2 = Jx? +y? +z°
1.5.7 Prove that the @the squares of direction cosines
is unity —
Let F=xi+yj + z@n the square of direction cosine of ¥ = 1.
i. a+ cos2p +cosiy =1
Proof: F=xl+ v +zk ,
Pl =7 = a2 + 3% + 22 i)
X

ED.‘:‘E=% and cnsv=5

We know that cosa =
-

f L
By squaring and adding above equations, we have
; 2 2 2 2o vl hpl ;
. 2 N TR e 4 Z Xe4ye42 re
cos*a + cos*p 4+ cosy ==+ = =—=
Btcosty="3+"7 o I s S

Hence, cos®a + cos?P + cos?y = 1

Example 1. Find the direction cosines of:
(i) # =1+ 3] -2k (ii) AB; A(1,3,2) and B(5,—=7.0)
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r=7143f - 28

Al = = OV 4 (3 + -2 =14
i |

Now', COE () s
v 14
Cos§ = Y .
AL
o - |!.
Y = IT e
COS g T
il AB A(L3.2) and B(5,—7.0)
Here. AB = (5~ i+ (=7 —3)] + (0 — 2)k = 4i -
|AB] = \/(4)? + (—10)? +1; 2)7 | —sz
X 4
oS = — =
|AB| z«.fan QJ
y
cosB = —;
|AB| 24‘” »f_
and COSY = o =

Example 2. If measures Df ion angles of a vector are a = 30° and
B = 60°. Find measure of t tion angle,

Solution:
te=30° p=60°
We know that + cnszﬂ +cos’y =1

3 +cnszﬁﬂ°+ms y=1
2

%)1 + (21) + (cosy)? =1

(cosy):=1-

l—ﬂ'
5=

= |

cosy =10
y = cos~1(0) = 90° or 270°

3.5.8 Use dot product to find the angle between two vectors

Let d=|ay,ay,as] and b= [by, by bs] are two vectors

By the definition of scalar product d b = |dl|h| cos 0

d- b

= cos0 = —

[cil| b

=



ib [(I‘:r1i'+uzf+a-;.'?}-fhﬁ+h;_f+h3ﬁ})
=g A =cos ' (j___) = 0% |

,..ruj,+n%+u§wfh$+b§+h:f

l( iy by + ayhy + aghby )
0 = cos —e—— ————
Jai +ai +al b} +b] +b;

a|| b

li) 1f8=0orm then vectors 4 and b are collinear.

(ii) 1f@=90° {:r;—1 . then vectors @ and b are orthogonal.

—
Find angle 9’ between the vectors d@ = 31 @ and

b=1i-2]+3k
Solution:
As, a=35—2°+E and b= &
So, d-b=(31-2]+k)-(I—2/+3 C}J}(H+{ -2)(-2) + (1)(3) =10
Also, |-.-i =32 + (- 1)2 =wfﬁ
1B = (13 *x (3)2 -
So, 8= : 4 = 05~ (i:) = 44.4°
Exa 2. Find th tween two vectors @ and b with magnitudes 1

and 2 respectivelganda #=1.
/ Solution: @
A b=1, |d=1 and b =2
d-b 1
9 = cos™! (J_*) = cos~ ! (E)
| by

T
= = ——
B =60 n::-i'3

3.5.9 Find the projection of a vector along another vector

Let @=ayi+ay +ask, and b=byi+ b, +bsk are two vectors, then the

a-b
projection of a vector d along a vector b is —[

Consider two vectors d and b, the angle between them is a. Draw 2
perpendicular AB on vector b from d. The projection of d along b is




OB, = d| cosw as shown in Fig 3,31
In AOBA. we have
|OB]
=t = [0S
|{_’},|I'.[I L L

][] cosar [ACns o
i
By the definition of scalar product, we have

Il

[OB = |0Al cosa =|d@cosa =

i-b =!F:};|E;|cn5 i
a-h

So, |OB = W Q}Vd& //” C
This shows that the projection of d along b is % Q i |
Similarly, in AOCB (Fig 3.32), we have C) i
The projection of vector b along d is TTE .

Example: Find the projection ﬂff.— %‘mﬂt‘lﬂ 3i—j— 5k

Solution:
Let a=i—2j+3k and b=3i *ﬂu&n the projection of d along b is:
a-b (i—-2j+3k)-(31-j- (3) +(-2)(-1) + (3)(-5) _-10

b B+ -1 Vo+1+25 V35
3.5.10 Find the wot™ done by a constant force in moving an
obje %g a given vector

t force F acts on an object for some time and it covers

then by the definition, the work done is

W=F-d=Fdcost,
where 8 is the angle between the force F and displacement d.
Example: A particle moving in space undergoes a displacement
d=2{+2j+2k as a constant force F =7i+9)— 11k acts on the particle.
Calculate;

displacement

] magnitude of force and displacement.
(i) work done by the force.
Solution: Here F=7I+9/—11k and d=2i+2j+2k
(i) Magnitude of Force and displacement:

|B| = J7 + (9)F + (-11)7 = V251




ld] = (2 + (2 +(2)F =243

(ii) Work done by the lorce
W=F-d=(1+9-11k)-(2i+ 2]+ 2k)=14+18-22
W =10 Joules

Solve daily life IH'{}III:'II:- based on work done

A father pulls a child in a sleigh with a force of 150 N at an angle
of 30 degrees with the ground. How much work is done over 2 km walk.

Solution: Work done = (Force).(Displacement) {\
= |F| |d|cos 8= (150)(2000) cos 30° Q)
= 259807.6 Nm (Joul \'
Examole 2, A box is dragged along the floor by Q@ which makes an angle
60° with the horizontal. The force appliedfby t pe is 100 N and the work
done by the force is 500 Joules. Find how distance, the box is dragged.

Solution: \Q
Here force and displacement arg a gle of 60°,
Now, Work done = Dot produ rce and Displacement

= |F||d] cos

500 = ( )‘@o .
d=%ﬂmetem.

1 Ifd =RI¥3/+5k b=i-2/—-3kandé=5i+]-k then find:
(i) d-b (i) @ - (B + &) (iti) (2d + 3b) - (d@ — 2B)
2. Ifd =5i— -3k andh-¢+3;—5§ then show that:
(i) d b=bh-d (ii) Vectors d + b and d — b are perpendicular.
3. Check whether the following vectors are orthogonal or not;
() d=2i—3j+2k b=5l+8/+7k
i) d=i+3/—-4k b=-21+]+3k
4. Verify the distributive laws for dot product for the following vectors.

i) d=i-j+2k b=2143]-kand é=5I-]+2k
) d=31-5/+7k b=—-4l+j+kandc=6i+j—2k




Find the angle between the piven veclors
{1} i— 204 2k and 4 2i 4 k

(1] W45 -3k andi - 4]+ k

Find the direction cosines and direction angles for the following vectors
(il 2i+ ] - 3K (1) 20 — 4] + 5k

[} =3 + 4] + 5k

Ifa. gy are the direction angles ol a vector then show that;

gin=a + sin’f + sinfy = 2

G If measures of two of the direction angles of a vectgr are 45° and 60°
Find measure of third angle. {

Find the work done by the force F = 7] + 9] —@ moving an object
alomg a straight line from (4,2,7) to (6,4,9).
Calculate the projection of @ along b and tion of b along @ when;

()l d@=i-2j+3kand E=3E~;ﬁ)
(i) d=2i+3j+2kandb=1]+2] ™

1] Calculate the work done by a Fﬁz 3i+4j +5k in displacing a body
from position B to position 4 straight path. The position vectors of
Aand B are respectivelygi\@ =2 +5j—2kand Ty=7i+3j -5k

3.6 Cross or Ve duct

3.6.1 Define gross vector product of two vectors and give
its g @pical interpretation

Let A E are two non-zero vectors in space. """.'l'ﬁ-\\_
Vectors A and B'are not parallel as such these vectors -
determine a plane and 7 is a unit vector perpendicular
1o the plane as per the right-hand rule. The angle 6
between A and B is taken positive as it is measured in
anticlockwise direction as shown in Fig.3.33. So, the (Fig. 3.33)
VECIOr or cross product is defined as

AxB=|A|[B]sinodi, (0<O<n)

Now, if we reverse the order of the vectors, it reverses the direction of
the product. The angle is now from vector B to A and the unit normal vector
is —§ whereas B« A will be negative of A'x B as shown in Fig. 3.34. Therefore
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the vector product B A is }J
BxA=—(AxH) (i) A

L]
a " =R o
Geometrically, A= B is a vector whose length Y
' ' - e the parallelogram
is numerically {‘fq'llﬂl l:'lr the ﬂl.f. a of _| . .F . —f'Ei‘
determined by A and B. We will prove it in acction % :j

3.6.4. “\E &

When we apply the definition of

to calculate the pair wise cross products d k, we find

i ixi=jxj=kxk=10
ixj=—jxI= k

lated as;

(i) sxszjxj=ﬁx‘=0
As the angle b two same vectors is always zero 1.e., 8 =0° s0

(~ |i] = 1 and sin 0° = 0)
=kxk=0
) Ixj=-fxi=Fk

Since i,j and k are unit vectors along co-ordinate axes, so these are

mutually orthogonal vectors. 0P
By definition of cross product of two vectors: k
i x j = |illf] sin 90° i | i
= fi [ |i] = |j| = 1 and sin 90° = 1] "\\
=k (+ fi = kin this case) e
Also, ixXj==jxi=k (Using (i) of section 3.6.1) 2 3 g
Similarly, e 08

(i) jx k=K xf=1




F‘l—'"-‘-’ E—— T T AT R T T

RS 7 T R O . 0 'za‘HiiL

(Vkxi=—ixk=] r
If = a;i +azj + azk

Fig. 3.35 helps to remember these resulta. In anticlockwise direction g
Ixj=k.)xk=landkxi=] |
Whereas. in clockwise direction
jxi=—k,ixk=-fand kx]=—1
a
and b= byi + byf + bk
N

. . § i I
CTOSS product in terms of componen|

then \
@ x b = (ayi + azf + azk) x (byi + byj + b3k) @
—] ﬂ*.',b?[i » ﬂ + ﬂlbg[f X E] + ﬂ.;-ﬁ-'ﬂ-:'{ I} + ﬂgﬁg =® ﬂ]b]{E x fj + ﬂabz{E x j‘}

= asbyk — aybyj — aybyk + azbsi + asb.j
= aybsi — agbyt — a bsj + azh,f + ﬂﬂ&@hlﬁ
1by = ayby )k
in*terms of components
as:

= (azby — azby)i — (ayby — azby)] +
This is the cross product of two vec
and it can be written in determij

;md5=3E+zﬁ+EthenﬁndaxE.

Example: If d=-2]
g=-2i+5-3k, and b=30+2]+k

Solution: Here, =
We know that; §

i ] k i |k
| =4 a az =|-2 5 -3
| by b, byl 13 2 1

| =i(5+6)—j(—2+9) + k(-4 -15)
=11i—7j - 19k
3.6.4 Prove that the magnitude of A x B represents the area ol
a parallelogram with adjacent sides A and B3
The cross product of two vectors A and B is a vector in the direction

given by the right-hand rule, however, its magnitude is equal to the area
of the parallelogram that is determined by A and B as shown in Fig 3.36.




Let A and B are two non-zero vectors in space as ' n
the adjacent sides of the parallelogram OACB and 8 is
the angle between them measured from A to B as shown _
in Fig 3.36. The cross product of the o u.'u
vectors is defined by the formula

A x B = (|A|[B]sin 8)a
where, fi is the unit vector in the direction of A x B. @
elogram. Draw a

Magnitude of vector A is the base of the
w, |BM| = |B|sin 8, is

perpendicular from head of vector B to the base

the height of the parallelogram.
From elementary geometry, we hay @
Area of the parallelogram = base x heigh
= |A]|B]si
Hence, |A % B|= |E| Iﬂ Area of the parallelogram

Area of Trlnngle

If A and B are 311:1&5 of triangle, also as adjacent sides of
parallelogram and epresent the length of adjacent sides of a
parallelogram.

From el geometry
rea of triangle = [area of parallelogram)

=5 =& x B
Example 1. Find the area of parallelogram with two adjacent sides
represented by vectors.
i —j+ 3k and 21 — 5] + 2k
Solution: Let A=Ii—-J+3kand B=2{-5+2k

¥ -
— — ! -’ E 9 & o ¥ f
Here, AxB=|1 -1 3=l[—2+15}-~;{2—6}+ﬂ—5+2}=13£+‘U’3k
2 -5 2

Now |AxB|=(13)? + (4)? + (-3)? = V194 = 13.9 square units.
Hence, area of the parallelogram is 13.9 square units.
Example 2. Find the area of triangle with vertices A(3,5,7), B(3,7,9) and C{

Solution: Here, AE=(3-3)[+(7-5)j+(9- 7k =2]+2k

5.3.2)-
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|

M,

)

B

AC=(5 -+ 3 -5)]+@2-7k =2i- 2] — sk

iy = B 8 K ;
Now. ABXAC=1lp 2 2|=i-104+4-=j0-4 4+ Ko - 4) = —6i + 4] — 4k
Z =2 -5
So, [ABXAC| = /(=6)Z+ (M) + (—4) = V68 = 217
Area of triangle = %]Eﬁ % AC| = E—"-E—I-E = /17 square units.
3.6.5 Find the condition for parallelism of two

non-zero vectors

If @ and b are two non-zero vectors which an@ vectors then the

angle & between them is zero or .
We know that the cross product d x b = @in 8°fi, which is zero at

8=0orm
Le., Two non-zero vectors d@ and b are alldl if and only ifd x b = 0.

This is the condition of parallelism of two vectors @ and b.
Example: Let A= 3?—;+ 2k and E %j+ﬁ£ are two vectors. Show that
they are parallel. \:\.

Solution:
As non-zero vectors A

hare parallel if and only if AxBE =0

ij ok " 4
3 ,fl %ﬁ+ﬁ}—f(lﬂ—lﬂ}+k[—9+?]=ﬂ
el.

Now, AxE=

9

-

Hence, Aand B
AxB= —[E X EJ
Let A=a,i+ 8] +ak and B=byi+ byf+ bk
then, from the definition of cross product

Pj Kk
AxB=|a, a; a;
by by by
By using the property of determinant
S
AxB==|b, b, bs|: Rza
a; az ag
Thus, AxB=—(ExA)

Example: If A = 3] —  + k and B = 31 + 5] — k then verify that
AxB=—(BxA)




——

and B=31+5—-k

[ B
e I ! "
Now, AxB=[3 —1 1|=i(1-5—j(=3-3)+k(15+3)=—4i+6] 415
3 5 -1
— . I j} E ] 2
and BxA=|3 5 —1=i5—-1D—-j3+3)+k(-3-15)
3 -1 1 o
= —(—4i+ 6] +18k) = —(Ax B)
Thus, A x B = —(B x A) Hence verified.
}.6.7 Prove the distributive laws for ci '\ proaw:
Let d . b and ¢ are three vectors, then distributi is defined as:
i x(b+¢&)=d xb+ad x(\
Proof:

Let d = a;i+a,j +azk, b=>bi+byjfFbsk™and ¢&=cyi+cy +csk
then, b+ & = (byl + boj + b+ ¢l + o] + c3k)
= (b, + Cpli W(b, + c3)] + (b3 + c3)k

using property

{1 'l a a :
3 172 T3 of determinant
2 by C; €3 3
xb+d x¢

Hence, the tive property holds for the cross product.
Example: 1—21‘2,3:2?+}—3§ﬂ]’1ﬂ5=3f—ﬂ
then verify &2 E:H:(F+E]=ﬁ xb+d x¢
Verification:
Here d=[{-2k, b=2i+j-3k and é=3i-2j
b+é=(20+]-3k)+(3I-2))=51-]—-3k
and d x(b+¢ =; 3 _Eg ={(0-2)—J(-3+10) + k(=1-0)
5§ =1 =3
=-20-7]-k
B L
Now, dxb=|1 p =2 II[{]+2}—'}{-‘3+4]+E{1"“}
2 1 -3



i j k :

and @XE=11 0 —2|=i0-4)-j0+6)+k(-2-0) _.
I =2 0 R
§ = —4 — 6] — 2k Ju 2
axb+axe=2~"j+k—4i-6j-2k=-21-7/-k ¥
Thus HK(H+E}=§KE+E:{E .
product to find the angle between :

Let @ and b are two non-zero vectors then by definitiog of cross product;
dx b= |d||b|sine°# G\
= |d % b| = |d||b|sina® \.
We can find the angle 8 from: sin@ —5‘;%

|
Example: fd=3I-J and b= ;l'- T%Qhﬂn find angle between d and b.

|I-

| x b|

= B = sin'l(

z*

Solution:
Here, d=3i—] and b=1{+7}

& 2 _E
Now, dxb= I _11 @‘-— — (=21 =0)+ k(21 + 1) = 7i + 21j + 22k

1 7
So, i = J(T2 + (21)% + (22)° = =+/49 + 441 + 484=974 \

@IEE V37 +(-1)% + (0)* = V10
and @ 6] = (1) + () + (=7 =99
|d ::-cb| V974 G

Now, sin@ = |&F|b| Fr

B = sin"'(0.99) = 82° approximately.

3.6.9 Find the vector moment of a given force about a given
point
The moment M, or torque of a force F about a point O or axis of rotation,

is defined as the vector product of 7 and F.
where, 7 is the radius vector or position vector, from point O of the axis

of rotation to the point of application of the force F = F,i+ F,j + F.k as shown
in Fig, 3.37,



Mathematically, it can be written as
M, = P xF rain 0 of the forc,

d x ﬂﬂ“
Here, || sin® is the perpendicular distance from .
- 1 2 1 ‘
the axis of rotation to the line of action of F called 0 hI:LHH
moment arm of the force, wldmrzs_s 0 is t:le at;ﬁ: o “:”“I:-’ﬂ"tﬂ::hl =
i i A / of &
between Axis of rotation and radius vec nr,‘ Tl of appllc: uuu._
vector M, is called vector moment of the given  rotation
(Fig. 3.37)

force F about point O.

3.6.10 Application in daily life haﬁifd@gmﬂs o Vaetas
Product Q

Exampie 1.
A force of 22N is applied to the e 0.15 meter wrench at an angle
of 75 degrees with the axis of rotati alculate the magnitude of the moment

M, produced by applied force. ,

Solution: \\\
=FxF %
IM I = Irl |F'
in75° = 3.18Nm
Example 2. Fi moment about a point O (1, -1,0) of the force F F=i-j+3k
applied at A(=3,1,
Bolution:

Here 7 is thevector OA, joining points O and A, point O is on the axis of
rotation and A is the point of application of force. So moment M, about O is
given by

M, =7xF
Here, F=1-]+3k
and, F=0A=(-3-1Di+1+1)]+@-0k=—4+2j+2k
— - I E &
So, My=FxF=|_4 2 =i(6+2)-J(-12-2)+k(4-2)
i -1 3

Thus, M, =Bl + 14] + 2k




ﬁ
= “Exercise 3.5 )

Find dxband b x d if:

@)  d=di+j+kand b=1+2]+3k

(i)  d=-2145~3kand b=3i+2j+Fk

Verify that d x b = —(h x d) for d = { — 7} 4+ 7k and b = 31 — 2] + 2k.

Find a unit vector which is orthogonal to both the vectors.
d=i—2f+3kandb=31-2]+k

Find a unit vector perpendicular to each of the vecgor d + b and d — b
where; d=31+5/—kand b =1i+2 -5k, {

Find the area of the parallelogram whn&%acﬁm sides are
represented by

d=5I—j+3kandb=i+k QBQ
Find the area of triangle with vertic (L¥F), B(2,3,5) and €1,5,5).
If d=2i+j+7k b=1—3]+5k andis# ~{+5/ +k then verify that

ix(b+&)=dxb+daxd

8 Using cross product, ﬁn§ angle between [-7]+7k and
3 — 2] + 2k. \\\

Find the moment abQ point A(1,35) of the force F=i42]—k

applied at B(3,—

If you apply 4 o the end of 0.3 meter wrench at an angle of

110 aegreegs CalCwléite the magnitude of the moment M, produced by \

applied D@
3.7 Scaéﬁpl& Product

3.7.1 Define scalar triple product of vectors

W

[ ]

The scalar triple product of three vectors is defined as a dot product
of a vector with cross product of other two vectors. The scalar triple product of

three vectors d, b and ¢ is d - (b % ©). It can be written as [§ p E]ﬂl'[fl'. B, &l

3.7.2 Express scalar triple product of vectors in terms of
components (determinant form]

We know that if d=ayl+ay+ask, b=byi+by+bk and
C=¢l+ €3] + ¢3k are three vectors then their scalar triple product is; d - (bx¢)




By definition of cross product

P
Ot 1% _
bxc=|b b, b= [(byey = bacy) — jlbyey — bacy) + k(hycy - haey)

p €7 €

and
a - {h % €) = (a,i +ayf + m,i) [i(hyeq = byez) - — J(byey = byc,) + k(byc; — by, ‘,Il]

= ay(bycq — byey) — ag(hycy — bacy ) + ty(hye; — byty)
This is scalar triple product of vectors d. b and ¢ in components form which is
written in determinant form as:

B a; az @z
&*{-hxf}=b1 ba bs|, \
€p €z 3 @

Find the scalar triple product of the w:c({’!- —2f; 7i+j-3k and

3i—j+5k. @
Solution: Let d = 31 — 2J, b=7i+j—3ka -;+5E then;
a; a; G 3 —~.?. 0
{_-bxl:} b'.l bg_ h; —-
G €z (3
-3{51— 354+9)+0
=6 4
.7.3 Prove that: (i) i k=j - kxi=k-ix)=1and
Proof: (i) ixi=
Here, [-jxk=iandi-i=1]
Similarly, [+kxi=jand] -j=1]
and ['-'EHJ=EE.II{1.E k= I
80, }{}:1
ar =1
Proof: “‘H Hf:—l
Here, [ Exj:—f]
[+ ixk=-]]
[‘-‘I}(f:-—-—ﬁ]
0, - - ke jxi=-1

[LkJ]= [k = [k10] = -1




letn = mf + nif + a4k, - -':.,F + h-j + ;,].Q and & = t.lg + fz} + ¢5k be the
three vectors then blw,r definition of scalar I.I'i;'.'lh: |:I'I'I‘J-I!'.l1..'|r:l.
. 4 a, dy
E'{b:‘(f] = bt hi b]
y €3 g

il

— |4 az ag [interchanging R, a rJFlE]

[interchangi Qd Rs]
dq 2z iy
=b-(¢xd)

a; a; a;
T |',':3_

=—|bh -52 % [interchanging R; and R ]

m [interchanging R; and R3]

Hence, @ (b x é¥=# - (€ x @) = é- (d x b) or [d,b,¢] = [b,¢,d] = [¢.d,b] \
This shi t operation of dot and cross are interchangeable in
scalar tripl uct.

[
L%
)
A
™y
il

1l il

3.7.5 Find the volume of :
« a parallelepiped,
+ a tetrahedron determined by three given vectors

(i) Parallelepiped |
Consider the parallelepiped as shown in Fig. 3.38, with three vectors

d,b and # as its co-terminal edges. The volume of the parallelepiped is the
area of the base times the height. From the geometric definition of the cross

product, we know that the magnitude, |F x €|, is the area of the parallelogram
base, and that the direction of the vector b x ¢ is perpendicular to the base.



The height hof the parallelepiped is the B

component of vector d, | | A
i.e., height = h = |d] cos 8 in the direction normal r

to the base, i.e., in the direction of vector bxd., a 0 hC . p

where 8 is the angle between d and b x ¢, - h:,;'] 4
The volume V of the parallelepiped is: | '™ :

V= (base area of parallelepiped). (height of o~ 1 B

parallelepiped)

= |b x ¢] ldl cos®
=(bxd)d

=d-(hxd \
So, we have volume of parallelepiped = a - (b x E} @

@ az; a3 Q
Thus, V=d-(bx&)=|bh by by
& & &3
Example: Calculate the volume of the parallgle determined by the three
vectors —2i—f+3k, i+7j—2k and —j+k
Solution: Let d=—2i-]+3k, i ™7j—2kand é=—j+k
We know that *
- \ 1 Gz 43
Volume of parallelepiped = d - ( by by by
Q Cp €z Gy
= Qz —2| (by using components of vectors)
0 1 1
-2{7-2)+1(1-0)+3(-1-0)
10+1-3=-12
< yolume is ositive,

» Required volume = |d- (b x &)| = |-12|
= 12 cubic units
(i) Tetrahedron
Consider a tetrahedron having vertices O,
A, B and C such that

OA=d, OB=5h, OC=7¢ with respect to origin
as shown in Fig. 3.39.

Area of base AOBC of tetrahedron = % |E x ¢|
Let fi be the unit vector perpendicular to (Fig. 3-39)




the plane of AOBC.

Let AM be perpendicular to OM, is the height of the tetrahedron and
£0AM = g la| cos®

FABIRN L S T

So, h=|d| cos 0, from Fig. 3.40 A
From elementary geometry, =
Volume of tetrahedron . /8 gE
1 a !f..:i C
=3 (Base Area ) x ( height of tetrahedron) 0 =
Hence, < AL
. 1 M
Volume of tetrahedron = —( Ib * Lf) (lal cos 8) QR Y B
| 1 <& :
=g} a=c \' -
glbxc)-da=zd X
Hence, volume of tetrahedron = -[a b c] &
Examg Compute the volume of tetrm with d = (7,-1,5),
.h—( Elﬂ}andc—{E—lE]a_mﬂsmtr: edges. :
Solution: We know that
Volume of tetrahedron = E i b \9
ﬂ:l \
—1 5
N,
-1 2

‘&@—%{?{2 —0)+1(—6—0)+5(3 - 3)}
:%[14 6+ 0)

=é ¥ 8 = 1.33 cubic units

Example 2. Find the volume of tetrak.ciron whose vertices are
A(2,1,7),B(5,—1,3),€(4,3.5) and D(0,2,3)

Bolution:
Here,

AB=(5-2-1-13-7)=(3,-2-4)
AC=(4-23-15-7)=(22-2)
AD=(0-22-13-7)=(-21,-4)




I ] - "
we have. volume of tetrahedron = EE-‘“' Al

'
= = | by

6.
£q

i
b,
Cz

AD|
1y
h.’i
Cy

i)

112 2
[§ _2 1

So,

17T 6 Deline veclDrs

[3(-8B+2)+2(—-8—4)—

volume of tetrahedron = 11 cubic units

“._-'I'I"I:i

—4
~2
—4

4(2 + 4)]

—|-5

Coplanar Q\?‘ 1t1 for
»f three vectors @
Coplanar Vectors C)

Vectors lying on the same pl called coplanar vectors.
Condition for co-planarity of th{u&m
ect

C r}pianﬁrrt}; [

If db¢ are three cop ors, 1a-b
then i x b, being perpendicul the plane a‘B L
containing vectors d and pi ndicular i LA X
to £ as shown in Fig. 3. dot product of b f_ €
two perpendicular ZETO, F”"_ ‘1 [ 3
Therefore, (d x b)’ ie,la B gl=0 am = A
Hence, three coplanar if their scalar Fig. 3.41
triple produc zero. This is called the ~

condition for co-planarity of three vectors.
Example 1. Show that d=i+3]+5k, b=—-2{+4]—6kand é=-31+]— 11k
are coplanar.

Solution:
N’ecturaﬂﬁfwiﬂhccnplanﬂrif d-(bx&)=0
5
Now, d- (h:-r.E) ‘—2 4 —b
-3 1 =11

=1(~44 + 6) - 3(22 — 18) + 5(-2 + 12)
==38-12+50=0
Hence, vectors are coplanar.




For what value of 4, the vectors [ + 2j + 3k, 2i— :lf + e
and 3i + | + Ak are coplanar.

Solution

Here, vectors are i+ 2f+3k, 2i—3/+4k and 3i+j+ ik

1 2 3
If the given vectors are coplanar, then [2 -3 4|=0
3 1 A
= (-3 -4)-221-12)+32+9 =0 [Expanding by R, ]

=2 —31-4-44+24+33=0

i+2]+3k—i—j+k and

Find the scalar triple product 06@

i+j+E.

Compute [i+, i, i—J+k].

Find the volume of parallelepi hose edges are represented by the
vectors: *

(i) +2] -k "\%Hz}*—u‘c

i) i-2f+3k 2ig i+ 2] — 4k

4. Find the volume Qb edron whose vertices are;
A(2,1,8), B(3.29), and D(3,3,10)

5, Show that 4i—j+ k3l =2]—k and [ + j + 2k are coplanar. \
6. Find A if rsf+}+EE,Af-f+EandBi'-Ef-EEtrﬂmplanar, |
7 Show 7+ k, i—2j + 3k and 2i — j + 3k are not coplanar vectors.
Review Exercise 3 J

1 Select true option.
1. The unit vector in the direction of # = 20+ —k is:

{E_]ﬁ(21+j—k) (b) VB(2i + j— k)

() 6(21 +j — ) (d) = (21 +] k)

of a parallelogram with

ii. The magnitude of dxb represents the __

adjacent sides d and B.
J (d) volume

(a) opposite sides  (b) diagonal (c) area




The volume of tetrahedron determined by vectors d, b and ¢ is:
- T res = o 1ps =
(a) [d, b c] (b) 3 [a. b, c| (c) [a 5. ¢] (d) None
i - {E - E} — ey |
(a) d.b.¢ (b)dx hxé (c) b (dxc) (d) (dxh).é
If ¢ and b are parallel then d - b=_
(a) 1 (b) -1 (c) 0 (d) ab
If three vectors ﬁ,ﬂ and ¢ are coplanar, then [& ] E] =
(a) 1 (b) 0 ¢ X @a

Direction cosines of the vector i + j — k are:
Ad i (b) =2
VA V3’
ic) 1.1.—1 (
dxbis to plane of @ :
(a) Parallel (b) Perpen (c) Opposite (d) None of these
If @ =P,F, , where P,(0,0, 19 (—3,1,2) , then |d] =

Iff=4i+6kand §= en |p — §| is
(a) V8 (b (€ 2v2Z6  (d) 243

For non-zero d and b, dx b is a unit vector and

jd| = IEI =®mn angle # between vectors @ and b is:

14 m n

W = . X _r
) (b) 3 [c) 6 (d) Z

Magni of a vector @ = 3i - | + 2k is:

@13 b} V12 ©VvIE (@il
The position vector of the point (1, 0, 2) is:

(a) [+f+2k (b) i+ 2] (c)2i+3k (d) i+ 2k

'O be the origin and OF =2{ + 3/ — 4k and 00 = 5i + 4] — 3k, then PQ is
equal to:

:}BJ }f”f-?ff (b) =3i+]—F (C)3i+]+k (d)-7i—7]+Tk
¥ jm .
@it (b) k ] (d) =i
If |dx b|=|d .B| then the angle between @ and b :

i
(a) O (b) 5

@) VT2 mMﬁi%mMﬁ (@) VIT
[

T
()3 ()




3
rJ.

The distance of the point (= 3,4.5) from the origin is.
fa) 50 (b) 5v2 () 6 () Nene of Himae
The vector having, initial and terminal points as (2, 5, 0) and
(— 3.7.4) respectively is:

(a)—i + 12] + 4k b) -5i+2j—ak (c)-5i+2]+4k (d)—I+]+k
If ld] = 10, [b| =2 and d- b = 0, then the value of |i x b| is:
{a] 10 (b) 16 ic) 14 (d) 20

The number of vectors of unit length perpendicular to the plane of the
Vectors

@=2i+j+2k andb=]+k is:

(a) One (b) Two (c) Th 1{1] Infinite

Write PQ in the form xi + yj
i) P(46), Q(—4.5) (if) ,Q(10,8)
Find the vector PQ joining the pm 2} and Q(—-2,3,4) and also

find direction cosines of PQ.

whow that P(2,3,6), Q(3.7.4) an
s S
Show that the vectors —

mutually perpendicular. \
Find the area of paralle whose adjacent sides are 3{ — 5] + 6k and

[+3]—4k. Also vector parallel to its diagonal through
common initial

11 —2) are collinear.

, 2i—3j+3k and 4i4+]—5k are




Sequences and
Series

1
S 7% I 1Y
PR BEN

An ordered set of numbers, formed according to agdefinite rule, is
called a sequence (or progression) and the individual rs are called

terms (or elements) of the sequence. \'
4.1.1 Define a sequence !j'J‘."(!g.Tt:"-'hi{.‘-i'r._:sz tern
We may also define a sequence of nughb follows:
A function a:M — R or € is called a ence, where N, Rand C are

the set of natural, real and complex n respectively.
For any n€ N,a(n)€ R (or C) and i d the nth term or general term of
the sequence.

We usually write a(n) a d the sequence as {a,} wheren€ H. A
common representatio fQ@ equence, one that has finite number of
terms n is Q
If the sequ unlimited number of terms, then it is called an
infinite sequen y write

The nth term of a sequence is also represented by T, (or t,). The terms
Ty, T5. Ts(or ty,t;,t3) will denote first, second and third terms of the sequence
respectively. In T, (or t,), n indicates the position or rank of the term in the

sequence,
Some examples of sequences along with their general terms are:
Hl 1;21344,.,.; Wherﬂﬂn =n
i) 5913.. where a, =4n+1
ﬂ'ﬂ'} _Ll."l,lp“i, e Whﬁrﬂ a, = {—1}“'
(iv) 243 n
E.Izr*l“-: where::lﬂ=ﬁ-1—1




If we are able to find a pattern from the given initial terms of a
sequence. then we can deduce a rule or formula for the terms of the
sequence as explained in the following example,

Example: Find mh term of the sequence:
5 11:16. 24
Solution: Here, iy =6=5x1+1
Az =11=5%x2+1

16=5x3+1

o]
M
i

a,=21=5%x4+1 @{*

From the above pattern, we deduce that a, = (vn € M)

We can find any term of the sequence by 8 corresponding value
to n in the nth or general term a, of a . In this way, we can
construct a sequence from a formula or ive definition as explained
in the following examples.

Example 1. Find the sequence if a, ﬂl
Solution: a, =2Zn -1 g %
Forn=1l, a; =2(1)—1=1 \
Forn=2, a,=2(2)-1=
Forn=3, a;=2(3)—-1

Forn=4, a,=2(
Thus, the required sequéfcgfis 1, 3, 5,7, ...

Example 2. Find guence ifa, —a,-i=n+1and a, = 14 \
Solution: Puthi 2,3,4,51in a, — a,—, = n + 1, we have,
1 =3 o.(i)
-y =4 .. (i)
Qg =@z =3 ...(1ii)
as — g =6 ' oIV}
From (iv), Qe = tq + 6
=14+6=20 (v a,=14)
From (iii), a3 =a,—5
=14-5=9
me Euif Lo =ﬂ3—-4
=9-4=5
and from (i), a, =a; -3
=5-3=12

Thus, the sequence is 2,5,9, 14,20, ...

- .-t ;




(a) Triangular Sequence
Consider the following sequence;
1,3 6, 10, 15, 21, 28, 36, 45, ...

which simply represents the number of dots in each triangular pattern as
shown in Fig. 4.1, so this is called triangular sequence:
1 dot 3dots 6dots 10 dots ¢ts

15

. 2 w0 [Fig. %.1)
and counting all the dots,

By adding a row of dots in precedin
we can find the next term of the seque st pattern has just one dot.
The second pattern has another row wi dots, making 1 +2 =13

The third pattern has r row with 3 extra dots, making
14+ 2+ 3 =6. The fourth has 1+ 2 = 10 etc.

We can make a “Rulej ulate any term or triangular number,

First, rearrange the dots as 1s Fig 4.2:
1 10 15

=

W8 [Fig. 4.2]

3
Q\ .o :
L N & 88 ]
Then double %:ﬁ%mr of dots, and arrange them into a rectangular

pattern as s ig 4.3
2 (3 12 20 30
. E 'R N a8 & T TR R "TE R LR
L L OB [ I BB E @ E S
X E R sm@eE Siaseean
SRR R ‘NN RN
et 'TERE RN
S e .
6 IF-iE-'-.-:l

Now number of dots in each rectangular pattern is:

Number of dots = n(n + 1)
Where n shows the position of term of the sequence. ) h
But remember we doubled the number of dots, so number of dots in €ac

term of triangular sequence is: n[n2+1}_
nin+1) . o
Hence, a, = ¢ 5— is the general term of the triangular sequence.

: - 13
Example: Find the number of dots in triangular sequence for n= 6, 10,

and 16.




_n{n41)
1 R '—';I
(i) When n = 6, then ¢, - 6(6+1)

1

Salution: Using formula; ¢

=21

(i) Whenn =10, then 4, = 100041 _

,.,

il ~Whenn =13, then ;, = 13U3+D _g,
2

i¥) Whenn =16, then ¢, w 136

(b) Factorial Sequence \

In mathematics, the factorial of a non-negati ger n, denoted by
r!, is the product of all positive integers less than to n. For example,
3r—3:-:2:=-:1—ﬁand5l-5345-:3:1:2:{1—12[!

We define0! =1, a sequence invo orial is called factorial
sequence, for example, a sequence with a,

1- I % A
L€ T ortErtm

Example: Find the first four te

Solution: Here, a, =

@y, d3, @y and ay ?
Now, aygfy =2

]

21 2-1

22 8
& =31=3.2-1

24 16

H=H §-3-2°1
(c) Pascal Sequence

Pascal’s Triangle

Pascal's triangle is a
triangular arrangement of numbers
Wwhich represent the coefficients of
the expansion of power of binomial
like (@ + b)" as shown in Fig 4.4.



Pascal Sequence
The number *1° is at the tip of Pascal's Triangle, which makes up the

zeroth row. The first row (1and 1) contains two 1's, both formed by addjng
the two numbers above them to the left and the right, in this case 1 and g

(all numbers outside the triangle are 0's). By the same process we get the 2n
row (1, 2, 1:04+1=1;14+1=2; 1 +0=1. And the third row (1, 3, 3, 1)

0+1=1:14+2=32+1=3; 1+ 0= 1. In this way, the rows of the triangle

go on infinitely. And every row is called Pascal sequence. For finding terms
!

mla; -1 TS
of Pascal sequence, we use the formula ra— n
Where n denotes the row of Pascal triangle E@ denotes its define

Solution: By using formula of Pascal sequence n=4and r=0,1234

4! 4!
— . =— — 'y | —
r=0 Gia—oy " 1(a—0)! !4! ) =
i 4| 4 o [+ 11 =1]

column.
Example: Find the Pascal sequence when n = 4. E\

= = = 4
SSi s BT 1!(&03!
41 321
iy —— '-#;
|

sequence forn = 41is (1,4,6,4.1).

P Hence the r&qu@a
| Exercise 4.1 i

1. Find %he nth term (rule of formation) of each of the following
sequences:
(1) 2,46, ... iy  12,2%,3%,... (i) 3.9.27..
_ 123 4 AL
o e e T s i 1,8,27,64, ..
(iv) 2'3'8’5’ (v) L5157~ (vi)

2, Find the first five terms of sequences with the given general terms.
Zn 2
0 S+ @ pmreat (i) 7 n“(n+ 1)

: n 1 1 7
- Za(n+1)@n+
L Sl W  znln+ Dn+2) Wi aﬂ”(" ;
(vii) apy1=6+a, a, =2 (viii) Gn =301 9=
3. Find the sequence by using

Tatr =(n+ 1)T,, where Ty = 2,




4. Find the values of n term

. of triangular sequence whenn = 7, 9, 12
and 16. U e

(n+1)!
21 °

Find the first five terms of the sequence with general term: @, =
6 Find the Pascal sequence when n = 5,6,7and 8.

4.2 Arithmetic Sequence

4.2.1 Define an arithmetic sequence

the one preceding it, is called an arithmetic sequence % an arithmetic
progression (A.P.).

In A.P, the difference between the two co terms is same.
Here difference means that second term minus t t term or third term
minus second term and so on. The differe called the common
difference denoted by ‘d". For instance, the§eq e5, 7,911, 13, 15...; is
an arithmetic progression with common di eof 2.

4.2.2 Find the nth or gem@s term of an arithmetic

sequence * %
\S

If the first term of an A and the common difference d then by
definition

a, = the first term = 'Q= +(1-1)d
a; = the second term% = a+(2-1)d
: & L

a3 = the third te a+(3-1)d

A sequence in which each term is formed by adding iﬂﬁd number to

2y = the fourth =a+3d = a+(4-1)d

as; = the fifth t Ea+4d = a+(5-1)d and so on.
Hence, we co that

a, = the nth te =a+(n-1)d

or a,=a+(n-1)d |
This is the formula for finding the nth or general term of an arithmetic

sequence whose first term is a and the common difference d, whereas
aa+da+2d,...a+{n— 1)d ...
is known as the standard form of A.P.

4.2.3 Solve problems involving arithmetic sequence

The formula to find nth term of an A.P. is given by
g, =a+(n—1)d

The formulsa involves four elements, namely; dy,
consider various types of problems based on this formula.

a, n, and d. We shall now




| Find the 10 term of the AP: 2,5,8,11, ...

Salution

Here, n=10,a=2 d=5—-2=H—5=3
By using Ay =+ (n—1)d

Thus the 10t term of the given A.P. is 29,
xample 2. Find the number of terms in the AP.,, if a=3,d=7 and

a, = 59.
Solution: Using a, =a+(n—1)d,
We get, 59 =34+ (n—-1)7 (vap=5%a=3andd=7)
56
=3 ——=n-1

7 N\

=3 n=29 @
Thus the number of terms in the A.P. is 9. \'
Example 3, Find the thirteenth term of the A.Qﬂuse first term and the
common difference are 3 and —4 rﬂspectivﬁ. @' ite its first four terms.
Solution: Here, a =3 and d = -4
We know that a, =a+(n—1)d.
So, a“=3+{ﬂv—1](-\¢3—4n+4
or ap=7—4n %_ o)

Thus, the general term of the AS&‘{{ 4n.
Taking n = 13 in (i), we have

[113:? 7=—52 = =45
We can find a;,a4,0, b = 2,34 in (i), that is,
il {2} = =]
=7=4(3)=-5
7—4(4)=-9
Hence, the fi erms of the sequence are 3, —-1,-5,-9.
Example 4. [{'%,™ = 4n — 13, then find the nth term of the sequence.
Selutien- For the first term we take
n—2=1
or n=3

So,

Forn=3, @ =43)=13==1=a¢g

Forn=4, iy =4(4)—-13= 3

For n = 5, az =4{(5)—-13=7

S0, we get an AP —-1,3,7, ...

Thus n=a+(n—-1)d=-14+(n-1)4 {"*'ﬂ=_landd=4}
p =4n -5

Hence this is the nth term of the sequence.




Examyple If the 5™ term of an A.P.is 13 and 17" term is 49,
Find a, and a,,.
Solution Given that a; = 13 and a,; = 49,
Puttingn=5ina, =a+ (n— 1)d , we have
as=a+(b—-1)d=a+4d

= 13=a+4d i)
Also aG,z=a+(17-1)d
= 49 =a + 16d . [11)

Subtracting (i) from (ii), we get
12d =36 =d =3

Byusingd=3In (i), weget 13=a+4(3) =a=13- iq.
Thus, a;3=1+(13-1)3=37 and an=1+{n\ in—-2

Hence, a,3;=37and a, =3n-2

Example 6. An object falling from rest, falls 16 during the first second,
32 meters during the next second, 48 met the third second and so
on. How much will it fall during the 9t 5&(@2

|li|.

Solution: Fall of object for 1 second = "= 16m
Fall of object for 2nd second a; = 32m
Fall of object for 3™ seco = @3 = 48m
Fall of object for 9% =fg="7
So, 16,32,48, ...is an A.

Here, :1=].% —16=16andn=19
We know that = n—1)d

Se, , g + (9 — 1)(16)
= 16 + (B)(16) \
=16+ 128 = a, = 144m

Hence, the @ij 144m during the 9% second.

Exercise 4.2

1. Find the indicated term in each of the following A.P.
(i) 1,59, ...: Q43 (11) =15,-9,-3, ...; 449
(iii)  2,6,10,14,..:a; (iv) 1—51 ‘1-.213, L
(v) 23,26,29,...; 014 (Vi)  3.Z:30 i Q6
4. Find the first five terms of the following arithmetic sequences, if
(i) gy =2n=3 (ii) d,-3 =3In—5

(iii) a,= H”H [iv)] ap=(n+1a,.a =1

) Gy — Qpy =N+ 2,8, =2
(vi) a = 5 and other three consecutive terms are 23, 26, 29,

Dy




&

12,

(o]
£ad

If 4,5 = 2n — 5, find nth term of the sequence.
Find 20 term of the sequence 1,2 —x,3 — 2x, ..,
Find the 21# term of the AP if its 6 term is 11 and the 15% term is 47
(a) Which term of the sequence —15,—9,—3, .. is 757
(b) Which term of the sequence 5.2, -1, ... is —5 ?
(c) Which term of the sequence —2,410, ... is 1487
: 6y (1142 (162
Find the nth term of the sequence (?) ’(T " (—?-) 3
If a, b, c are the ith, mth and nth terms of an A.P., show that:
(i) alm=n)+bn=0D+c(l—m)=0
(i) I(b—c)+m(c—a)+n(a—b)=0

1.1 31 " _ dac \
If Ejb,ﬂarl-_‘ in A.P., show ﬂ]ﬂtb-—-m, @

a+b

1 1 1
If i : are in A.P., then show t @' Sy il
a=b b—c c-a b -
An object falling from rest, falls 12% uring the first second, 24
e

metres during the next second, 36 during the third second and

so on. How much will it fall during th second?
A man deposits Rs.13,0 % a bank in the first month:
5

Rz=. 14,500 in the second . 16,000 in third month and so on.
Find how much he has t it in the bank at the end of a year.

d of the first week and goes on increasing
| After how many weeks, his weekly saving

# 4.3 Arithm Mean

4.3.1 Hm@ metic mean between two numbers

When numbers are in arithmetic progression (A.P)., then the
middle term is called their arithmetic mean i.e., if @, A, b are in AP, then A
is called the arithmetic mean (A.M.) of a and b, where a and b are called
extremes. When more than three numbers are.in A.P., then all the numbers
between the extreme numbers (i.e. all the terms between the first and the

last terms) are called arithmetic means. That is, if 4
a, Ay, Ay, Ag,..A, b are in AP, then there are n+2 terms in AP, an

Ay, Ay, Ag, ... A, are termed as the n arithmetic means between

el .E.]"ld. h Fl:fr

example,

()  As2,5,8arein AP, So, 5 is the AM. of 2 and 8
() As3,5,709, 11,13, 15, 17, 19, 21 are in A.P. S0, 5, 7. 9
13, 15, 17 and 19 are the eight A.Ms between 3 and 21.

11,




F-_ S T,

4 3.2 Insert an ar -
' ithmetic mean between two numbers

_L-E't A be the AM. between o and b. Then a, A, b are in arithmetic
progression, so that the common difference is the same,

e, A-a =Common difference = p-a

or A-a=b-A or A+A=g+b or ZA=a+}h

_u+h

= A
2

Example: Find the A.M., between 2 and 372,
Solution: Let, A be the A.M between vZ and 3v7.

Here, a=+Zand b=32 \
xO

+h 2

4.3.3 Insert n arithmetic means be

Let Ay, Aj, ..., Ay, be the n arithme
numbers a and b. Then we have an A.P: a,

o numbers

mdans between any two given
1 A2, .., Ay, b with a as its first

term and b its (n + 2Z)th term. Suppo common difference of this A.P. is
d. Then, Aniz=b=a+{(n+2) :

or b=a+(n+

or b—a=(n+1

or d =

b—a na+b
m =a+d =a+ =

50, = -
Az = Wy sec 2r~:!“+1 n+1’
-a —1)a+2b
Ay b g A Dm0 PE I \'.

n+1 n+1

n(b—a) a+n

and A, = the(n + 1)thterm =a+nd =a+ S e 7

na+b (n=-1)a+2b J+nb

5 BoRet p

n+1 n+1 n+1

Hence,

are the n arithmetic means between a and b.
Example: Find three arithmetic means between V3 and 3+3.
Solution: Let, A4,, Az, A; be three arithmetic means between V3 and 343,

Then V3,4, Ay, Az, 3V3 are in A.P.
Here, a=+v3and ds= 33
Uﬂing a, =a-+ I:H - 1)d

We get, ﬂ5=ﬂ+[5_~1}d or 3W3i=V3+4d or 4d=23




va 3
Now, Ay =a+d=vVi+—=—01,

2 2
W3 V3 43
Similarly, Ay m by bl m et pim = V3
i 53
A3=f‘2+d=2‘hﬁ+""= ;rr

343 53
Hence, the three arithmetic means between V3 and 3v3 are gl 243, —;—

1. Find the A.M between. \7

) 18 and 26 x{\\ 0+ 5v3 and 4 — 5v3
(ii1) 3a + 2b and 5a — 6b % 5+ 7+/5i and 8 — 74/5i
fv) 3&3—5a+ﬁand—az+?a—c) ) 3a—5andb5a+3
Insert three A.Ms. between 3 and 1

Insert four A.Ms. between \w .

Insert 5 A.Ms. between

Insert 6 A.Ms. betwee

If 5 and 8 are two
o

Find n so that 3

N oM s @

may be the A.M. between a and b.

Tit4

4.4 Arith Series
4.4.1 De an arithmetic series

If t;,t5,t5, ..., ty is an arithmetic sequence, then the expression
by 4y + by + o+ Ly .
is called an arithmetic series. If an arithmetic series consists '::rf1ﬂ ﬁﬂ:;
number of terms, it is called a finite arithmetic series; otherwise, it is call
an infinite arithmetic series.
In general, an arithmetic series with a as its first te
common difference is

rm and d a8

a+(a+d)+ (a+2d)+ .
The following are some examples of arithmetic series:
(i) 3454 7+ +(2n+1);
i) -1-8-15-.-
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=Ly

In E‘mffﬁl- an arithmetic series of n terms with a as its first term and
d its common difference is:
at(a+d)+(a+2d)++{a+n-1)d
If §, denotes the sum of the series to n terms, then
" Sn=a+(@a+d)+(a+2d)+ -+ {a+(n—2)d}+{a+(n—1d}..[0)
By writing the sum of the terms of the series in the reverse order,

we have
Sa ={a+(~-1)d}+{a+(n-2)d}+ -+ (a + 2d) Y+a i)
Adding the corresponding terms of (i) and (i), w@
25, ={2a+(n—-1)d} +(2a + (n— 1)d} + -+ {2a + (f—Wd); (up to n terms)

= 25y, = ﬂ![El‘.I + {ﬂ = I]d} 0@

i
Hence, Sp = E{Ea + (n - 1)d}
Let [ denotes the last term, 1.e., [ = T, Q{n — 1)d; then we have
n
Sy = 5

ar

Thus, the sum to n te series of A.P. is equal to n times the average of
the first and the | - ;
In each of the formulae for the sum of an arithmetic sequence, \'
there are fo s, viz. §,, n, a and d or L Any three being known, the
fourth one ma evaluated as illustrated by means of the examples given

below,

Example 1. Find the sum of the first n terms of the arithmetic series
3I+8+13+ - aIant'ndthEﬂumuftheﬂrstlamrmg

Bolution: Given arith.mct:c series is: 3+8+ 13+ -

Here a=3d=8-3=5
We have to find S, and S;3
We know that S, == [2a + (n—1)d] (D)
Businga=3,d=5in ﬂquatmn (i)
We get, --—[2(3}+ (n—1)(5)] =-‘T5+5“ 5

- r[5n +1] o (i)

—"m | ..



By using n = 13 in equation (ii)
13
We get, Sy = = 15013) 4 1| = 429

Thus, the sum of first 13 termas is 429,
Example 2 Find the arithimetic series il 5; = 30and 5, = a; — 32,

Solution: We know that §,, = ElEn F{n—1)d] (1)

By using n = 5 in equation (i)
we get, 55=§I1‘.n+{5—1}d|=§{2u + 4d)
=55 30 = 5(a + 2d) ( 5¢ = 30)
=% a+2d==6

Now, using n = 9 in equation (i) Q’\
8d) X3

9 9
So=5[2a+ (9 - 1)d] =5 (2a + (\

..~ (8]

- Sq = 9(a + 4d)

— Sq = 9a + 36d @
We know that ay,=a+(n—1)d ‘ ’
and as=a+(5—1)d

or as=a+4d Q
Now, we have, Sg=as—32 %

i.e.,, Y9a+36d=a+4d

(a+2d)—(a+4 = (—4)

=y -5
By using d = -5 "@u’nn (ii) weget, a+2(-5)=6 = a=16
Now, =g, +d=16+(-5)=11
i=a;+d=11+(-5)=6

dy =az+d=6+(=5)=1

Hence, the required arithmetic seriesis 16 + 11 +6+ 1 + -
Example 3. The sum of three numbers in A.P. is 21 and their product is
231. Find the numbers. .
Solution: Let the three numbers in AP.area—-d, a,a+d

Sum of three numbers = 21

(a-d)+a+(a+d) =21
Ja=2lora="7.
Now, product of three numbers = 231
fe., (a=d)(a)(a+d)=231 .......... (1)
Put a = 7 in equation (1)
(7 —d) (M7 + d) = 231

=

Bla + 4d) = —-32
a+4d = -4 ... |ii)
Subtracting equation {%@}, have
d




23
(7 - d) u?+.;:=;l

49 — d* = 33
49 — 33 = g*
d* =16 or d=14.
If d = 4, then first number=a-d=7—-4 =3, second number =a =7
and third number=a+d=7+4 =11
Hence, three numbers are 3, 7 and 11.
Ifd =—4, then first number=a—-d =7+ 4 =11, second number =a =7
and third number =a4+d=7—-4=3

Hence, three numbers are 11, 7 and 3. {\
Thus, required numbers are 3, 7, 11 or 11, 7, 3. @
Example 4. Find four numbers in A.P. whose 3 20 and the sum of
whose squares 1s 120.
Solution: Let four numbers in A.P. are a ; da+da+3d
Sum of four numbers = 20
ie., a—3d4+a-d+a+d+ d =20
= =0 ora =15.
Now, sum of squares of the numb 20
ie., (a—3d)?*+(a—d)? d)? + (a+3d)® =120 (1)

Using a = 5 in equation (1)

We get (5 — 3d)? + 5@ 5+ d)? +(5+3d)? =120
=25—30d+9@ 10d + dZ + 25+ 10d + d? + 254 30d 4+ 9d% = 120

= 20d* + 10

If a=5andd =1, then

First number =a—3d=5-3=2
Second number =a—d=5-1=4
Third number =a+d=5+1=56

and Fourth number =a+3d=5+3=8
Henee, four numbers are 2, 4, 6 and 8.
If a=5and d = —1, then

First number =a—-3d=5-(-3)=8
Second number =a—-d=5-(-1)=6
Third number =a+d=5-1=4
Fourth number =a+3d=5+(-3)=2

—

137




Hence. four numbers are 8, b, 4, 2.

Thus required numbers are 2, 4, 6, 8 or 8, 6, 4, 2.
[Nt For !_'.11& 'sa}'re of convenience, we take

two numbers in A Pas:a—d,a+d

four numbers in AP as: a—3d.a- el a + :_i,q + 3d and S0 on_

¥ 1 iokranieioraced i
Similarly,

three numbers in A.Pas:a~-d, a, a+d

five numbers in APas:a—2d,a—d,a,a+d,a+ 2d and so on.
Example 5. The sums of the first n terms of two A.P.s are in the ratic
Sn — 3: 3n + 31, Show that their 9% terms are equal. Find also 8;a',, and aq:a'y;.

Solution: Let a,a’ be the first terms and d,d’ be th n differences of
the two A.P.'s. If §, and §',, denotes the sum of these AJL" €1 We are given
5. =E{Eﬂ+{n-1]d} i @
Sn 5{2a'+(n~ 1}&'& '
Express R.H.S of equation (i) in the form of

s, _ gl2a+(n— DM\, 5(2(1) + (n - 1)(5))
S S{2a’ +§\ 52(17) + (n - 1)(3))
By comparing we have
a=1 %ﬂ:ﬂd a =17,d =

Now, ag=a+8d=1+8k5 = 41
and ag=a +8d = =17 + 24 = 41

a, 1+(n-1)(5) _5n—4

Thus, a; = a'y = 41 Emﬁr
rh g = = =
; a'y 17+(n-1)(3) 3n+14
11

4 At M aa

and aya ¥4~ 33414~ 47

4.4.3 Show that sum of n arithmetic means between two
numbers is equal to n times their arithmetic mean

Using the results from the article (4.3.3), we can find the sum of n
arithmetic means as:

Sumr ={a+d}+{a+2d} + -+ [a + nd)
={u+ 1{b_“}]+[a+zw—_'ﬂ}+m+[u+3w—_“—]

(n+1) « (n+1) (n+1)
.-.(4:1+a+a...upm“tﬂm5}+I1T;f} 2?:;}+,,,+“T;1ﬂ}}
=m+"~b'“]{1+z+---+n}

+1




{F:r—n]l r:[rH 1)
{n+l]|
=na + nfh—a) 211:1+1'1.|'J—ﬂ.u.

l—

a+h

i | ——

5 ) = n times the A.M. of between a and b.
Hence, the sum of n A M's between a and b is n times the single mean

between them. Therefore, the sum of PAMs=5,=p (”_'*'h)
2

Similarly, the sum of g A M’s = Sq=4¢ (“+b)

S5p _p
Note: 2 e or

x Spi8g = |
= 5 =piq
4.4.4 Solve real life problems 1nvn1v1 ithmetic serie

Example: A grocery store, displays cans in

bottom row, 24 cans in the next row and ﬁ:l
top row has 3 cans. Find the total num
Solution: Since the display of cans

wa}r that 27 cans are in the
an arithmetic sequence. The
cans in the display.
arithmetic sequence with
and d = -3

Now, s 3=27-3n+3
= n=9
Now the total number given by

9(15) = 135 cans

Exercise 4.4

1. Sum the series.
(i) 348+ 13 + - to 16 terms.
(1) (=3)+(-1)+1+3+5+ to 1B terms.
(iii) 4.57 + 4.87 + 5.17 + -+ to 22 terms.

3 5
iv — 4 2.“"3 + —= + - to n terms.
L V2

3 5
2 + — + - to 15 terms.
!V} \E + Eﬁ ‘u||-2'

2. Find the number of terms of the following,
i) (=7) + (=5) + (=3) + +; if sum = 65
(i) =74 (-4)+ (=1 +;ifsum= 114

L



\

'.I'n.
S 4

(111) 9 4 [=6B) + (=3} + - if sum = 3225

{iv} ~J - =3 +04-;if sum = 66

Sum the series.

(i) 34+5—-74+94+11—-13+15417=194 - to 3n terms.

(i) 144—74+10413=16+ 19+ 22— 25+ - to 3n terms.

(i) 9+12=15+18+21-24+27+30—33+ - to 3n terms.

If 5, = n(2n — 1), then find the series.

Find the sum of first 100 natural numbers which are neither exactly
divisible bv 3 nor by 7.

If 5..5;,5:; are the sum of 2n, 3n and 5n terms of a, A.P. show that

55 = 5[53 =T 52:'.
The sum of n terms of two arithmetic series are i atio of
3n+ 2:n+ 1. Find the ratio of their 8t terms.

The sum of three numbers in A.P. is 27 an ¥ product is 405. Find
the numbers.

9. Find five numbers in A.P. whose sfim 1 and the sum of whose
squares is 135. |

0. The sum of Rs. 42,000 is distrj d among five persons so that each
person after the first receives less than the preceding person.
How much does each pergd iver

1 A well digging comp ges Rs. 1,250 for the first meter,
Rs.1500 for the semn;%r and Rs. 1,750 for the third meter and
s0 on. What is th thokd well that costs Rs. 50,000.

12. A man borrows and agrees to repay with a total profit of Rs.
10,000 in 20 1 ents, each installment being less than the
nirecedi . 200. What should be his first installment?

4.5 Ge ic Sequence

4.5.1 Define a geometric sequence

A geometric sequence, also known as a geometric progression (G.P)

is a sequence of numbers where each term after the first non-zero term is
found by multiplying the previous one by a fixed, non-zero number called
the common ratio denoted by 7’ For example, the sequence 3, 6, 12, ...;is a
geometric progression with common ratio 2,

Also, the sequence

2, 6,18,54,..
is a G.P. because its common ratio is 3
1.e.,

6+2=3 18+6=3 and 54+18=3




1 5 2 Find the nih o P'_l'l!u'1.l| term ol 6O T b ric ";‘"T]'”'HTF'

If the first term of a G.P. is a and the common ratio is r, then hy
definition,

= the first term =g = ari-1 -
= the second term = ar = ar?-1 -
iz = the third term = ar® = ar3-1 .
ay = the fourth term =qaqr? = art1
and so on.
Hence, we deduce that

F

| an= the nth term = ar™1 | 1)

ettt g \
which is the formula for finding the nth term of a gp@ sequence whose
first term is a and the commeon ratio is r

The sequence Q
i, ar, ar® ||I|'r' Q@

is known as the standard form of a G.P.
Example 1. Find 9% term of the G.P: 6,
Solution: Here, first term %
1
Common T
Qth tﬂl’& g =7

3Pt =(6)(2)% => ay = 1536

We know that

of the given G.P is 1536. \
=12 and agz = 384. Find the nth term.
Gy = ar" ..[i)
tion (i), gz =ar> = ar® =12 .. (i)
Now, using n = 8 in equation (i}, as=ar®!= ar’ =384 ... (1)
From equation (ii) and (iii), by division
Eﬁ::E = r5=232 = rP=2" = r=2
ar* 12
Using r = 2 in equation (ii)
Weget a(2)? =12
= 4a=12 or a=3
Nﬂw’ 0 = ET"_I
Usinga =3 and r = 2
We Egt g = 3{2]31—]

Hence, the required nth term a, = g2y




Suppoese that the fourth term of a geometric sequence 13 81 and
the sixth term is 729. Find the first term and common ratio of the sequence

Solution: Here, fourth term = a, = #i and 6 term = a, = 729
We have to find rand a.
We know that g =gt
a,=ar*' =  8l=ar’ i)
and a;=ar®! = 729=ar’ .. (1)
From equation (ii) and (i), by division we have
729 _ ar® - —

Bl ar?
Taking r = 3 in eq. (i), we get

81 = a(3)? = a=3 g}
Here a = 3 and r = 3 the required geometric aequem:& e 3,9.27.81, ..

Taking r = -3 in eq. (i), we get

81 = a(-3)* = a=-3

Here a = —3 and r = =3, the required geo

-3.9,-27.8

Example 4, Find three consecutive n s in G.P. whose sum is 14 and
their product is 64. c :

Solution: Let the three number

As, sum of three nu 2 14

50,
r+ i) =14 (1)
Now, product of three s = b4
X (ar¥x (ar®) = 64
% (ar)® = (4°
ar = 4 i(2)
From eguatio (2), by division

a(l+r+r%) 14
ar T4
(1+r+r?) 7

o]

2 .
2(1+r+ r*) =7(r)
2+2r+2ri=7r
2ré —-ar+2=0
(r—=2)2r—-1)=10

1
y =2 or r_E

T O

By using r = 2 in equation (2), we get: a(2) =4 or a=2.
When a=2 and r = 2 then

= U



First number = g = 2
Second number = ar = 2(2) = 4
Third number =arf = 202y = g

Hence the three numbers are: 2, 4 and 8.
i ; |
By using r = 5 in equation (2), we get: a (3} =4 or a=8,

. 1
Whena=8and r= 5t then
First number =g = §

Second number =agr = 8§ @) = 4
; 15 <
Third number = ar® = H(i) = @
Hence the three numbers are: 8, 4 and 2.

Thus the required numbers are 2, 4, 8 or 8. 4, 2. Q
Note: For the sake of convenience, we take @

, i1
two numbers in G.Pas: — , g
T

, a_a
four numbers in G.P as?ﬁ, ar,ar® and so on.
Similarly, » a
three numbers in ﬁ: =
r
) a a .
five numbe 0 5 ——; , @, ar,ar® and so on.

r2
4.5.3 Solve pro legnvul?ing geometric sequence
Example 1. If t pylation of a town increases geometrically at the rate of \
7% annuall € present population is 70,000. What will be the

population vears from now?
Solution: Presehit population = a = 70,000
Number of years = n =6
Number ofterms = n =7
Rate of increase of population = r = 1+7% = 1.07
Population after 6 years = a, = 7
We know that = 02
a; = 70,000(1.07)"' = 70,000 (1.07)¢
@, = 70,000(1.500730) = 105051 approx.
Hence population after 7 years will be 105051.
Example 2. The number of bacteria in a culture increased in G.P from 1250
to 10,000 in 4 days. Find the daily rate of increase, assuming the rate of
increase to be constant.



Solution: Here a = 1250,a,; = 10,000,n =4 and r = {

We know that
n—1

a, = dr
10,000 = 1250r*!
10,000

=r
1250

g=r! or 2?=r? or r=12
Hence the rate of increase of bacteria is 2005%.

Find the indicated terms of each of the fulluwmg

(1) 3,6,12, ...; Sth term (i) 32 LE. ' term
(i) 4,2v2,2.., 12% term iv) 1 Erf" term
W b-ctb+e, {FE . O term @
2 InaG.P, a = 3,-:15 ]SEEE . Find its gth tgrm.
3. Find the nth term of the geom sequence if:
. I da
ds ) e &= ‘
4, Show that the reciproc r: terms of the G.P.ay.a,7%, a;7%, ... form
another G.P.
1
5. H = ——— .
oW mary tE "3'12'48" 7' 196608

7. The nu acteria in a culture increased in G.P from 515,000 to

/ 6. Find three Ve numl:rers in G.P. whose sum is 39 and their
product 1@

15,4 7 days. Find the daily rate of increase, assuming the
rate of irease to be constant.
8. Find the profit on Rs. 1000 for 5 years at 4% per annum compound profit.

4.6 Geometric Mean

4.6.1 Know geometric mean between two numbers

When three numbers are in G.P., the middle one is called their
geometric mean, i.e., if numbers a, G, b are in G.P. then G is called a
geometric mean of a and b where a and b are called extremes.

Similarly, if a,64,G3Gs...,G,, b are in G.P, then G,,G; G3...G, are n
geometric means between a and b.




(1) As, 2, 6, 18 are in G.P, so 6 is a G.M between 2 and 18.
(i1 As, 1, 3, 9, 27, 81 are in G. P, s0 3, 9, 27 are three geometric
means between 1 and 81.

4.6.2 Insert a geometric mean between two numbers

Let G be a G.M. between a and b, then a, G, b are in G.P.

oy L ;
So that the common ratio is the same, 1.e. = = common ratio = —
1]

Now, G*=ab or | G=+vVab

—rE—

According to definition, + viab and — vab are @Hi’ﬂt geometric

means between g and b

Thus, a geometric mean between two n equal to the square
root of their product.

Example Find G.M between 3 and 6. ( @

Solution: Here, a=3and b==¢6
We know that G=+vabk =+ =432
Hence the required G.M between 3 is +3v/7Z.

4.6.3 Insert n geometric

\Q@ s between two numbers

Let G,, G;, Gg, ..., metric means between any two given
numbers a and b. The 2,6 4,63, ...,Gg. b
isageumetﬂcamgﬁ:ﬁh a as its first term and bits (n + 2)th term.
Suppose ratio of this G.P. is r.
1 \
S0, anpyy=b 1 = p=ay™ = E= ™l = r= (g)ﬁf

b\n+1
S0, G; = the second term = ar =n(;)

m
G, =the third term= ar (a.)

a2 ma EIEF
BEa - - e ==

hm
and Gn=thefﬂ+1}thterm=tﬂ"'=ﬂ(;)

1 2 =
byn+i byn+1 n+l
e, oo -a()

are the required n G.M's between a and b.




!

Now. the product of all geometric means = Gy Gy Gy o Gy

| 2 "
hyonti hyntl
ONRIO
il il
{14243+ -4R)
h n+l
a" (~)
¥

nin+1)

@ =)

mn
~ (ab)Z = (Vab)y \
Hence the product of n G.Ms between two numbers a is the nth power

of G.M of aand b. Q

Ezample: Insert three G.Ms between 3 and 24

Solution: Let, G;, G;, G3 be three geometrigime etween 3 and 243 Then
3.Gy, G5, G3,243 is a G.P.

Here, a=3and ag=243
Using a, = ar™, \Q

&
as =ar’~' or 243 =€\r\%:lr =gl

Therefore, r=+3
fr=3 q
then- Gy = ar Qa
Similarly, Gy = Ei@ =27
/ and Gq —@= (3)=81
Ifr=-3
Gy =3(-3) =-9,

Similarly, G,r = -9(-3) =27,
G = G,r = 27(—3) = —-81
Hence, the three geometric means between 3 and 243 are 9, 27, 81 or -9,

27 ,—B1.
Exercise 4.6

Find the G.M. between:
1
(i) -2 and -8 (ii) 3 and E

(i) BvYZ and 92 (ivy —2i and 8i
16 9

(v) 7+iand 7—i fvij —and—
9 25

i

e |




“

Insert:
(i) Two G.Ms between 3 and 81,

(11) Three G.Ms between 2 and %

) Four G.Ms between 3 and 96
[iv)  Five G.Ms between 16 and 1024,

The A.M. between two numbers

15 29 and the geometric mean is 21,
find the numbers.

af—2 +bn—-2
. For what value of n, is

an—34pn-3 the G.M. bﬂﬁ”ﬂﬁ{\and b?

Show that the nth root of the product of n gcm\' eans between x

and y is the geometric mean between x and ¥

6. The A.M. of two positive integral numbe their (positive) G.M
by 2 and their sum is 20. Find the n :@ﬂ

7. The A.M. between two numbers is%ﬂ their (positive) G.M. is 4.
Find the numbers.

4.7 Geometric Series . é\

4.7.1 Define a geometric %.s

If ay,a3as..,a, is etric sequence, then the expression

2y +a;+as+--+a, is a’ geometric series. If the series consists of a

finite number of term i# called a finite geometric series; otherwise it is
e

called an infinite series.
~ In general, metric series with a as its first term and r as its

common ratig is + ar 4+ ar® + -

The fo g are some examples of geometric series:
() 2+448+16+32+--+2"

- W R 2
W ststomtat +ﬁ:1

1 1 1 (-1)

— i bt +

4.7.2 Find the sum of n terms of a geometric series

In general, a geometric series of n terms with a as its first term and r

8% 1ts common ratio is: a+ar +ar® + -+ ar"®?
If §, denotes the sum to n terms of the series, we have |
Spn=a+ar+ar+-+ar"? coen (i)

Multiplying each side by r, we have




Py = ar fart +art 4o+ ar” s fii)
Henee, from (i) and (i), by subtraction:

Sy — 8, =a—ar" or S (1 =r)=a(l—r")
- o al1-r™)
it 7= !r ‘['].Flr'"irl"lg 'I]:l,rr |;1_ — T-]I wp g‘_"l HI] — 17 Whﬂrl ol = I o {]”l
afr"—1) .
or Sp = : when r > 1 o [iv)
r—

If I denotes the last term, i.e., if [ = a,, = ar™™'; then we have
a(l=r") a-ar" {a—-r(ar")}
1-r  1-r 1—=71

: a-=ri @\

LE., S = e when r<1 \' R
ri-a .

or 5= o when r>=1 Q JORORN 41

Thus, we can use the formula (v) and (vi) Qn}@e sum of geometric series

Sp =

when its last term [ is given.

Note: If r = 1, every term of the seri qual to a : hence the sum of the |

i first nterms = 8§ —a+-:11- tﬂnten:ns ie. 5 = ngd.
Exampée 1.

Find the sum of the first 7 te e G.P: —4,12,-36, ...

a{1—r™)
1-r ',

Solution: Here g = —4 sing the formula §;, =

37} _ (=81 - (=2187))
1-1-3) 4
of given G.P is —2188.

= —2188
Thus the requi

Example 2

F fy |
e sum of n terms of the geometric series if a, = (—3) (%} .
Solution: As

know
ay =ar"™? (1)

2 n
Given general term is: a, = {u3} (-—)

S [ R 1 TR A T

Comparing it with eq. (i), we get a = —% and r = % <1

R L e

Thus, the sum of n terms of the geometric series is: §,, = (=2) [1 - @)“]




4.7.3 Find the sum of an infinite geomeltric series

Consider the infinite geometric series
a+ar4+arc+4 -+ artt 4. .- (1]
We know that the sum §,,, of the first n terms of the infinite geometric
series (i), 1s given by

af{l—r"
5ﬂ=n+ar+---+ar""=—{l—ﬂl (r+1)
o
_ afl-r"™) 0 ar™ y
ie., = el eees (11}

The following three cases arise for an infinite gemn{ic series,

Case I: when r=1
If »=1, then sum of the first n terms of infini %ﬂﬁt‘[‘iﬂ series is
Spa=a+a+a+--tonterms = na. \
Since a is constant, as the number of terﬁds to infinity, the sum

also tends to infinity and we say that serige™is rgent. Thus, the sum of
an infinite number of terms, S, of a G.P. is %?L Hfr=1.

For example, the sum of the infinite ge®Mmetric series

24+ 2P+

with r = 1 is infinite or thats es is divergent.
Case II: when |r|> 1

In this case the sum of es also tends to infinity as the number of
terms tends to infinity. ' therwise also obvious, for if, the absolute
value of r, |r| = 1, then nsequently ar” tends to infinity as n tends to
infinity. Thus, the s mfinite number of terms, of a G.P. is infinite, if

Il > 1.

For example, the the infinite geometric series 2 — 6 + 18 — 54 4 -+

infinite or that the series is divergent.
Irl <1

with |r| = [-3]

Case III: when
TE

ar
If |r] <1, then the value of r™ and consequently of e tends to zero
as n tends to infinity. But as n tends to infinity the first part of (ii); viz. Tﬂ—
-7
remains unaffected.

a
Thus, the sum to an infinite number of terms of a G.P. is § = — if |rl<1
: - - s BEORE, Lo | 1
For example, the sum of the infinite geometric series z + 3 + - + o on S
1

1 s
with a =5 and |r| = = <1lis = 1 and we say that the series is convergent.

Pl ==

=E
2




(1) If the sum of a series is a definite finite value it, the series is said to
be convergent and if its sum is infinity, it is said to be divergent.

(il) Infinite geometric series is convergent if |r| < 1 and it is divergent if
rl=1orr=1,

Find the sum of the infinite series
i1 1 1 1

=Tt

Solution:

Here, a=1and |r| = |—%|{1
1

a 2
Example 2. If a=1-x+x>—x3+. where

el =

b=1+x+x*+x¥+ e@
show that 2ab=a+b e'

1l — 1 CR) —
Seolution: Here a = el (r=—x)
1 1 :.J
o= g=—=14x=-
14x Q\
1
Similarly, b=— (= re= {b

=]

= l=x= - \\ oo (i)

Adding (i) and (ii), we o + = 2ab=a+b
4.7.4 Convert rec g decunal fraction into an equivalent

|| ==

com raction
A repgati recurring decimal is the decimal representation of
a number wh digits are periodic, (repeatingits wvalues at regular

intervals). We convert recurring decimal into equivalent common fraction

with the help of following example:

Example: Convert the recurring decimal 1.3 into an equivalent common
fraction (Vulgar fraction).

Solution:  1.3=1.33333.. =1+0.33333..=1+0.3+0.03+ 0,003 + ... i)

Now, consider the series 0.3 + 0.03 + 0.003 + -

Here, a={}.35ndr—ﬂnﬂ33-ﬂ1
_ __03 _03_1
We know that s_ﬁ__l-ﬂ.l_fﬁ_i

Hence, 0.3 + 0,03 + 0.003 + . = §




Thus the given recurring decimal 1.3 is converted into an equivalent
common fraction using equation (j)

; - 1 _3+1 4
1.6, 1. 3 = I T AR TE—
+3 3 3

=

4 E i = + - .
a 7. SUI‘L"{" real ]Ir{" ]‘jr{jh]fjng 1nvﬂlv1ng gEﬂmEfIiC EETiEE

admp : A business man earned Rs. 10.000 in the first month,
Rs. 15,000 in the second month, Rs. 22,500 in the third month and so on.
Find the total amount he will earn in 12 months.

Solution:

Amount earned in first month =g =Rs, 10,000 \
Amount earned in second month = a; = Rs. 5,{@
Amount earned in third month = 0y = RS.EE&
Amount earned by 12 months = 512 =7

We have geometric series:
10000 + 15000 + 22500 + --- 18,

. 15000
Here, a=10000 and r= TH000

We know that
3 12

a1y 10000 ’(‘E)

531441 — 4096
= zunnﬂ( )

r—1 1 4096
<\ = 2574926.75
= 2,575,000 rupees (approximately)
Hence, the total amou 12 months is 2,575,000 rupees.
Example 2. ing salary of a peon was Rs. 8000 and after each \

subsequent salary was increased by 15%. What total amount
of salary r the first twelve years?
Solution: Iniflal salary of the peon = a = Rs. 8000

Rate of increase in salary =r=1+15%=1+0.15= 115
Number of years = 12

We know that

1
_ Hﬂﬂﬂ{l-lﬁ” - 1)
S12 = 1.16—1
8000(5.35025 — 1)

512 = 0.15
34802.00084

= 232013.339

5]2 3 0 15
Total amount of salary of the peon will be Rs. 232013 (approximately).
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Find the sum:

- 1 1 | 5 7 a 13
e s 2 S
(1) 1+2+4+ +z13 (1) Vol &gt e o 2
. . SR | 1
= ..—_._F_— __.+-—-—-
(111) . + <2 T8 + 8
i) 0.9 4+ 099 + 0,999 + - to n terms
(v) T+ 77+ 777 4+ to n terms,

{vi) 0.2+022+0.222+ - to nterms

fvii) 3+33+333+:to nterms \

Find the sum to n terms of the following series! Q’

(i 1+{u+1:}+r:a1+ab+b-‘-‘}+(a3+azbé&5
wherea>1b>1landa>b

[ r+Q+kr*+0+k+E)r"+

B3) + s

and rare proper fractions.

3. Ifa, = G) then find its sum up to n :

4. Find the sum of the fq::'llc:uwing ir@geumetric series,
1 2 + : % - + : + = +
(1) \ o - e~

5 125 \ ‘
(1i1) ;’f + 1 + Q fiv) 24+vZ4+14-
(vi  2+1+0.8+ (vi) 4+2V2+2+V24+14--
(vii) 0.1+ Q05+ 5+

t'ra-::til:m equivalent to the following recurring

[i) 1.74 (i)  0.259
v} 2.23
3
6. Ifu—g b+h+ -if 0 < b < 2, then prove that b = lz_l_ﬂﬂ
7. The sum t::i' an infinite geometric series is half the sum of the squares

of its terms. If the sum of its first two terms is 4%, find the series.

B. Joining the midpoints of the sides of an equilateral triangle, an
equilateral triangle having half the perimeter of the original triangle is
obtained. We form a sequence of nested equilateral triangles in this

5
manner with the original triangle having perimeter 5 What will be the
total perimeter of all the triangles formed in this way?



4.8 Harmonic Sequence

4.8.1 Recognize a harmonic sequence

A sequence is said to be a harmonic sequence or a harmonic
progression (H.P.) if the reciprocals of its terms are in arithmetic

progression.
The harmonie progression derives its name from the fact that musical

strings of equal thickness and tension will produce harmony if their lengths
are to one another as the reciprocals of the natural numbers.

Exa_mplera of harmonic sequence
]

B3 538"
. 4 £ 4 :
(i) S Erer i5 an H.P. Its ¢ "{ITFEE]}{'Iﬂd]T\@ T
Since the gﬁneral formofan AP is: a.a+¢ u@ -1

re HP is a sequence of the T . ;
Therefo | a+d’ a+2d’ 7 a+(n—-1)d

is an H.P. Its corresponding A.P *10, 15....

provided that none of the denominalgoms 2ero

Hence to every H.P. there is sriesponding AP, the terms of which
are the recipracals of the corregd %I terms of the H.P

Most of the examples o & ' can be worked out by converting the
given H.P into A P and makin = of the corresponding AP,

1 1 |
cxample: | the 1% and 8t termof H.P: =, T
Example Find vl e e

Solution: Corresponc 'Pis B.26.44
Here, a =8 an

Using these vq a, =a+(n- 1M,
we have a, =8+ (n-1)18
=y a, = 1Bn — 10

1 1
r Uy ——
Thus the nth term of the given H 134n a 1Bn=10

80, Ts =1g%6-10 134

—

4.8.2 Find nth term of harmonic sequence

Since the reciprocals of the terms of H.P form A.P. Therefore, the nth
term of the harmonic progression is equal to the reciprocal of the nth term of
the corresponding A.P. Thus, the formula to find the nth term of the

harmonic progression sequence is given as:

. &l _ _!___
The nth term of the Harmonic Progression (H.P) is: T,, = TrTE—TE where




“a 15 the first term of corresponding AP

*d” 18 the common difference of corresponding A.P

1" is the number of terms of corresponding A.P

We will also find the general or nth term when the first two terms of
an H.P. are given.

Let a and b respectively be the first and the second terms of an H.P.

1 1
Then — and 5, are, respectively, the first and the second terms of the
il

corresponding A.P. If d be the common difference of this A.P., then the

- 1 1 —b
common difference can be calculated as: d = e i EE ;

a
Thus, the nth term of this A.P. S
{E

a =§+{n_ 1][a{;b]=b+[nr—1

Hence the corresponding nth term of the H.F is:

Here ,a=3, n=5 d
We know that, a, =

1 1
=85 = 5~ 3
.
Thus, the of the given H.P. 1s TR
4 2 4
Example 2. Find the 8® term of the H.P. T
Solution:
. 4 2 i
Here H.P. 1s 5 '% '15’ 5 4 :
We know that T, = B¥n=1) (@=b) where, a=z, b=g and n =48
oy _ & &
S0, =3 W Tl 99 €, s
G+8-1-5) st5 T
8 . 5:
25716 10




. - : 4 2
I the 3 term and 7™ term of an H.P. are 5 anil e reapectively,
i |

find the sequence
- 2 2
Solution: Since the 3= term of the H.P. is = and its 7" term is per therefore
Ly 5
il S { ) :'Ei-] B .
the 3 and V" terms of the corresponding A.P. are z and r respectively.

Now taking a, the first term and d, the common difference of the
corresponding A.P.. we have

0

a+2d =< (3 term) (1)

MH

and a+ 6d =— (7th term) . (11

Subtracting (i) from (ii}, gives: 4d = 23 _ g = d = @

From (i}, we get u=g—zd:§_4
1

Thus a; ofthe A.P.=a+d =—2~+2=—_~

-
Hence the required H.P. is T

2
’
5-‘-

' 2 1i : 2% s 12th
{1] 3'?1 {]1] EJE'?]”I' Em
9 9 g 1 1
(i) —, y -y 810 term (iv) "g,—g,"—'l.h.;lﬁlhtenn
1 - . 11 1 11t ¢
: Bt = e
(v) 0 term {vi) 3'ai1n’ erm
1

B |

If the 718 and 10 terms of an H.P are = and — respectively, find its

3
14% and 20 terms.
31
If the sum of first and sixth terms of H.P. is m Find the harmonic

1
sequence if the first term is P

]

%]

1
4., The first term of H.P is —% and fifth term is E Find its 9t term.

5. If the pth term of an H.P. is g, the gth term is p: prove that the

S
(p + gq)th term is el




1 NMehine a harmonic mean

When three numbers are in Harmonic Progression (H.PF), then the
middle one iz called their harmonic mean ie. if a.H . b are in HP., then H is
called the harmonic mean (H.M.) of a and b, When more than three numbers
are in H.P. all the numbers between the extreme numbers are called
Harmonic Means. That is, if

a, Wy, Hy, Hg, ..., Hy B are in H.P.

Then there are n+ 2 numbers in H.P., and H & Hy, ... Hy are

termed as the n harmonic means between a and b. \'Q’

For example
11 %is the H.M. of 1 and because 1 @Qm an H.P.

3
(id) E,E,i;i,i,i,i d — are t HMs between 1 and —
5'7°9'11713"15"17 21
because
3333 3 3 3
L -* — form an H.P
5'7'9"11 13 21
9.2 Insert a harmonic hetween two numbers
Let H be the H. and b. Then a, H, bare in H.P.
S0 111 orre g AP, Bl =
/ i rresponding an o S
w 2 1 4 1 _a+t b
H “a' b ab
Therefore, H= 2ab
; a+b

Thus, the harmonic mean of any two numbers is equal to twice their
product divided by their sum.

Example: Find the harmonic mean of 2 and 5.
Bolution: Here a = 2 and b = 5, using the formula of harmonic mean:

_ Zab
a+b
_2{2)(5) _ 20
We get, H = —or =

20
Thus, the harmonic mean between 2 and 5 js —




Let, Hy, H; ..,H,; be the n harmonic means between any two given
numbers a and b. Then the corresponding A.P. will be:

11 1 1 1
a'H, 'Hy ""Hy'b
Let d be the common difference of this AP, o
i 1 '
So, —=a,,=—+{(n+2)-1} i
b a i.'
: L. % (s
i.e. e +{n+1)d \ *
e Z
= T (n+1jab \'
1 1 1 a-b b
—=—-4d=—4 ( ) o G1N Q
Hy

P T it e il @
(m+1)ab C)
Therefore, H, = e
1 1 73 (a 2a+(n=1)b
Now, FE-;‘_E-'-M_E-FE.@ i+ Dab
(m+1)ab \

=0, H; = 1ﬂ+{n—:jbg\
Similarly,

- e

(n+1)ab E‘_

and B \
(n+1)ab (n+1)ab (n+1)ab E‘ _

Heoer, ' Za+(n-1)b’ 3a+(n-2)b' "' na+b
are n harm eans between a and b. ﬁ‘ ]

Relation Between Arithmetic, Geometric and Harmonic Means

Following are two important relations involving the arithmetic, the |
geometric and the harmonic means between two given numbers. l
(i) If A, G and H are respectively the arithmetic, the geometric and the .

harmonic means between any two given numbers, then A, G, H are in G.P.

G H |
i —=— or G:=4AH X
A

[ii) If A, G and H are respectively the arithmetric, the positive
geometric and the harmonic means between any two real, positive and

unequal numbers then A>G > H.




21
Example 1. If AM and H.M between two numbers are 5 and 5 respectively,
Find the numbers.
Solution: Let the numbers are aand b
AM=5
a+b
5
a+b=10 «» (1]
and HM= %
_ 2ab 21 \ |
L, _— = — . (i)
a+b 5
From equation (i), using a + b = 10 in equation (ii)
Zab 21

10 5 7
21 x 10 ( ’
= 2ab = c
= ab = 21 .- [ili)
From equation (i), we get b = 10 — G%Q .- (iv)

Using b = 10 — a in eguation (iii

we get a(l0—a) =
a* — 10a + 21

::(a—?]{

a-3

Using a = 7 and
b=10-7=3
Hence the

in equatmn (1v), we get
10-3=7
numbers are 3, 7 or 7, 3.

75

Example 2, G.M and H.M between two numbers are 15 and 13

respectively. Find the numbers.
Solution: Let the numbers be gand b
. M=15
+vab = 15
Squaring both sides

(+vab)” = (15)?

ab = 225 o 1)
75
and H.M =13

158




Aah 75
ath 13
From equation (1), nsing ab = 225 in cquation {ii), we get
2(225) 75
a+b 13
b= 26 x 225
R B
a+h=7H i)
From equation (iii), we get b = 78 — a (iw)
Using b = 78 — a 1n equation (i),

a(78 —a) = 225 \
= a@*—T7Ba+225=0 Q)
= (a-75Na-3)=0 \'
= a=75anda=3

Using a = 75 and a = 3 in equation (iv), we @
b=78- ?5—3311{15@ 75

Hence the required numbers are 3, 75 or 7

EHEI"‘:_ih'E 4.9

1. Insert the H.M between:
: 1 1 1 L TH— - =
(i) 7 and = QJ : and = (iii)3 + v2 and 3 — 2
1 1
(iv) 2 + 3i anthyd™— 31 (v) = dE ivi) 3 and 7
2. Insert fo s between: N
: " 1 1
i) 4 (1) - and =y
1 1
3. Insert harmonic means between — p and 24
4. Prove that the square of the geometric mean of two numbers equals
the product of the A.M and the HM of the two numbers.
ﬂ.—5+ -5
8. Find n so thmm may be H.M. between x and y.
6. If 5 is the harmonic mean between 2 and b, find b?
7. Find the arithmetic, harmonic and geometric means between 1 and 9.
Also verify that AH = G,
8. The A.M of two numbers is 8 and H.M is 6. Find the numbers.

24
9. The H.M of two numbers is T_;- and G.M is 6. Find the numbers.
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wiii.
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"'"Review Exercise 4 .}
I .o
A sequence i8 a function whose domain is set of:
(a) integers (b) rational numbers
(c) natural numbers (d) real numbers
If H is the harmonic mean between x and y then H is:
2(x +3,r‘,| x+y 2xy xy
a) (b) o= (@)= o) —
2xy x+y x+y
If an—un_l—n+landa4=14thena5= ------------ 1
(a) 3 (b) 5 (c) 14 (d) 20
A sequence {a,} in which a4, — a, is the sa.n\. ber for all n € M is
called:
(a) A.P (b) G.P (d) None of these
If @y_y ,@p, Gpyq are in AP, then a, igfcall
fa) AM (b) G.M | HM (d) Mid-point
Arithmetic mean between ca 15
chd ﬂ o 24 2
(@) 2 E+d. (d) i
The harmonic mean -..-2 and 3v2 is:
(a) 42 fc) '\"r_ (d) None of these
For a.ny G.p the mon l'atlﬂ FIE equal to:
tn-1
c d) a4 —a, fornel,n>1
: ]ﬂn+1 i E iﬂn-; (d) @na1 = an n
No G.P is:
(a) O b) 1 {c) Negative (d) Imaginary number
The sum of infinite geometric series is a finite number if:
(@) |rl >1 (b) Ir] =1 ) lrlz1 @dir]<1
If the reciprocals of the terms of a sequence form an A.P, then it is:
(a) Harmonic sequence (b) Arithmetic sequence
(c) Reciprocal sequence (d) Series
ﬂﬂ+1+b"+1
If ————— is A.M between a & b, then n is equal to:
an+bm
1
(@) 0 (b) -1 (0 1 @+
If ,x—1,3arein AP, thenx = --—————---

(a) O (b) 1 (c) 2 (d) 3
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G .M between -2 and 8 is:
(d) 3 or =5

fa) 4 or -4 (b) 4 or —4 (¢} 16 or —1H

General term of a sequence is (—1)"n®. Its 4% term is:

(a) —4 (b) =16 [c) 16 (d) 4
If [] = 1 then infinite geometric series is -

(¢) Undefined {d) both a and b

(a) Convergent (b) Divergent
The harmonic mean of % and & is:
4 3 5 11
@) (b - (c) = (d) ~
a-b a o
xviti. If e then a, b and ¢ are in: %
{a) A.P (b) G.P (c) H.Kb (d) None of these T
The 5% term of an arithmetic sequence is 6@ 8t term is 90. Find =
12t term. ‘.
3 There are n A.Ms. between 8 and 3 c@-nat the ratio of the third -"
and 7t means is 3:5, find the value o{ n. : =
4. Find the sum of all the integ@atween 280 and 350 which are &
9

i |

exactly divisible by 9.

How many terms are theﬁ@ifn=ﬂ,an =ﬁ a,ndrz%.

The yearly depreciation ertain machine is 20% of the value at
the beginning of the f the original cost of the machine is
Rs. 50,000, find.

&

Find 7, if §;9 = a G.P

8. If AM and tween two numbers are 5 and 4% respectively. Find \
the n

9. IfGM M. between two numbers are 15 and 515 respectively.
Find the numbers.

10.  The second term of an H.P is % and the fifth term is _Tl . Find the 12% term.



Miscellaneous
Series

by | £ '-1.' :.I ."".'L '-:': L '-r:;"'h"l .._"'|i - r': = I"E'.r - :!||: || ; W

3.1.1 Recognize sigma () notation \
Let x; +x; + x5+ -+ x, be a series of first n t@,

series is denoted by Q
T
i C &
i=]
where I is a Greek letter “Sigma” which is u¥ed for summation.

e, th—xl+xz +x3+<§

In summation notatio Z\Q\ called index, x; is the ith element of the
1

the sum of this

series, whereas 1 called lower and upper limits respectively,

ple, ZI means the sum of the values of x, starting

with x; and ending at x,,.
10
ie., Z.q=:rl+xz+.t3+x.‘+xg+xﬁ+r?+x3+xg+xm
(=]
10 .
Similarly, the cxpressiunz x;means sum of the values of x, starting with
=3
x; and ending at x;q.
10
i,-ﬂ-,* ZIi=Ig+I,‘,+IE+rﬁ +1'." +I'E +Ig+..'l‘.'1n.
(=3




"t natural numbers (En)
squares of the first n natural numbers (En”

| ubes of the first n natural numbers (In’)

Let us find the sum of positive integral powers of natural numbers by
7]

using ; [&™ — (k = 1)™], where m,n and k are natural numbers.
=]

n
Now, ZH:’" —k=1)"]=(1"-0™)+ (2™ - 1"™) + (3™ - @(dﬁ" - 3™) 4
=]
+H{n - 1)™ ~ (n=2)"] + [n’"‘ Q&}m] = 3"
1.8 ‘

[k'“ = —1)
l k=]
¢ Sum of the first n natural numb
Taking m = 1 in equation (i), we
n
Z[k - J=n
k=1 Q

1+1+1+-~tonterms=n s (1)

Taking m = :%un i), we get N\

(D)

k%~ (k-1)*] =n?

1

e k? = (k% =2k +1)] =n?
k=1
i
=Z(zk—1}=n=
k=1
n
=EZE- 1 =n?
k=1 k=1
n

[using (ii)]



= | 1 '
.-'h%h' TN R s o ﬂlﬁ-ﬁ-r-.ih
i ntn
ey b =
2
k=1
g nin 4+ 1) ifn+ 1)
: L . s (i
01 [ 5 (1 ZH 5 J

k=1

This is the formula for getting the sum of first n natural numbers
Find the sum of
(1} first fifteen natural numbers (1i) first fifty-one nﬁml numbers

- T .
- -\.ﬂ 1R |_|'|:|'-|

We know that \'@
, L o

k=1
[l] By usingn = 15 (ii using n =51

51(51 + 1)

kz 15(15+ 1) %Q e ;

=120 \ = 51(26) = 1326
Hence 142+ 3+--+ 15 = 120. \ Hence14+2+3+--+4+51=1326

(i) Find the sum fteen natural numbers starting from 3.
(ii) Flnd % st fifty one natural numbers starting
Solution:
By using the fo @
1
T H{I‘l::' )
k=1

(i) The sum of first ﬁftm:n terms uf natural numbers starting from 5 is:
Z k= Z - Z €

_19(19+1) 4(4+1)
N 2 2
=190 — 10 = 180

19

So, Z k= 180
k=5
Hence, 546474+ -+ 19 = 180.




(i) The sum of first fifty one natu ral numhr—rq starting from 19 is:
i

> ke Y-

sk=19 k=1

_ 69(69+1) 1B(18+1)
¥ 2 a 2
= 69(35) — 9(19) = 2244

69
So, Z k = 2244
k=19 \
Hence, 19+ 20+ 21 + -+ 69 = 2244,
¢ Sum of the squares of the first n natural n@& (En?)
Taking m = 3 in equation (i), we get Q)

n

Z[ (k- 1)) =1

kﬂl

= Z [kc? — (k3 — 3k% + 3’%\9

= Z[F—k3+3 1) =n?

k=1
n

- %-32 k+ ) 1=n?

k=1 k=1

= 3 Z k:=n4—- 3?1(71 1 —n  |using (ii) and (iii)]

2n® +3nf +3n-2n

32&1—

k=1 ;
: 2 n(Zn®+3n+1)
Z_l @3
Z“: (2 _nl@nn+ 1) + 10 +1)]
. 6
k=1

Fe——— -




+ 1321 + = nin+1)2n+1)
Thus, Z k2 :”“I ! I:i['a” +1) | or :ZH”' = — e iv)
1

k=1 |
This is the formula to find the sum of squares of first n natural numbers.

(il  Find the sum of squares of first six natural numbers,
(i)  Find the sum of squares of first thirty five natural numbers.
Solution:

By using formula

n G n{n + 1]::3:"1 +1) 6\
N

k=1
.@) For n=6 Q
Zﬁ: 6(6 + 1)[2(6) + 1] 6(

Z = =91
§ 6 6
k=1
Hence, 12+22 432+ 47 +5% + \Q{
(ii) For n = 35
35
71
Z i = 35(35 1+ 1] 35{35]-[ ) = 14910
k=1
Hence, (\ 32 +---+ 35 = 14910
e Sum of the cubes o ﬂmt n natural numbers (En’)
/ equation |1_I we get
@ Z{k‘ ~(k=1)"] =n*
k=1
= Z[k‘ — (k* — 8k* + 6k — 4k + 1)] = n*
k;l

= Z{4k3—5k3+4k—1] )

= 4Zk3—62k2+4zlk le“‘

k=1 k=1

4 Z Y én(n + lﬁ]lfln +1) " 4-11{:-1; 1) —

[using (ii), (iii) and (iv]

k=1




J— T TS i,

ol

=~4Z k¥ —n(n+ 1(2n + D+ 2nin+1)~n =nt
= 42 k* = n' 4 nin + DNEn+1)-2nn+1)+n
:42}-3 =n[n? + (n+ D2n+1)—2n+ 1) + 1]

ﬂ*’lrz:-‘f:*=1'1{1*13'+En'**+1n:+2ﬂ-r-1---2n—25+1'.i=Fl'ﬁ:“H"'EJ'I‘T"""I:|
=

" Zkﬂ n?(n® +:n+1} E{n+1)] \lr@\

Thus,

Z kEﬁ = ’n_(_n_;]i i " [\F:]'
This is the formula to find thr: SUIM O g of first n natural numbers.
Example: Find the sum of cubes,o even natural numbers.

Solution: By using formula \\‘
NG

m
Zk:!_
#?Fl
7+1 7(8
Forn=7, k —{-E—J [“ =(28)% = 784
1 \
Hence, 13 T4 +7 =784

__ Exercise 5.1 )

Sum the following series up to indicated terms.

12422 432 4.4 10° 2. 12423433 4 .. 4 153

12432452 4+..uptonterms 4.2%+4* +6°+8%+ - up to n terms
1 + 3% + 5% + - up to n terms

7x12 +5%x22+8x3%+ - up to nterms
1+(1+2)+(1+2+3)+ - up to nterms

24+(245) +(2+5+8)+ - up to nterms

Find the sum of n terms of the series whose nth term is:

(1) In*+n+1 (i) n*+4n+1

(ifi) nP+3n*+2n+1

0@ N W e




(i) Find the sum of first forty six natural numbers starting from 10,

(i) Find the sum of last 12 terms of the series: 1+2+ 3 + -+ 39,

Find the sum of 9 o 21 terms of the series of squares of first n
natural numbers.

Find the sum of last 12 terms of the series of cubes of first 30 natural
numbers.

2.2 Anthmetico-Geometric

A series obtained by multiplying the corres terms of an AP
and a G.P. is called an artithmetico-geometric ;ﬂékeries, Such a series

will be of the form
n+{ﬂ+d]r+fﬂ+®

This is the series which is obtaine
series a+[u+d}+[u+®“
and the geometric series ol -% +

The n® term of A.G series\q"\ T, = {a + (n — Dd}r"?

5.2.2 Find sum to g of the ai

multiplying the arithmetic

a+(a+dr+(@a+2d)r®++a+m-dr"" )
r
ra+(a+dr®+(a+2dyr*+-+[a+(n—1)dr" (1)
Subtracting tion (ii) from (i), we get
Sa—rSy=a+(dr+dr*+dr®+-+dr"?)—[a+ (n-1)d]r"

series
Sum of n terms SEE thmetico-geometric series is obtained as under.

Multiplying bo

dr(l—r"1
{l—r}.‘}n=ﬂ+[ (1_: ]I]-[ﬂ'_+(1r:—-ljl..t:i]v"'ct
dr dr” 7
(1-?']5u—ﬂ+1_r— e [a + (n— 1)d]r
Dividing both sides by 1—r
@ dr  dr"  fa+@-Dd"
5,1=:1_ (1-1)2 (1-r)? 1-r

Example 1.
Find the sum of the series: 1°2 + 2-2% 4 3+ 2% + -+ 100-2'%.




Splution:
Let S=1-2+2:2% 4+ 3-2% +.-4 100210
Multiplying both sides by 2

25 =1"2% + 2:2% 4 ..+ 99 2100 4 1p-21 i)
Subtracting eq. (ii) from eq. (i), we get
-$=12 + 12° + 12 ..+ 1- 219 _ 100-2'™
—S=242%+2% 4 ... 4 2100 _ 100-2101

)
=  —S=20(142"422 4+ 23 4 . 4 2= 100-2'M

2(27 - 1) 101
= B i T <
= —§=2'"-2-100-2M @
—  —§=210%(1_100-21) -2 \'
=  -§=210(_199) -2 Q,
=  §=2190(199) +2 @
or  §=199- 210042 Q

i 10 ; .

Example 2. Evaluate the sum of the s%ﬁl -5-+5—?2+ E_-:- + - to infinite terms.
Solution: . 6
Let, 5=1+§+§§+;—E+--- \\‘ 1)

Multiplying both sides




1 3 5 7
e . i ."I.:"_' _+_+—.+
Find the sum of the infinite series z 3 g g

Solution Let § denote the sum of the given AG series. Then
1 1 | 1
§=1-4+3-45—=—=+7.—+- i
e Tk R }

1
Multiplying both sides by %

15:11+3l+5l+... .- (i)
3 -l Y S i
Subtracting equation(ii) from equation (i)
Ly et o & o K
S_ES_II§+2'§+2.§-?_+2.E+I @
1 9 \

=
. \(\
R
= S= \\
Thus, the required sum of the % nfinite series is 1,
;+ 81

Sum g series up to the indicated terms.
1242 3:2°+4-2%4 ... to 50 terms
2. 1+25+3.52+4.5% 4+ . to 30 terms

3.5 7 g.15 22
1+§+2—5+F+“-t¢25tﬂrm5 4. I+E+E§+E§+-“tnnterms

e |

L2,

r—

Find the sum to infinity of the following series:
4 9 16 25

1 +§+31+;;+3—4-+"'

1+ 9a+ 25a° + 49a* + - where |a| < 1,

E

6.

7. 1+ 4b + 7b% + 10b* + -+ where |b| < |
i 5,12 22 . 35

4 7 10
e i 1 - o e 2
" : 9 1+3+F+¥+3‘|+

3
10. 1+5a+9a*+ 13a® + - where |a] < |

1+




| Define method of differences

The Method of Differences is the method in which differences of
successive terms of the given series are used to find the sum of the series
particularly when the general term of the series is that of an “Algebraic
fraction”.
| REe0TeEL

If a series can be expressed in the form of f(r+1)—f {er fry=flr+1)
where f(r) is the known function of r, then K :

Yl + 1 -] = ﬂ:n+é®
r=1

or C)
Y1) - fer +§{1}—Hn+u
rel .

Proof: Consider a series t \x\

pressed in the form f(r) — f(r+1)

Now, Z[ﬂ_r] - f(r Ql] 2N+ =fFDI+{fB)=F(4)}+ -+

"ol O + (00~ Fa+ 1) \
= f(1) @)=+ fR)+=+fln=1=f(n)+ f(n)-fn+1)
= AN+ 1)
ie, N - £+ D] = fD) = -+ 1) . (i)
r=1

Multiplying both sides by —1

{-I]Z[f(r} — F(r+ 1] = (=DIF) = f(n + 1)]
r=1

= Z{f{r $1) - ()] = fln+1) = f(1) (i)
r=1

Hence, both relations (i) and (i) are proved.

4% ™ raa i v | e - - {




= | .
Sum the m*riml ————— hy the method of differences.
= (r+1)(r+2)

Solution
Method 1:
The function can be written in the following form
1 1 1
(r+D(r+2) r+1 r+2
Taking summation on both sides up to fifty terms, we get

i’: 1 SZ“ 1 = 1% :
= o= e (1)

— (r+1)(r+2) vt 1 R

50 .

Z 1 *1+1+1 +1

r=1r+1_2 3 4 51

and
201 1 \Q 1 1 1
= %ﬂ-'—+ rh—t— =
;r+2 5\ 5 50 51 52
Suhsﬁtut‘mg in equation (i),

(by partial fractions)

Now,

Z [ ] [ +—+ At
(r+1)(r+2:! 2 su 51] (3 50 51 52
Pu.fter ca.m:ellm ues, we have
Z”: 1 1.1 35
r+1(r+2) 2 52 52
Method 2: We know that
ZLf{r} -+ 1] = fQ) = fn +1) )
rel
1 _ 1 1
r+1)(r42) = 75 "7 Vit /() =y and fGr 4+ 1) =
1
g ;(r+1 r+2) 1+1 51+1 |using ()]
1 1 25

2 52 52




We apply the method of differences to find the sum of a series which
is not in any standard progression. However, differences of the consecutive
terms of that series are either in arithmetic progression or in geometric
progression. The following examples show the method of finding the sum of
the series whose differences of the consecutive terms are either in AP or in
G.P respectively.

Example 1: Find sum of the series: 5+ 10+ 19+ 32 + 49 + - to n terms
Splution: Here, differences of consecutive terms are in
ie., 591317, ..; 18 A.P. @

So, we use method of differences
Let S,= 5410+ 19432+ 49+ .- ton terms Q - (i)
ar S=+5+10+19+32+--%a, @ ... [id)
0=5+{5+9+13+17+-to (n— s} —a,
[ ing difference of equations (i) & (ii)]
n
= a,=05+4 = {2{5} 14} = E[E{I +(n—1)d]
5480 ‘) ANY
= I::I"l - ‘%
= En
For sum of the
Sp = H+Z4
2 1 + 1
- }(n+ ) S0, L
B n{2(n+ 1}(211 +1)-3(n+ 1)+ 24}
= 6
n{2(2n®+3n+1) - 3n -3 + 24}
- B
_n(4n* +6én+2-3n+21)
= 6
n(4n® + 3n + 23)
Sy = 3
n(4n°+3n+23)

Hence, sum of the n terms of the given series is §, = z




Example 2: Find sum of the series: 3+ 7 415+ 31 4+ 63 + - to n terms.

Solution: Here, differences of consecutive terms are in G.F.
i.e., 4,8,16,32,...; is G.P.

50, we use method of differences
Let, Sn=3+7+15+31+ 63 + - ton terms oo i)

or Sa= +3+ 7+15+31+--% a, o (i)

0=3+{4+8+16+32+ - to (n—1) terms;} —
[by suhtracting equation (ii) from (i)]

=3
On * a1

= 3+ 42" 1-1)

=3+42-2"-4

4{2?1—1_1'} { [r:-t :I

g = 2gh=1 Q

For sum of the series, ®

i 4]
Sy = zz:e" —Zl Q

:E{E + 24 +:-: . @
) \}

g, = 4(2" —1)
Hence, sum of the n te 'mf_‘ given series 1s; 5, = 42" - 1) —n
Exercise 5.3

Find the § the following series.

i 3+6 , + 33+ - to n terms,

2 S5+ 10+ I¥ + 26+ 37 + -+~ to n terms.
3. 7+144+ 26+ 43 4+ 65+ - to n terms.
4. 3+6+15+42+ 123 + -+ to n terms.
5 7+14+45+ 1004+ 179 + +-- to n terms.
G 346+4+21+96+4714+ - to nterms:

5.4 Summation of Series using Partia

Partial fractions also help in obtaining the sum of the series whose
general terms are rational expressions which can be expressed as a sum of
two or more fractions.
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4.1 Use partial fractions to find the sum to n terms and to
’ . | I
infinity the series of the type —— -

: uluiril (2 +dl )

g
i

Let us use partial fractions to find the sum to n terms and to infinity
the series of the type
1 1 1

+
ala+d) (@a+d)(a+2d)  (@a+rzdlat3d
!

with general term a, = Er =Dl jarnd]
Example 1. By using partial fractions, evaluate the @uf the following

seriés to n terms.
1,1 1 \'

25 5~ E g- 11
Solution: We have

1 1 - 1
$ortont —Z—g— Z
T AT T 24 (n3]2+3n) L (3n - D2 +3n)

Now we find partial frac:tmns of genc

Let,

Hn-!'ﬁ{3n+ \A\m—l In+2
Multiplying both sides by (30 Q
We ot | Q
: o @

)

(1]

WUsing i = =1 i)

We get 1= All t%—_} TA=1 ar A= _L
By using n —- quation {ii)

Wegetl=B(-%—-1) = -3B=1 or E=—§
By using values of A and B in equation (i)
1 1 1

We et (3n-1)(2+3n) = 3(in-1) = 3(3n+2)
mn

Z (3n — 1}1[311 Y2 Z lamnl— IR 3(3n1+ z}]

a !
=ftll—=Ffin+1) 1 firy= EI'ET:_I_}J

1 1

T3Bx1-1) 303n+1)-1}
1 1

=% 33n+2)




n+2-2

~6(3n+2)
B mn
C2An+ D)
S L s to n te e
0, Zetsetan ONCTET aEna2y

<ample 2. By using partial fractions, evaluate the sum of the following

infinite series.
1 1 1

1-z23V7:3:4 34 57" \
Solution: We have \'Q’

1, 1 1
17372347345 4 1)(n + 2)

Now we find partial fractions of general t

1L _A B C -
et n(n+1)(n+2) “n L n+1 L ng2 \Q =
Multiplying both sides by n(n + %

We get 1=An+1)(n+ n+2)+Cn(n+1) ... (ii)

For n = 0, (ii) becomes, = = A==
For n = -1, (11) b&cnm:@z B(-1)(-1+2) =EB=-1
For n = -2, (ii) 1=C(-2)(-2+1) =C=3

By using value and Cin (i)
1 -1 1

+—+
2n  n+1  2(n+Z)

Bodi] =

[y

We et n(h+1)(n+2)

Now,

1
Z n(n+1)(n + 2)

leﬂ '.'i+'l E{n+2]]
ZZH Zn+l 2{n+2}

=l

R Tt




Hence,

k3

L

ii.

1
4
1 1 1
+ +
123 234 345

(By cancellation of terms)

A 1
-

Find the sum of the following series:
1 1

1
+ + + - to n terms.
1-3 35 57

1 1

1 {\
" + 59 + e + + to n terms. @

1 1 1
+ + + «-- to infinity.
1:5-9 5-9-13 9:13-17 y Q

A : %
+ -+ to infini
1-4-7 + 4710 * 7-10-13
Find sum of the series:
- \Q

Review Exercise 5

Select correct option.

Ifa, =5—3n+2n? , then az, = --------------

(a) 5 — én + 2n* (b) 5 — 6n + 4n

(c) 5+ 6n + 4n® (d) 5 — 6n + 8n®

K, ; =3n— 11, then @, ===

(@) 3n+5 (b) 3n—5 (¢) 3n—9 (d) 3n — 13



c) 1280 (d) 1285

I WY S
['t} wT e WE

(&)

' g e 181
e (b) 3n-1 (c) 2n + 6\[[1; e

¥ n is equal to:
a) nin+1) (b) n{n+1::2n+1} Q'i EE ) (d) n?

2
vii ¥ n? is equal to: ‘ ’
nin+1) (b) nin+1)(2n+1) n‘(n+1)°

@) —; (€)=

(d) n?

¥ n? is equal to:

(a) n{n+1} §¢EE J(2n+1) 2{1r:-_+1,".ﬁ2 () 11{1|t+1}2

ix. If S, [rit +1)° is equal to:
(a) 2n+ 1 (b) 4n* + 4n + 1

2 lc) (2n - I% (d) Cannot be determined
20 §

(a) 1 (b) 19 (c) 20 (d) 18
Sum the following series up to n terms
2x 1P+ 4x22+6x3% +

1

1 1
Sum the serie i i
nes et ek e e infinity.
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Permutation, Combination

and Probability

a - prial of a Natural Number
5.1.1 Know Kramp's factorial notation tq\eﬁpress the
product of first n natural numbers

In mathematics, the factorial of a positive i
all positive integers (i.e., natural numbers) less
noted that the factorial values for negative

The product of first n natural num
n! and read as ‘n factorial’. The '
1808 AD by a French mathematjci
notation is frequently used to wh

Now, we find some fact

1! = 19
2[% 2

, is the product of
r equal to n. It may be
e not defined.

factorial of n is denoted by
notation n! was introduced in
ed Christian Kramp. The factorial
inued products in simplified form.
definition.

Thus, n! = n(n
or n(n—1)(n-2)! or n! =n(n-1}!
Also we define! = 1.

Note:  The symbol |n is also used for n!

5!
Example 1. Evaluate: _EF_IE
15:14-13-12-11-10! 15:14-13-12:11
Solution: a8 = = = 180180
21101 2! 10!

Example 2. Write in factorial form.

n-+4
(n-2)(n-1)
n—-4 (n-4) (n—-1)! (n-4)!

Bolution: (n-2)(n-1) _ (n-2)(n-1) -1 (n-4)!




(n—4) (n-— 1}{n—2}{'n—3}.'x_ {n—4)!

Tw-2m-1" (n—1)! (n—4)(n—5)!
[I': -3} (n - 4'][
T =1 (n- )1
' Express mr!l}l - t::;: as a single fraction:
Sobution: (n—1) - (n+1)!
ri (r=-1)
(-1 4+ Dn@n—1)! \
Cr(r—1)! (r— 1) \,Q)
_n—1)!
o [~—n{ + 1}] «C\
_ a1y &
r[r = 1)' [1—nr(n+ 1)]

1 Evaluate the fﬂ‘ o

: S .. 8 o!
i 4« Q/ (i e - (iv) l?—r
{S;’- D

W) %31 (vi) 10!=8145 (vii] ——r (viii

. 9!
(ix) 2Ix(9-2)!
2. Write the following in factorial form:

() 654 i) 12-11-10
. ni{n+1)(n+2
(i) 5_}5(“ 2 (v} 20-19-18-17

3. Express the following as a single fraction:
(n+1)! |
n (i) (n+1)! n!
ri (r+1)!

(i) (r+1)! v :[




B.2.1 RRe nize th Iundarmiemnt

A process of determining the number of elements contained in a set is

called counting. The symbol O(A) or n(A) or |A| is used to denote the number
of elements in the set A,

For example, If A= {a,b,c}. then O(A) = 3.
Sum Principle of counting
if A and B are two sets, then
0(A UB) = 0(A) + O(B) — O(A N B) ‘K
This is known as the Sum Principle. @

If A and B are two disjoint sets, then Q

.. (1)

O{AUB) = 0(A) + O(B)
This is known as the Sum Principle for disje :
This principle can be extended to any ﬁni@\her of disjoint sets:

ie, OA;UAUA;U . UA)=0(A) +B0A,) + 0(A3) + -+ O(A,) .. (idi)

Fundamental Principle or Product iple of counting
If A and B are any two sets and AxH eir Cartesian product, then

O(A x B) = O(A)
This is known as the fundame

.. (ii)

.. {iv)
rinciple or Product Principle.
ed to any finite number of finite sets:

The Product Principle ¢
ie., O(A; x Ay X Ag X ... )%— (A;) - 0(A2) - O(Az) - .- O(AL) e (W)
Product pringiple also be defined as:

If an ope erformed in r distinet ways, and corresponding to
each of thes ere are s distinct ways of performing a second
operation, the 0 consecutive operations can be performed together in
rs distinct ways ith that order.

Example 1. There are 4 roads from village A to village B and 3 roads from
village B to village C. By how many different routes may one can travel from
A to C by way of B? Also enlist the various routes.

Solution: One can go from village A to village B by any one of the four paths
51,52, 53,55 and then he can go from village B to village C by any one of the
three different paths ry,73, 13 (Fig. 6.1).

Note that by going from A to B by the path s,, he can choose any of
the three paths ry, 73,75 to go from B to C. Therefore, from A to C, he can go
by any of the following three different routes:

5,1y SNy SN

[
=




Thus, path s; from A to B is yielding ;3!
three different paths to reach C. Similarly, 5
each of the remaining three paths s,,5, and s, X
from A to B, will also vield three different A
paths to reach at C. Hence. by the H B
Fundamental Principle, he can go from AtoC ™
by 4 times 3, or 12, different routes.

A list of various routes is as follows:

S1h S LF 5113

N Salz o L \
83T S3r; S3Ty @

Example 2. How many positive odd numbers, each $atipg three digits, can
be formed from the digits 1,2,3,4,5,6 if no digit is repeated in a given

number.

Selution: Since the required numbers are od unit’s place may be filled
in one of three ways: by the 1,3 or 5. I , the digit, in the tenth's place
may be filled in any one of the ﬁwi sand the digit in the hundredth’s

place may be filled in any one of ays. Hence, by the Fundamental
Principle of counting, the three p be filled in

( 60 ways
Hence, 60 positive odd n erent digits can be formed.
Exampls 3. How manjr%igit whole numbers can be formed from the
digits 3,4,5?
Bolution: Any o three digits can be used in the tenth's place. Since
the digits used ne to be different, so, the unit’s place may also be filled

in any one of different ways. Hence, by the Fundamental Principle,
the two places can be filled in

3-3 =19 ways

Hence, 9 whole numbers of two digits can be formed.
Tree Diagram

A tree diagram is a special type of diagram used in strategic decision
making, valuation or probability calculations. The diagram starts at a single
node, with branches emanating to additional nodes, which represent
mutually exclusive decisions or events.

Tree diagrams are useful for organizing and visualizing the different
possible outcomes of a sequence of events. For each possible outcome of the first
event, we draw a branch where we write down the possibility of that outcome.




Then, for Ea‘:h_ possible outcome of the second event we do the same thing.
Below 1s an example of a simple tree diagram.

gramyple Farhan has 3 books and Hashir has 2 books. In how many ways
can they exchange a book? Also illustrate using tree diagram.

Solution: Farhan can give a book to Hashir in H, —FH
3 ways (any one of his books F, F,, or Fy may i

he giU-Eﬂ]: and then Hashir Can g].\,re one of his 2 H, F.H,
pooks Hy Hy, to Farhan, so Hashir can give a H, — F;H
hook in exchange by 2 ways. Hence by the F

Fundamental Principle they ean exchange a H, — FaH,

book In e}\ H, — F,H,

(3)(2) = 6 ways.

The various possibilities can be shown H, — F.H,
with the help of the following tree diagram Q Fig, 6.2
|Fig. 6.2) @
6.2.2 Explain the meaning of pe tation of ‘n’ different

objects taken r at a timée know the notation "F,

Permutation is one of thg* s of counting, very useful in the
study of certain fields of mathe

We know that an ord -tuple (finite ordered list) whose first,
second, ... , rb elements ively tq,tz, ....1, is written as (ty,t;,...t;).
Whenr = 2, we have th i ordered pair; viz. (ty,ts).

An ordered r-paple whose elements belong to a set S of n elements
(n=r), is called a tion of r elements selected from the set S.

Permutati r elements from a set of n elements (n=r) are

rmutations of n things taken r at a time" and denoted

The concept of a permutation is nothing more than an ordered set,
with each ordering of the elements of the set being a different permutation.

From the above discussion, it is obvious that a permutation is an
arrangement of all or part of a set of objects, with regard to the order of the
arrangement. For ex.zunple, SUppoOsSe we have a set of three letters: A, B and
C. If we arrange 2 letters from that set then each possible arrangement
would be an example of a permutation. The complete list of possible
Permutations would be: AB, AC, BA, BC, CA, and CB. Thus, in this case
3P1 S




We have already studied that if n distinct objects are given and we
have to arrange r (n = r) out of them at a time in which order is important,
such an arrangement is called a permutation of n objects taken r at a time.
Tht': numher of permutations is determined by the following theorem.

reorem: The number of permutations of n elements of a set taken r at a
time is given by "B.=nn—1)(n—2)..(n—r+1),uptor factors
Proof:

Let S = [t;,t;.aty} be a set of n elemﬂrm e number of
permutations of n elements taken r at a time from l:hx re the ordered r-
tuples which can be formed by using its e@ . The number of
permutations of r elements out of n is the s the number of ways of
filling up r blank places in an ordered r-tu EI@

The first element of the ordered @ can be chosen in n ways

because there are n element of S for us choose from. After the first

element of the r-tuple is chosen in ohg of these n ways, we are left with
(n-1) elements of the set 5. Thyg ond element of the r-tuple can be
chosen in (n-1) ways, so both d glements can be chosen in n(n - 1)

the r-tuple are chosen, we are left with
e third element of r-tuple can be chosen
ental Principle, the first three elements
in n{n-1)(n-2) wavs and so on. Continuing in
ys in which the 1’ elements of the ordered r-tuple

ways. After the first two elem
(n-2) elements of the set 5
in (n—-2) ways. Again,
of the r-tuple can
this way, the n
can be chosen i

n(n-1)(n-2) ... up to r factors.
Therefore, r of possible ordered r-tuples is:
"Bo=n(n—-1)n-2)..[n-({r—1)]
=nn=-1){n—2)...(n—-r+1)
Hence, proved.
Deductions:

Using the relation "B, =n(n—1)(n—2)..(n—=r+1)

Multiplying and dividing by (n —r)! we get:
_[pn-Dn-2)..(n-r+1)J(n-r)(n-r-1)..3-2-1
= m-rn-r-1)..3-2-1

n!

Hence "=

(n=rj!




(i) “p_=n! [iid) o = 1
fr=n, then We have, r‘Il:nn =1
o n! By using n = 1
“ r::l“ _nrh[ We get, P=1
_nl ! 1!
o= T e— = |
Tt a—n
P, = n! 4
= — =1
0!
=3 1=0!
6.2.4 Appl ' lve problems of finding

Arrang — I n ol aets ralee 3 a \" ._ " .
obhie: are different and wi O e ,gsg:? o
Example 1. How many different arrangements c made by using all the
letters of the word “DAUGHTER"?
golution: There are 8 different letters in Lh%? “DAUGHTER" and all the
g letters are to be used. This is a case of pe tations of 8 different things

taking all of them at a time. Hence the umber of arrangements is:
40320,

Example 2. In how many ways \ ooks of Mathematics and 5 books of
Biology be placed on a shelf 3@ the books on the same subject always
remain together?

Solution: The 6 books Qmatic:s can be arranged in bp; i.e., 6! ways
among themselves.

The 5 boo Biology can be arranged in °P;, i.e., 5! ways among \

themselves.
The 2 ithgs of the books on the two subjects can be permutated

in %P, i.e., 2! wadys, Hence by fundamental principle.
The total number of arrangements: :

=gl 5! 2l

= (720}(120)(2)

=1,72,800 arrangements. o
Example 3. How many different three digit whole numbers can be formed
with the numbers 9,8,7,5,3,2. Assuming that no digit can be repeated?
Solution: This is the case of permutations of 6 digits taking 3 at a time.

Hence the total of three-digit numbers that can be formed is:
1
p, = b! _ E % 6.5.4. (3!) - 120
T 6-31 3 3!

Dy -




!W A

- How many signals can be made with six flags of different
colours, by hoisting 1 or 2 or 3or 4 or 5 or all of them?

Solution: When only | flag is to be displayed at a time,
f1

the number of signals = "p, = = = 6.
]
When 2 flags are to be displayed at a time,
) 1 b Bl
the number of signals = "p, = ai = 30.

When 3,4.5 and 6 flags are to be displayed at a time, the number of
signals are °P;, °P,, °P; and °F, respectively,
Hence the total number of signals:
= ®P+ B+ °Py+ Py + “Pﬁ+%
=6+ 30+ 1zu+35ﬂ+?zu+@
= 1956 signals

ﬂ
Example 8. If "P; =12. *P, , find n. Q:)Q

(7]
Solution: We have, e =42 R
= nn—1)(n-2) = 12.(%:] 5“2]
— 2n(n* =3n+2)=3n(n 4)
—_ -+ H:I

2n*=3n+2)=3
n® — 12n+20 :'Q\
(=100 n—=2) =Q
- Qw £ o
Bt @ 2 15 inadmissible
Hence, 1= 140,

/ The number of pgpfitations can be determined by the following theorem if
some objects
Theorem
The number of distinct permutations of n things taken all at a time,
when r of them are alike of one kind, s of them alike of another kind, t of

them are alike of a third kind and the rest, if any, all different is
n!

ris!t!

Proof:

Let P be the required number of permutations. Take any one of these
permutations and replace the r like things by r unlike things, different from
each other and from all the rest, and permute them in all possible ways
among themselves, leaving the others unchanged. We thus get r!
permutations out of the original one. Hence out of the P original
permutations, we shall get (r! - P) permutations.




Similarly, if we now replace the s like things by s unlike things,
different from each other and from all the rest, and permute them in all
possible ways among themselves, we obtain (r!-s!- P) permutations out of
the (! P) permutations previously obtained.

Repeat the process with the ‘t' like things of the third kind, replacing
them by 't unlike things different from each other and from all the rest, and
permuting them in all possible ways among themselves. The number of
permutations is thus increased t! times. Hence we have (r!:s!-t!-P)
permutations in the end. But the ‘n’ things are now all different, and the
total number of their permutations must be n!. Therefore, {r;' cgl-tt-P=nl

or P= T1_ns_|'_nﬁ
This number of permutations is symbaolically writte ., % t)!r
The above theorem can be easily extend ases where there are
more than three kinds of like things.
Note: If ', 's” and 't' are such that none of ings are left over, then r +

s+t=mn.
Example 1. Find the number of per ﬁns of O fruits, taken all at a time
when 3 are apples, 2 are orange: AT TNATIZ0ES,
Solution: Here 3 apples are li \ bs of the first kind, 2 oranges are like
things of the sccond kind a %IIL‘HEQ of the third kind and rest are the
different. The toral nurmr oIS s 4
Hence the required nunwr gh permutations s

9! 9:87-6-5 431
e - = 15120
312! 2! (302-1:2-1
Example 2. 1y whole numbers can be formed with the digits
1,2,3.43.2.1s t the even digits occupy the even places?
Solution: The arrangement 1,2,3,4,3,2,1 is one of the type required. The
even digits 2, 4, 2 can be permuted among themselves in their three places

m:

|

)

3!
e 3 ways.

The odd digits 1, 3. 3, 1 can he permuted among themselves in their four

places in:
4!
_2.' = = 6 ways.

By fundamental principle
The required number = (3)(6) = 18.

187




A coin is tossed nine times repeatedly. In how many possible

ways can we get 5 heads and 4 tails
calution Out of 9 tosses, we are to have 5 heads and 4 tails. This can be

done .
l}l

Q9 !

(s 4)=5=
_"!'-H'?'h'{ﬁ”
(5. 4:3:2+1
= 126 ways.

Circular Permutation: \

In an ordinary permutation of r things, ‘m emernts are arranged in

a definite order and their places can be the first, the second, the
third... etc.. so that every arrangement has ajbeginning and an end. In a
en

circular permutation, where the _e . are arranged round the
circumference of a circle, there is n e beginning nor an end, and the
positions cannot be marked out tely as the first, the second, the

elements that matter.

Example 1. Suppose a m
around a round table

third... etc. In a circular p&m‘mi%\ erefore, it is the relative positions of

lady b, a boy ¢, and a girl d, are sitting
n in Fig. 6.3.

[y | o _‘.i_?_hx
/\ 7 " ™
b c d b cl la
c b a d
(i) (i) |1ii) (1v)

Fig. 6.3
Moving round the circumference in the anti-clockwise sense as
indicated by the arrows, the four letters a, b, ¢ and d occur in the same order
and their relative positions are unchanged. Hence the various arrangements
thus obtained are to be regarded as identical. The four figures show the four
different forms in which the same arrangement appears to four different
persons standing outside the circle opposite a, b, ¢ and d respectively.
These identical arrangements round a circle correspond to four
distinct ordinary permutations:
abcd, dabe , cdab , beda



obtained by taking in succession as first each of the four letters in the
circular permutation. Hence the total number of circular permutations of
four different things is one-fourth of the number of ordinary permutations. It

' 1
is therefore equal to T (41) = 31

Since these identical arrangements arise because all the things are
moved around without changing their relative positions, it follows that if we
keep one of them fixed in position and permute all the rest among
themselves, we shall get the required number of circular permutations.

In the above situation clockwise and anti-clockwise arrangements are
distinct,

In the case of a necklace of beads (or a garl wers) the same
necklace gives one order of beads if looked at fro e and the reverse
order of looked at from the opposite side. If on ese arrangements is

turned over, it becomes identical with the o 1@

Hence the same necklace is the r&;@ th the orders of beads. In
such cases, therefore, the clockwise and Fclockwise arrangements give
only one distinct permutation. Q

L

Theorem

The number of circular tions of n elements of a set taken all
at a time, is (n—1)!, if cl ¢ and anti-clockwise arrangements are
regarded as distinct; i % regarded as identical, the number is
1
=[(n-1)] Q
Proof:

The nu ircular permutations of n elements can be obtained
by fixing th n of any one of these elements wherever it may be and

then by permuting the remaining (n — 1) elements.
This can be done in (n — 1)! ways.
Hence the required number of circular permutations is (n — 1)!
If the clockwise and anti-clockwise arrangements are not regarded as

distinct, the number is reduced by one-half.
1
Hence in such cases the required number is: z [(n-1)1]).

Example 1. In how many ways can 5 persons be seated at round table

conference?
Bolution: The number of circular permutations of n distinct objects is
(n—1)!. So the number of ways in which 5 person be seated at round table

conference is (5 — 1)! = 4! = 24 ways




Example 2. In how many ways, can 10 keys be arranged in a ring?

Solution: Since the clockwise and anticlockwise arrangements are identical.
(m—10 (10—1)1 9

So, the number of permutations = - 3 5 t g 181440
Solve daily life problemas involving permutation
Example 1. There are 9 competitors in a race for 3 prizes. In how many
ways, can the prizes be given?
Solution:
Heren=9 andr =3

|

o
Now Py = rr—rT d\
g1
987! Q

&!
= (9)(8)(7) = 504
Hence in 504 ways 3 prizes can be given to petitors.
Example 2. In how many ways, can one Red ball, one Yellow ball and
one Green ball from a box containing . 3 Yellow and 5 Green balls?
Solution

. cantakeuncredbu@ﬁeﬂcwb&ﬂandnnegrmnb&ﬂin

Pt - Py - P} ways

=4-3-5 ways. 0
= b6l ways.
Example 3. There 9 r@m nt posts vacant of which 5 must be held by

postgraduates uates, while the remaining 1 may be given to either
postgraduates or tes if B postgraduates and 6 graduates apply for these
posts, in how can the posts be filled?

Sclution: There 8 postgraduates and 5 different posts for postgraduates
alone. These can, therefore, be filled in %P, ways.

Similarly, the 6 graduates can fill the 3 posts for them alone in °PF
ways. When this has been done, 1 post still remains to be filled up and there
remain 6 candidates for the same. Thus the remaining 1 post can be filled
up by the remaining 6 candidates in °P, ways.

Hence the total number of ways required to fill all the posts are:

=% 6 fp= ..

= (B)(7)(6)(5)(4)(6)(5)(4)(6)
= 4838400 ways.




]

L

10.

11.

12.

13,
14,
15.

Evaluate the following:

M %P @) Ry (i) R (iv) (gﬂz) v (3,;4)
Find the value of n in each of the following:

H  "P=30 [i) Py =60 (i) P, =876

[IV} 11F'r:| =11.10.9 {"-":l I'l+2P*; I1+]F3 = 5: ] |:""1J an.: :I't—ll:;.3 =g:]

In how many ways different batting orders are possible for a cricket
team consisting of 11 players.

In how many ways can two English books, thre &’ﬂ-ﬂlﬁf books and
four Physics books be arranged on a shelf all the books of
same subject are together?

How many different arrangement can
using all letters? Also find the
them start with “R".

How many signals can be gi
of them are used at a time?
A fair coin is tossed thregi SHow many outcomes are possible? Find
by fundamental princip, ustrate using tree diagram.

How many 5-digit nuw% an be formed, without repeating any digit:

2,3,5,7,9 (i) 2,4,6,8,0

i  5,6,7,8,9 @
Prove that: @ :
(1) % e Py (i) "pr=n- Pr-1 \

How m@aﬂgcmmts can be formed using all the letters of the

of the word “MATRIX"
arrangements if each of

of different colours when 5

followi 5.

(i) ISTICS (i) ~ PLANE
iy “OBJECT (ivy FASTENS
(vy  MATHEMATICS (vij ASSISTANCE

How many B8-digit numbers can be formed from the digits
2,223,3,3,56?7 How many among these are greater than

60,000,000?
How many distinct permutations of letters of the word “ESSENTIAL"

are possible? How bmany will have the two S’
(i) together (ii) separate.

In how many ways, can 8 persons be seated around a round table?

In how many ways, 7 keys be arranged in a circular key ring?

How many 3-digit numbers can be formed by using each one of the
digits 2,3,5,7,9 only once?




How many numbers greater than 23,000 can be formed from the

digits 1,2,3,5,6 if digits may repeat?

Find the number of 5-digit numbers that can be formed from the

digits 1,2,4,6,8 (when no digit is repeated), but

(1) the digits 2 and 8 are next to each other.

(11) the digits 2 and 8 are not next to each other.

.8 How many 6-digit numbers can be formed without repeating any digit
from the digits 0,1,2,3,4,5? In how many of them will O be at the tens
place?

19, How many 5-digit multiplies of 5 can be furm&:(rum the digits

2,3,5,7,9 when digits may repreat? @

0

6.3 Combination Q

Combination is another method of n% ike permutation. If we
form subsets of a given set S of n ele% ch one of which has a
specified number of elements, say r (v < n)“%@flout any regard to the order

of the elements in any of these subse!@n each of these subsets is called

a combination. %

6.3.1 Define combinatiox i different objects taken r at a
time Q

Combinations %&ms from a set of n elements(nz=r), are
traditionally called “Cofgbugitions of n things taken rat a time”.

The num ways of selecting r things out of n different objects is
denoted by " ) In other words, the number of combinations of n
objects take t a time (r £ n) is denoted by "“C, or (:}) In combination
order does not matter.

y !

6.3.2 Prove the formula "C, = (") =
and deduce that
]
. {D - (u) = 1
. [‘I:} i {nrir]' [:lT-:| = [-]'!]11;' =N,
- ( n.:l L [n-} A5 {'1:1]

=14 !

riin—r)

The general formula for finding the number of combinations of n
elements of a set taken r at a time is given by the following theorem.



'
[
™ - -

Theorem: The number of combinations of n elements of a set taken rat a
Hme 1s
r
{?]} L1 Fr?
r r!

_nn=1)n-2).(n-r+1)
B ri{n—r)!

n!
T (n—r)!
Proof: We know that the number of permutations of the n elements of a set
taken rat a time is given by

"P=nn—1)(n—-2)..(n—r+ \ ..fi)
Each one of the combinations of r eler at can be formed
provides r! of these permutations. Thus by th@mt Principle we have:

(S)ri="P, Q'
r
Dividing each member by r!, we get: ‘ ’
n
ny _ =t
(T) - | Q
Substituting the value of P, fr @ i), we get:

n—2).(n—-r+1)

(:) = rl

Multiplying the numegas@r the denominator of the right member by

—r)! h if
i n{n—l}[n—z}...{n—r+'ljlfnur}!

Q/[T - rin—r)!
o B
1

... i)

= ri(n=r)!
Deductions:
B (=()=
Wy M
We have, (r) = ri{n-r)!
If r=n, then l
n n!
= —— 1
We get, {n) nln—n)

i.e. the number of combinations of n things taken n (all) at a time is 1.

Now, if r =0, then
R ___EJ_—=1
We get, (u] “0i(n—0)




_Ug” 4

T T B S Sy

n n!
Here we have (,] = ritn-r)!
ny_ n!
If r=n-r,then (n—r)  n=r)n=(n-r)j!
n!
2 (n— rj-'m

;)
ol | |
When we are selecting r elements out of n, in fact, we are leaving

(n - r) elements. Sometimes it is simpler to select (n— r) el@ments which are
left out. For example, if we have to select 90 students ﬂxﬁﬂﬂ, it would be
simpler to select 10 students whom we want to reject combinations of
r elements or (n—r) elements, out of n elements éled complementary
combinations.

()i C)QJ

We have, {.r:r) = (:)
r=1

Taking * 1
n n n
weget,  (noy) = (1) = 180 ooy = "
Hence, e E T M Q
N LS irn] !
f 0y \r- ]-’r — r o
n!
Proof: By usi

T n! n!
i (T) T (n-r+1)l(r-1)! ¥ (n-r)ir!
_ﬂ!r+n!~{n—r+1}
(n—r+1)ir
_n!{r+u~r+1}
T (n=r+1)ir!
_ (n+1)n!
T n=r+1r!
_ n+1)!
T (n+1-=-n)r

(1)




Hence, (:q) + (:‘) = (":1)

This rile is called Pascal’s rule.

Example 1. Find the value of (”].

Bolution (11) {111-;“ 5!

11-10:9-8-7- 6!

6!-5-4:3-2-1
= 462

gxample 2. If 2°C, = *C,, , find "Cg

Bolution: Here ®c, =, 6\
; n n!
B}r UEII'IE. (r) " r!(n_r}! \
20! 20! @

We have —

" (20—=r)!-r! {zn—r—z)r-@
1
= 20—1) -1 (20— =2) - r +2)!
1 B 1
= @o—r)-rl

z\ 20 (r + 2)(r + 1!

1
= B0 —r-D@ONT-2!' 7 @0 -r-2-F+2r+1)-T
-{z:r?q

Cancelling out [(20 — & from the denominators
1 < E 1 )
Wl (20 - r - 1) {(r+2)r+1)

; N
=§{Sﬁ+1} (20 —1)(20 - — 1)
= +2)r+1)=(20-1r)(19-7)
— > r2 4 3r 42 =380 —39r +r?
-—p 42r = 378
—7 r=9,
Hence, e = "Dy
9.8:7-6-(5) _9:8-7-6_9-8-7:6_
T @-51-(5) 4 4-3:-2-1
Alternatively,
we know that "Cr =
So, 200 =

But we are given that *°C,
Therefore by comparison,




— = L
Thus "Co = Ce = 126,

i

nple 3 Verify Pascal's rule whenn =8 and r = 4.

. H 1] o
Solution: If n = & and r = 4 then, according to Pascal’s rule (_.!} + (4) - (¢)

8y (8 81 81
Ltk [:t) * (:] “@-3)-3 " @4

m 8! Al 8!
T E.3 A4 5-41-31 41-4-3)
H' I i 1) .K
&l 3!(5 3
9 - gl 9 91

i e | - ZH..H.S
T 5-41x4-31 51-41 (9-—4)

tence, (2)+ (%) = () (_}2’

i.e., Pascal rule is verified.
6.3.3 Solve daily life proble \leving combination
Example 1. How many match i e played among five cricket teams, if

each team has to play once ag ther.
Solution: This is the c bination in which two teams are to be

selected out of five t@%
51
S0, required num ches = [5) 2,' gaxtad) 10,

13! 2x3!
Example 2. ent in a college consists of 3 professors and 6

students. A is to be arranged. In how many ways can a party of
five tourist be en so as to include at least one professor?

Solution: The party may consist of
(i) 1 professor and 4 students, or
(ii) 2 professors and 3 students, or

(iii) 3 professor and 2 students
These can be chosen in:

m D@ @G- i @) (E) ways respectively.

All these choices are independent. Hence by the sum Principle, the
required number of ways is:

() ()+G)G)+6)¢)

= (3)(15) + (3)(20) + 15 = 120.
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Example 3. In how many ways can a party of 5 students and 4 teachers be

formed out of 18 students and 6 teachers?

—_—

solution: The students can be chosen in { I

} = i
- } ways and the teachers in (‘1’]
wWays.
Hence, by the Product Principle, the required number of ways is:

18 &

! 5 } ' (.-1}
18! &Gl
(18—5)-5!" (6—4)-4!

18:17-16-15-14+13! 6-5-4-3:21 :
13°5-4-3.2.1 204 ;\ .

= 128520 ways.

1. Evaluate the following:

e im(;Q& i) (2)

: 7
® () NN
2. Find the value of n whe%
(1) z "CE - {iii) ?l'[-:u o u'::.
(iv) _ "Co="Cy i) "Cpp =
3. Find the v of i1 and r, when: \
(i) “ nd "C, =35 ) " MM = 361
4. If C, = Y2C,,4 then find °C,.
(i) e, = MCyo then find 2°C,.
5. The members of a club are 12 boys and 8 girls. In how many ways,

(ij a committee of 5 members be formed?
(ii) a committee of 4 boys and 3 girls be formed?
6. A box contains 7 red balls and 6 black balls. In how many ways can 5

balls be selected such that exactly 3 are red?

7. How many (a) diagonals and (b) triangles can be drawn in a plane by-
joining the vertices of the polygon having:
(1) 6 sides (ii) 8 sides (iii) 10 sides

8.  Show that: °Cs+ "Cs = '"Cs.

9. There are 11 men and 9 women members of a club. How many

ey -



committees of 8 members can be formed, having:
() exacily five men (1) at most five women

(i)  at least five women. ) :
Find the number of combinations of the letters of the word *Question

taken 5 at a time
How many words can be formed by 3 vowels and 4 consonants out of

5 vowels and 7 consonants.

Probability
The word “Probability” is commonly used in everyday speech. We say:

“It will probably rain tomorrow”; “He will probably pas xamination”; or
“The black horse will probably win the race”.

Probability has become a science that m % chances of success
or failure of an untold number of occurre r man's benefit. The
numerical measure of uncertain statementg is, irfdct, called probability.

The theory of probability is of portance in a number of

mortality and insurance, biologi ysical, medical, engineering and

modern fields. It is particularly c@iﬂ solving problems related to
social phenomena. It is also usefgly r daily life.

65.4.1 Define the fo g

statistic t

sample @ d an event
mutphlily emflusive events

e \@kely events

d nt and independent events

ustive events
i oggible event

@

* simple and compound events

(i) Btatistical Experiment
The process by which an observation is made is called an statistical
experiment or a trial.

Examples:
(i) Rolling a dice.
(id) Tossing a coin.
« ODutcome

The results of an experiment are called outcomes or logical
possibilities.




(i} Outcomes of an experiment of tossing a coin are head and tail
(i1} A possible outcome of an experiment of rolling a die is 1,2,3,4.50r 6
=T P i
Every possible outcome, no two of which may be outcomes at the
game time, is called sample point or an element
Exanmple: Head is the sample point for the experiment of rolling a die.

(i) Sample Space and an event
| H,:_|1'!":|' .‘-'-i'ﬂ.- Ce
A set of all sample points or outcomes of an expegiment is called the
sample space or an outcome set and is usually dmﬂtﬁ

The sample space for rolling a die is 5 = [I,E.Sﬂ\-
(B} Event

Any subset of a sample space is called nt.

A subset of a sample space havin ent at all is called a null

space or empty space and is denoted by

(iii) Mutually Exclusive events

Two events are said to be, Q}r exclusive or incompatible if they
cannot eccur simultaneously i imgle outcome, In other words, if one of
the events excludes the occu of the other event in an outcome, then
they are said to be mutu ive. Thus, two events A and B are said to
be mutually exclusi B=@ , i.e. if A and B are disjoint sets. For
example, in a single t f a coin, the events A=fhead} and B={tail} are
mutually exclusi r if one occurs the other cannot happen.

taking into consideration all the relevant evidences, there is no reason to

expect one in preference to the other.
For example, in the tossing of an unbiased coin, both the faces are

equally likely to come up; or in the rolling of a fair die, all the six faces are
equally likely to occur. If each member of a set has an equal chance of being
selected, we say that there is a random choice or a random selection.

(v) Dependent and Independent Events

(a) Dependent Events
Two events are dependent if the outcome or occurrence of the first affects

the outcome or occurrence of the second.




Example: If we draw two colored balls from a hag, and the first ball is not
replaced before you draw the second ball then the occurrence of the second
drawn ball will be affected, hence both events are dependent events,

b} Independent Events
Two events are independent if the outcome or occurrence of the first
event does not affect the occurrence of the second event.

Some examples of independent events are:
[} Getting a head in tossing a coin and getting a 5 in rolling a die.
(i) Choosing a marble from a jar end getting tail in tossing a coin.

(vi) Exhaustive events &
Let A and B be two events of a sample space 5. T% and B are said

to be exhaustive, if AUB = 5. \'
In the case of rolling a die, the two events, .Q

E = {4 and F = {3} are not exhaustive fi F =5 while the events
A = thead} and B = {tail} in the tossing of a gfin, sxhaustive as AUB=S5in
this case.

{vii) Impossible event
An impossible event is an Efe%? cannot happen.
Example: In flipping a coin unc\!\ ossible event wonld be eetting both
a head and a tail.
(wiii) Simple and
{a) Simple Event < ;
An event cogtain nly one element of the sample space, is called a

simple or an ele event.
For ex throwing a dice, the event A of getting 4 is simple

event. In ample space = {1,2,3,4, 5,6} and event A = {4}.
(b) Compoun ent

A compound event is one that can be expressed as the union of
simple events.

The event B = A set of getting head or tail in tossing a coin. It is a
compound event, since B = {head} u {tail} = {head, tail)

[t may be noted that the union of simple events produces a compound
event that is still a subset of the sample space.
Complementary Events

Two events A and B of sample space S are called complementary
events ifAUB=Sand AnB = 0.

Note: The compelement event of the event A is denoted by A’ or A




For example, the events 4 =

die with 5 = {1, 23455}
and ANB=0.

12,4,6} and B = {1,3,5) in the rolling of a
are complementary events, because AUB =35

6.4.2 Recognize the formulg

of an event E, that is

|rl
P(E) = ==, 0<P(E)<1

11-"T|

for probability of occurrence

If S is a sample space and E is an event such that E c S, then the
probability that the event E occurs is defined as

P(E) = 1E) \
Since E ::(g} \,Q,
n(E)<n(s) Q

P(E)=P(S5)
e P [E] <1 ()F{S} = 1)

E 18 an even

|

= P(

Combining (i) and (i), we get, 0 <%}

Thus this result gua_r @ at no probability may be less than zero

or greater than one. P(E %%+ that E cannot occur, i.e., when E =0 and
P(E) = 1 means that E r, i.e, when E = S,

6.4.3 Apply t ula for finding probability in simple

cases \
Example 1 ontains a red, a vellow and a blue marble. What is the
probability o ing a red marble?
Solution: There are three possible outcomes, picking a red marble (1], a
yellow marble (y) and a blue marble (b).
Therefore, S ={ry.b}
Let, E be the event of picking a red marble, i.e, A = {r}.
Hence the probability of picking the red marble is:

D(E)
P(E) = ['.I_{SF 3

Example 2, A basket contains two white balls and two black balls. What is
the probability of drawing two black balls?
Solution:
Here, the sample space § = {(w,w), (w,b), (b,w), (b,b)}.
There is only one favorable case for the event E.

T o

...{ii)




For example, the events A = (£ 4.6] and B={1,3.5} in the rolling of a
die with 8 =11, 2, 3, 4, 5
and ANB=¢

» O} are complementary events, hecause AUB=§
9.4.2 Recognize the formula fos probability ol o«
of an event E, that is

P(E) = — D<P(E)<1

s

If S is a sample space and E is an event such that E ¢ S, then the
probability that the event E occurs is defined as

_n(E
P(E) = ﬁ Qj\
Since EcS \,
n(E}< n(S) Q‘
= P(E}=P(S)
ie. P(E)=1 @ P(S) = 1)
~ E 1s an event

~n(E)y=0
- P(E)2 Q ..{ii)

Combining (i) and (i), we get, 0 %i £ 1.
Thus this result gu at no probability may be less than zero

J

or greater than one. P(E) = that E cannot occur, i.e., when E =0 and

P(E) = 1 means that E ,l.e. when E=8S.

6.4.3 Apply the la for finding probability in simple
cases

Example 1. A tains a red, a yellow and a blue marble, What is the

probability : £ a red marble?

Solution: Ther® are three possible outcomes, picking a red marble (r], a
yellow marble (yv) and a blue marble (b).

Therefore, 5 = {r,y,b}

Let, E be the event of picking a red marble, i.e, A = {r].

Hence the probability of picking the red marble is:

_O(E) 1
GORE

Example 2. A basket contains two white balls and two black balls. What is
the probability of drawing two black balls?

Solution:

Here, the sample space § = {(w,w),(w,b), (b,w).(b,b)}.

There is only one favorable case for the event E,




I = An event set of drawing two black balls = {(b, b)}.
E 1
Hence the probability of drawing two black balls is: P(A) = % =3

txample 3. Two coins are tossed together once. Find the probability of

getting at least one head.,
oot ion HE-'!T-', sample space, B= [HHJ H-T_TH.‘rr_]-, where H dﬂnﬂtﬂﬂ head

and T denotes tail.

Let, E be the event of getting at least one head.
Le., = {HH, HT, TH}

Therefore 0(5)=4 and (E)=3

Hence F(E]=%~ Q}
0.4.4 Use Venn diagrams and tree f&t oL
: vent

probability for the occurrence o

Venn Diagram: 0

A Venn diagram can be used resent the
outcomes of an experiment and is elpful to find
probability. It generally consi rectangle that
represents the sample space er with circles or

ovals. The circles or sent events. For
example, in throwi

e events A, B and C (Fig. 6.9)
along with the sam s are shown through Venn diagram (Fig 6.4)
where A be the of ing a prime number, B be the event of getting an
even number the event of getting both prime and even.
The nn diagram in finding probability is explained with the
help of the fo g examples.
Example 1.

Let A be the event of getting tail on the first coin.
and B be the event of getting tail on the second
coin when two coins are tossed.
Find P{ANB) and P(AUB) with the help of Venn
diagrams
Bolution:
Here, sample space is
5 = {HH, HT, TH, TT}.
Event A ={TT, TH} and event B = {TT, HT'.
Therefore, ANB = {TT} as shown in Fig 6.5.




Using Fig 6.5, P(ANB) = | = 0.25

and AUB ={TH, TT, HT}. as shown in Fig 6.6. P rr'f -]
Using Fig 6.6,  P(AUB) =3 = 0.75 ( R
Example 2. 40% of the students at a local college ! /I 4
belong to a club and 50% work part time. 5% of the - "'ﬁ =
students work part time and belong to the club. Find [Fig. 6.6)

the probability with the help of Venn diagram (i) that a 4
student belongs to club and works part time.

(ii) that a student belongs to club or works part time.
Solution:

Let C be the event that student belongs to a CII.K
and T be the event that student works part tier

By using Fig 6.7 cnNT_
« The probability that the student bel QA club g o
is: P(C) = 0.40 -
* The probability that the student @5 time
is: P(T) = 0.50
Using Fig 6.7 N
# the probability that the s \’Iﬂ‘ longs to a club
and works part time is: = 0.05 o T
Using Fig. 6.8, Q cu (Fig. 6.8)
» the probability student belongs to a 3
club or works is:
P(CUT) =085 \
Tree Diagr
We y studied that a tree diagram is a special type of diagram

used to de ine the number of outcomes of an experiment. It consists of
"branches" that are labelled with numbers of outcomes or probabilities. Tree
disprams can make some probability problems easier to visualize and solve.
The following example illustrates how to use a tree diagram.

Example 1. There are 11 balls in a basket in which three balls are red
(R) and eight balls are blue (B). Draw two balls, one at a time, with
replacement. With the help of tree diagram, find the number of BR

outcomes and
a. Calculate P({RR).
b. Calculate P{RB U BR).
€. Calculate P{Ron lstdraw N B on 2nd draw).
d. Calculate P(BB).




Solution:

"With replacement™ means that we prat Tree disgram showing
the first ball back in the basket before we select et e earries
. ‘r.
the second ball. The tree diagram shows all the 1
g ; X i Iat Draw
possible outcomes (Fig. 6.9) / \

We have, Total numbers of outcomes /@7 7
=64 + 24 4+ 24 + 9 = 121 \ \
2nd Dr
The first set of branches represents the by ) -

first draw. The second set of branches

represents the second draw. Each of the 64BE 24HR 24RE 9RR
outcomes is distinct. We can list each draw (Fig. 6.9)

containing red balls as R1, R2, and R3 and
blue balls as B1, B2, B3, B4, B5, B6, B7, and BE. outcomes can be

listed as under.

BIR1 BE1IR2 BIR3 B2R1 B2R2 B2R3 B3 B3R3
B4R1 B4R2 B4R3 BSE1 BSR2 BSR3 B6R 2 B6R3
B7R1 B7TR2 B7TR3 BS8R1 B8R2 EEEExﬁutmmﬂal

Also, with the help of tree di
Number of BR outcomes =

Using tree diagram (Fig. 6.9)

a: P[RR = Q
b: P(RB U ER%
c: draw N B on 2nd draw) = P(RB) = £

121
d:

Example 2. In tan d deck of 52 playing Tree m&f&ﬁ ghnwmg

cards, twelve cards are face cards (F) and 40 et

cards are not face cards (N). Two cards are

drawn one at a time, without replacement,

Using tree diagram '

a. Find P(FN or NF).

b. Find Plat least on face card).

Bolution: The tree diagram is labeled with all
possible probabilities. (Fig. 6.10)

il ]
& P(NorNF) = ygot- ol 2 L g I

960 2,682 2,682 3,652 2,682
- 7+ fa 0.362 FF FN NF NN




b. Plat least one face card)

(132 + 480 + 480)
' 2,652

= 14118

The conditional probability of an event B in relationship to an event A
is the probability when event A has already occurred. The notation for
conditional probability is P(B/A) [read as probability of event B given A] and
is determined by:

P(B/A) =

P(ANE) @K
IO
A single six sided die is rolled once: ine the probability

that a 2 is rolled. Given that an even num ady been rolled.
&alitisn: The sample space for this e en} is 5 = {1,2,3,4,5.,6}
= {2V,

A is an event that 2 is rolled i.e is an event that even number
is rolled i.e., B = {2,4,6}. Now probabilj

Example 1

L)

L
Example 2. A family Ma ‘Q&gimm. Determine the probability that the
family has; (i) one bo! one girl given that the first child is a boy.
(ii) %o girls given that at least one is a girl.

Balullan: H B, BG, GB, GG}
(i) is an event of having one boy and one girl
=

ie., BG, GB} and B is an event of having first child is a boy
i.e., B={BB, BG}
We have, AnB={BG}

P(ANB) 3

P(B) "i

(i)  Let A is an event of having both girls i.e., A={GG} and B is an
event of having at least one a girl i.e., B = (BG, GB, GG}

P(ANB) 1
Now, P(A/B) = ':? ) . 3

1
Now, P(A/B) = =3




adlalatnind Wil

'|.1I:1'h.1hqt|,'-.| PiALI ) 1" A

where. A and B are Two ¢ vent

Deduce that FIAUB) PA) P
mutually exclusive evenis
To write down the elements of a sample space S and to count the
number of favourable cases often proves tedious in practical problems. To
facilitate the computations of probabilities in such cases. We have the
following theorems in which we shall denote
the probability of A or B by P(AUB), \
and the probability of A and B by P(ANB). Q)
Theorem 1: [Addition law of probability) \'
If A and B are two events of sample space S, thero

P(A UB) + P(ANnB) = P(A) + P(B).
This law is called addition law of probability.

This can also be written as:
P(AUB) = P(A)+ P(B nB).
Proof: From Venn diagram (Fig. 6 it is clear that

O(A U B) + O(A N B) 0(B) AnE

Dividing both sides by 0(5) - ST .

O(AUB) Of (A) O(B) |
We get, 0(S) p’ 0(S) 2 0(S)
ie., P(Au B) = P(A) + P(B) LT
Corollary: If A gfid B D¢ mutually exclusive events, e 520

/ % P(AUB) = P(A) + P(B)

This result c extended to any finite number of mutually exclusive
events A,, ..y Ap. That is, if A}, A4, ..., A, are disjoint subsets of S, then

the probability of at least one of them is given by
PAUA UL UAD =PAD +PA) + -+ P(A,)
Theorem 2:

If A and A’ are complementary events in a sample space S, then

P{A)+P(A)=1 s
Proof: Venn di ig 6. w5 W /
of: From d:grmnuﬂ': E[Fig 6.12) % % %
= PIAUA') = P[S)
= i P(A) + P(A') = 1, (By using addition law of 7 4
probability

P(A) = 1 — P(A)
and P(A') = 1 - P(A).




Y -

Pie) - 0.
Proof: Since PUE=5

Therefore, P(S)=P(@ue)
= 1=P(®) + P(®), (By using addition law of probability)
1=P(@) + P(S), |[Since@=5—0=25|
= 1=P@)+1, [Since p(S)=1]
= p@=

[t'LI : ASB €85, then I /ﬁg’;’"ﬂf*
i 4@

Proof: According to Venn diagram (Fig. 6.13)

B = AU (AME). ‘8- O
Also, AU(A NB)=(AUA)N (AU B)ddi ive law)
=Sn(AUB) i ;
-ﬂUB

\Q\ A € B)
From Venn diagram (Fig. 6. 14] +
An(ANnB) =
i.e.,, A and (A'NB) are dm_]u

Therefore P(B) A nB) ; ]
="¥(A) + P(A' nB) R .
But P( ) = (Fig. 6.14)

Ar
Therefore Q P(B) = P(A)
or P(A) = P(B).

Hence proved.
6.4.7 Rét:n hize the multiplication theorem (or law
probability: P(A n B) = P(A) - P(B|A) o
PIANRB) P(B): P(A|B) where P(B|A) and P{AIB) ar¢
conditional probabilities.
Deduce that PANB) P(A): P(B) where A and B are

independent events

Multiplication theorem of Probability

If A and B are events of sample space, then the probability that both
A and B occur is equal to the probability of the event A times the probability
of B given that A has occurred.




L

ie., P(A N B) = P(A) - P(B/A)
Also, P(ANB) = P(B) - P(A/B)
where P(B/A) and P(A/B) are conditional probabilities. This 1s multiplication

rule for two dependent events.
In the case where A and B are independent (where A has no effect on the

probability of event B), the conditional Probability of event B given by event
A, is simply the probability of event B, that is P(B).

So, P{An B) = P(A)-P(B)

Example 1. A box contain 5 black and 7 red balls. Two balls are drawn from
the box one after the other without replacement, what is,Qe probability that
both balls are black balls. Q)

Snlution
The total number of balls in the box is 5 éﬂ Let B, is the event
of getting first black ball and B; is the event of second black ball.

Here, both events are dependent events.

S0, P(B; N B;) = P(B,)P(B;/B,
5 0 5
e {j'ﬁ ~ 33
Example 2. A coin is tossed gle 6-sided die is rolled. Find the
probability of getting head of and rolling a 3 on the die.
Solution:
Let A be the event a head and B be the event of getting a 3
on the dice.
. Both events are
/ [ﬂﬂ B} F{ﬁ.] F[B}
12

6.4.8 Use “heéorems of add:tmn and multiplication of
probability to solve related problems from daily life

(1) Problems of theorems of addition of probability.

Example 1. An integer is chosen at random from the first 200 positive
g-;tegeru. What is the probability that the chosen integer is divisible by 6 or
Balution: Here S ={1,2,3,...,200)

Now the number of integers divisible by 6 in the first 200 positive
integers = 33.

Again, the number of integers divisible by 8 in the first 200 positive

integers = 25,
PO "




i }

e . 4 :
Al | .'q: hatl
R TN AT 1’.‘-:* 2} A

Also, the number of integers divisible by 24 (L.C. M of f and 8] in the
first 200 posilive infegers is 8
Let A be the event that the chosen integer is divisible fi‘;."' f

e, A={6 12, 18, . 194)
Let B be the event that the chosen integer is divisible by &
ie., B={(8 16, 24, .., 200 |
ANB = {24,48,72,96,120, 144, 168,192}

Now, P(AUB) = P(A)+P(B)—P(ANB)
_ 33 N 25 8
T 200 200 200
_ 50 1
200 4
Example 2. [f the probability of solving a problem students Ahsan
1 1 s
and Umar are 2 and 5 respectively then wha@ e probability of the
problem to be solved.
Solztion: Let A and B be the events of i e problem by Ahsan and
Umar respectively. We have P(A) 2—12- and -;
The problem will be solved if it is so at least one of them.

So, we need to find P(AU B).

e
A and B are mdependenﬁ
P(A N B) = P(A) x P(B) -

By addition theorem o , we have
+ P(B) — P(An B)

MERREL.CW
*372%3727378 6 3
of multiplication of probability

4 3 2

"~ 1,32,600

e 8

~ 5,525
Example 2.In a shipment of 20 computers, 3 are defective. Three
computers are randomly selected and tested. What is the probability that all
three are defective if the first and second ones are not replaced after being

tested?



Solution:  P(3 defectives) = oz« = - = o = L
fxample 5. Suppose an individual applying to a college determines that he

has an 80% chance of being accepted, and he knows that dormitory housing
will only be provided for 60% of all of the accepted students. What is the
chance of the student being accepted and receiving dormitory housing?
Solution: P (Accepted and Dormitory Housing)

= P(Dormitory Housing|Accepted) - P(Accepted)

= (0.60) - (0.80) = 0.48.
Example 4. A jar contains 3 red, 5 green, 2 blue and 6 yellow marbles. A
marble is chosen at random from the jar. After replacing it, a2 second marble
is chosen. What is the probability of choosing a greeréthen a vellow

marble?
Solution: K"‘

P (green)= 1 @Q

P (yellow) = %
This is the case of independent Evtnl%,

P (green and yellow) = P (green): P ow)
5 &
\“9%5

EXxercise 6.4 :
# 1. Two fair coi YéfSed. Find the probability of getting:

(i) Same (ii) All heads (iif) At most one head
tail (v) At least one tail

one red and the other green, are rolled simultaneously. The
numbers of dots on the tops are added. Find the probability of getting
a sum of:
(i) 8 ii) 10 (i) 12

3. A bag contains 40 balls out of which 5 are green, 15 are red and the
remaining are black. A ball is drawn out of the bag. Find the
probabhility of getting:
(i) The ball is green (ii) The ball is black (iii) The ball is not green

q. A card drawn from a well shuffled deck of cards, find the probability

of:

[i) getting a King (i) getting a club (iii) getting a face card




A die is molled . Find the probalality nsing Venn disgram of gething:

(1] an even number {11 a number greater than A

(i} a number which is even and greater than 4

I a three child family, by nsing tree dingram Fine the probability of
having

(i) three boys  (il) exactly two boys (i) at least one grl

In a single throw of two fair dice, find the probahility that the product
of the numbers on the dice 1s:

(1) between 2 and 10 (both inclusive) (ii) divisible by 5

A marble is drawn at random from a box containing 20 red, 10 white,
25 orange and 15 blue marbles. Find the probabilityfthat it is:

[i) orange or red [iij not blue or red (iii) re ite or blue

The king, queen and jack of clubs are rem m a deck of 52
playing cards and then shuffled. A card is from the remainng
cards. Find the probability of getting:

(i) a heart (ii) a queen (iii)& cl [iv] ‘9’ of red color

A pair of fair dice is thrown. If the numbers appearing are
different, find the probability i} e sum is 10, (ii) the sum is six

or less.

Given that P(A) = 0.3, P( (.P. n B) = 0.21 then find:

(i) P(A/B) (i1) P

If one card is select dom from a deck of 52 playing cards,
what is the pro card is a club or a face or both?

From two even E- P(A) =05, P(B)=02 P(AUB)=04 then
find P(AN
Ana is chosen out of first 35 natural numbers. What is the

ili the chosen number is divisible by 8 or 97
A bag ins 15 black, 25 red and 10 white balls, A ball is drawn at

random. Find the probability that it is either m:l or wh:te?
Two events A and B are such that P(A) =3, P(A/B) = 5. P(B/A) = :

Find P(A n B) and P(B)?
A fair die is thrown twice. Find the probability that an even number of
dots appear in first and the number of dots in the second throw is
less than 47

Three missiles are fired at a target. If the probability of hitting the
target are 0.5, 0.3 and 0.6 respectively, and if the missiles are fired
independently, what is the probability that all the missiles hit the

target?
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Ifn=0,then——=
n!

(a) O (b) 1 c) n (d) oo
Probability of getting 7 in throwing a dice is:
() 0 (b) 1 {c) -1 (d) Not defined
The factorial form of 12-11-10 - is:

! 2
(o) = (b) 12! ©) (1;) | (d) (120 - (9

If two independent events A and B occur in p an s respectively,

then number of ways that both events can

(a) p+qways - (b) p.gways (c] (pq)" was (d) rp + gr ways
An arrangement of n objects ﬂ.[:cnrdin@ ome definite order is
called:

{a) Combination Permutation
(c) Factorial (d) none of these
An arrangement of n objects wa t'any order is called:
(a) Combination . (b) Permutation
\ (d) none of these

(¢) Factaorial \
The number of pmnuta% the letters of the word COMMITTEE is:

(a) (E, g_ 2) iWQ 2. 2 (c) (z, z 1) (d) (L g 1)
8.7.6 is equal to:
(a) *Py (b) “Cy (c) °Ps @ °Gs

fr=n r is equal to:

(a) r! (b) (n—r)! €1 (d) 0

The n r of ways that a necklace of n beads of different colours be
made is:

(@) (2~ 1) )= Sl @ =2
Any subset of a sample space is called: : :
(a) Sam_ple space (b) an event

(c) & Trial (d) Random variable

For two E‘-'Entahﬂndﬂifﬂnﬂ=ﬂ,ﬂlenﬂentaﬁandﬂmnaﬂ:d:
(a) Muma]]:,rrexclualve (b) Not mutually exclusive

(c) Overlapping (d) Dependent events

When a dice is rolled and coin is tossed, all possible outcome are:

(8) 6 (b) 12 (c)18 (d)24

= &
1*_‘*“ '5:-__ - Qnr
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If two events A and B have equal chance of occurrence, then the
events are:

(a) Equally likely (b) Not equally likely

(b) Dependent (d) Not mutually exclusive
If E be an event of a sample space S, then:

(a) P(EJ=%§% (b)0<SPE)S1

() 0<P(E) <1 (d) all of these

The probability of getting the tail in a single toss of a coin is:

1 2 1 1
(@) 3 (b) 3 (c) 3 (d) 3
Three dice are rolled simultaneously, then n(S)i to:
(a) 36 (b) 1B (e (d) 6
Two teams A and B are playing a match bability that team A

does not lose is: Q
1 2
@3 (b) 5

If "Cs = ™Cy;, then n equals: :

(a) 18 (b) 1 ‘\\o-) (c) 6 (d) 20

Evaluate the following:

_ ua‘c,#i{: Q ®pyx *Py (iid) i e

() T{{K ) —Top 2
5 5

There are seven available in a compartment. In how many ways

2
Y (d) O

can s be seated?
A ps. From a collection of 10 light bulbs of which 6
are

. a person selects 3 at random and puts them in the
sockets "What is the probability that he will have light?
If two dice are thrown simultaneously, what iz the probability of
obtaining a sum of 7 or a sum of 117
A bag contains 8 white, 10 black and 12 red balls. 3 balls are drawn
from the bag. What is the probability that the first ball is white, the
second ball is black and the third ball is red, when every time the ball
is replaced?
mhnwmmywayﬂmnaﬁ:utbaﬂumnufllplmsbgmmmtgf
15 players? How many of them will include a particular player?




Mathematical
Induction and
Binomial Theorem

7.1 Mathematical Induction {\

A powerful method of proof, frequently 1|.15xE mathematics is
mathematical induction. This method is not to be Q‘ d with the method
of inductive logic used in the experimental smcn@ hich generalization is
formulated by observing many specific cdses. contrast, mathematical

induction is a form of deductive rea in which conclusions are
established beyond any doubt. Q
7.1.1 Describe principle @ematical induction

Principle of Mathematical In

If P(n) is a proposition a

o P |(n)is true for

y ¢ P (n)is truejor n implies that it is also true forn = k + 1.
Then P (n) is positive integers (natural numbers) n.

Principle o matical Induction when Proposition P (n) is not true
for the first values of n

integer (natural number) n such that

Sometimes a proposition P(n) is not true for the first few values of n
and is true for all successive values after a certain stage.

For an application of the method of mathematical induction to such cases,
the principle of mathematical induction is modified and restated as under.
If P(n) is a proposition about a positive integer n such that

* P(n) is true for n = i, where iis a positive integer, and

» P (n)is true for n = k + 1, whenever P(n} is true for any positive integer
n=k.
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By using principle of mathematical induction, prove that the
following formula iz true for all positive integral values of n.
2+ 4 +06+4++2n=nin+1)
Prool:
(i) Forn=1,wehave2=1(1+1)or 2=21ie, P(n)is true forn=1
(ii) Assume that the formula or P(n) is true for some positive integer n = k.
ie, 2+4+4+6++2k==k(k+1) i)
Now we shall prove that the proposition is true forn =k + %at is, we shall
prove that: 24+ 4+64-+2k+2(k+1)=(k+ 1) 1}
By our hypothesis, we have
24446+ +2k=k(k+ Q
Adding 2(k + 1) to both the sides of equationgil, t
24446+ +2k+2(k+B=kk +1)+2(k +1)
=(k+1(k+2)
= (k+ 1){(k+1)+1}.

i.e., P(n)is true forn=k ever it is true for n = k. Hence by
principle of mathematical inducti e proposition is true for all positive
integral values of n.

Example 2. Prove that ’@M» for all integral values of n = 3.
at

Solution:

It can well be see fowh = 1 and 2, the proposition gives Z>3 and 4 > 5
which are false.

We therefore modified form of mathematical induction.

(i) Here, i so P(n) for n = 3 gives
(2-3+1)
or 8 > 7 which is true. So, P(n) is true for i = 3.

(ii) Assume P(n) to be true for n =k, i.e.
2% = (2k + 1)
Now, multiplying both sides of the above inequality by 2, we get
2.2% > 2(2k + 1),
= 2¥154k+2,
= 2kt = 2k + 2k + 2.
Deducting 2k from right side and keeping 1 instead, the inequality
statement holds and we have,
26+l 5 2k +1 42

T
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ra=LwehaveZ=1(1+1)or 2=2ie.Pim

5 tue forn=1

il Assume that the formula or P(n) is true for some :rnhsi:ir::::ﬁe.: n=k
Le.. 2-4~ﬁ~----2k=k[;;_1_]‘ > i

Now we shall prove that the proposition is ue for n = k4 SQ-: is, we shal

~rove that: 2446+ + 2+ 2(k+1) = (k- Diti AP 1)),

By our hypothesis, we have .

E+-‘,-+E+---_—1k=k{k+2*o’

Adding 2(k = 1) to both the sides of equaﬁub

-
i
kY

2+4+b6++2k+2(k+ i -1 +2(k+ 1
=k+1)(k+2)

: ; \Q={k+u{{k+ufl}_
L., Plu) is-true Mg 34 it is wue for n = k. Hence by

principle of mathemartical indu proposidon is true for all positve
integral values of n.
fxzmple 2 Prove that “Q{ for all integral vahies of n > 3.
Solution:
It can well be see = 1and 2, the proposition gives 2>3and 4 > 5
which are false.
We therefore, modified form of marthematical induction.
)  Here, d so P(n) for n = 3 gives
2% (2:3+41)
or 8 >7 which is true. So, P(n) is true for i = 3.
i) Assume P(n) to be true forn =k, i.e.
25> (Zk + 1)
Now, multiplying both sides of the above inequality by 2, we get
2.2% > 2(2k + 1),
= 251 4k + 2,
= 28152k +2k+2
Deducting 2k from right side and keeping 1 instead, the inequality
statement holds and we have,
251 5 2k + 1+ 2




or 2"'>2k+2+1
i.e., 2841 = 2 (k + 1) 4 1. Therefore, P (n) is also true forn=k+1.
Hence, by the principle of mathematical induction P(n) is true for all
mtegral values of n = 3.
sample 3 Using the principle of mathematical induction prove that:

“{HH}, for all natural numbers n.

1+2434+n=

Peond

1(1+1
(i) Forn=1, P(n) becomes 1 = [—2—}

or 1=1 K

So, P(n)istrueforn=1 _
(i)  Assuming the result to be true for n = k , we b ypothesis:
k(k +1
142+3++k= (
Now we have to prove that the result is al &rn=k+1.Tu do so, we
add (k + 1) to both sides of the above hyp ig and get

[k; L +(k+1)

= (k +1) (‘+1;- (k+1)-

Q\\ (k+1][(k+1)+1}
Q 2

i.e., P(n)is true forn =k + 1.

Thus, by the prin: %{ athematical induction P(n)is true for all natural

1+2+3+-+k+(k+
(k 2}

/ numbers n.

Exam pln

nin+1){2n+1)

n? = P for all natural numbers n

Prool
If P (n) represents the above proposition, then

ti) for n = 1, P(n) becomes 1° = 1[1"'1:’;2'1“)

_1(2)(3)
6
or 1=1 which is true.
ie., P(n) is true forn = 1.
(i) Suppose that P(n) is true forn =k, i.e.,
k(k + 1)(2k + 1)
6

124224324 4 k2=

(1)
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To prove Pim to be trae for n = & V1 we add (k4 1) to both sides of 8 I‘I

the above equation (i)

#4227 4+3% 4+ 4+ K24k + 1y? __"E“" F 12k H1)
L
(k+1)

== [h(2k + 1) + 60k + 1))

(k + 1)

[2k* + 7k + 6)
_ (k+1)(k + 2)(2k + 3)

(k4 1)%

6
_ (ke + Dk +1) + 1} {2[§+ 1)+ 1)
6
This, in fact, is the same as the given proposition =k +1.

Thus, the truth of P(n) for n = k implies its truth &'k + 1.
Hence, by the principle of mathematical i.m:luc% (n) is true for all natural

numbers n.

Example 5. Prove that: 17 4+23 433 4. p¥ = [
numbers n. %

Proof:

i. For n = 1, P(n) become \\
g 1.(1+ 1}]

% 1= 1 whmh is true.
P(in)istrueforn=1
ii. Msu@ } is true for n = k.

1P+2° 43+ + k¥ = [
Adding (k + 1)* to both the sides, we have

k(k +11°
P+224+33 4.4 k3+(k+1}3=[( )
{k+ 1)*

+(k +1)3

2
={k: H [k® + 4k + 4}

_ (k + 1)2(k + 2)2
4

=I[k+1]{(k+1}+1] :

2

Y -

nin+1) 2

, for all natural

k(k + 10°

[k + 4k + 1)}
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Thus, itistrueforn=k + 1.
Hence, by mathematical induction P(n) is true for all natural numbers
Prove that 2™ —7n—1, is divisible by 49 where n is any
positive integer.
Proof:

(i) For n = 1, the given expression becomes
2 _p—-1= 231-7:1-1

= B-7-1=0
Since zero is divisible by 49, the given statement is true for n = 1.
(ii) Assume that the statement is true for n = k, i.e., \

23k _ 7k — 1 is divisible h@
Now for, n =k + 1, we have

23(!:+1] L ?{k 4 1:-' -1 = 23I|:+3 — Tk _"i Q

=823 -
=832% -@— 8+ 7(7k)
= — 7k — 1) + 49k

By our hypothesis (2% — 7k — 1] is «divisible by 49 and 49k is obviously
divisible by 49. Therefore, the jion is also divisible by 49 for
n=k+1. %

Hence by mathematical in e given statement is true for all positive

integral values of n.

Exercise 7.1 J
fwing propositions by mathematical induction for every

+3+5++(@2n-1)=

(i) 3+ﬁ+9+~~~+3n=!n[n+1}

() 1+4+7+-+@n-2)=200"0

(iv) 1+§+;+'"+?{ 2(1- 1}

(v) 2+6+18++2: 3“1=3"-1

(vij 2+6+12+-+nn+1) =ln[n+ 1)(n+2).

(vii) 2% + 4% + 6% 4 +{zn]=--n{n+1} (2n + 1).
1:3+2:4+3:5++nm+2)=cnln+1)2n+7).



1 1 1 1 1"
Py st B

- | _
LI 23 33 nin+l)y  net
(%) 124+ 22 43224422 4 2" =(n—-1).2"" 4 2.
() 1420243034 dnlon=(n+ D! -1.

. 1 1 1 n
i) a(a+1) ' (a+1)(a+2) T (@+n-1}a+n)  a(a+n)
o A% ge n® n(n+1)
iy 1.3 + 35 L (2n-1)(2n+1)  2(2n+1)’

(xv) (i) at+ar+ar*+--tartl= l%:ﬂ.(ra‘:i].

@ () ()re ()= {
i (7o) ( ) nr XD

r—=1
Prove the following statement by math nduction.
(i) 29"+ — 28n — 4 is divisible by M.
(ii) 3°™*2 — 8n - 9 is divisible by §4,% h € N.
(i) 7" —4" is divisible by 3

3. Prove that:
(i) 2" s (2n+ 3), f a] values of n > 2,
{) L= ﬁ}r values of n = 3,
[iiij n!> 3“"- values of n = 5,

; Elnnrﬂ:lal

7.2.1 al’s triangle to find the expansion of
hem n is a small positive integer

An “expression consisting of two terms connected by +ve or -ve

sign is called a binomial expression or simply a binomial.
For example, a+ b, 2x-—3y, z*-2z a*+ b® are all binomial expressions.
For (x+y)" where (x+y)is a binomial and natural number n is its
exponent or index. The following products can be verified by actual
multiplication.

(x+y)=x+y

(x+y)% =x*+2xy +y*

(x+y)* =x*+3xy + 3xy? + 3

(x +¥)* = x* + 4x3y + 6x?y? + dxy? + y*



In the binomial theorem we wish to staie a general law of formation

that lies behind these expansions; i.e., we wish to state a general law Fm‘ the
expansion of (x + y)" , where n is a natural number, The following diagram

illustrates the proceas,
(x+y)' = X, g

(x+y)? = 2+ 22yt Y
X y x Y X Y

(x+¥)® = ___.x‘x + Ex"y + .Sxy@ | y
X Y, X W X X y

S
x+¥)*= X + 4xXy + Ey’@ 4xy + Y

The coefficients in the «@ pansions may be shown in the
following scheme, which is cal 's triangle.
|

(Fig. 7.4&]
A very definite pattern is evident in this array. The first and the last
number in each row is 1. Each of the other elements is the sum of the two
elements to ita left and right in the row Immediately preceding. Thus we
would expect the coefflcients of the expansion of (x + y)® to be
1 8 10 10 5 1
Direct multiplication will verify this result. Similarly, for (x + ¥)®, we
have | 8 18 20 15 6 1
It may also be neted that there ls a connection between the
coefficients in these expansiens and the possible number of combinations of
xand y. Thus, Pascal’s triangle ean also be given in the following form.

e



(o) (1)
(o) (1) )
o) () (2 (3)
o) (1) (2) (3) ’

elements to its left and right in the row immedi eceding it, that is, in

Each element in a row, other than the 1';‘&& sum of the two

- Y
n +
r = 1

This is called Pascal’s rule. A SQ efficients, a definite pattern
about the terms of the expansion 1" is also evident from (Fig. 7.1).
Each term contains product of x and y. From first term to the last
term the products are: N

Pl : IH—E}, EJ s xﬂ},n

Example: Using Pascal’ séxpand (x + y)5.
Solution: According 's triangle, the row related to n=5, is:
1,5,10,10,5,1
So, (x+¥)° 4y 4+ 10x3y® + 10x3y® + Sxy* + y5,
T2 and prove binomial theorem for positive

intégral index

It is difficult to find the co-efficients in the expansion of (x + ¥)™ from
the scheme given above when the exponent n is large. In this section we
state and prove a theorem, known as the Binomial Theorem, due to UMER
KHYAM (1074 A.D).

..:.1'.'11 Eme nt

If n is a positive integer, then
(a+b)" =a™ + (:] a™1p + {;) a"th? 4 e [:) a"ThT 4 - 4 (n E 1) ab™ 1 4+ p"
Proof: We prove that
(@+b)" =a"+ (7)a" b+ (3) a2 44 (L 1 ) anreipr=t 4 (1) an b7 o+ ooe 4 0"




with the help of the Principle of Mathematical Induction
(1) For n = 1, we have
(a+b) =a +{”u"‘b' =a+h

Thus, the theorem is true for n =1
{ii) Assume the theorem to be true for n = k, i.e., let the hypothesis be

kY - kY k- k k=r+1pr-1 o (KN k-rpr p
b i k-1 k=242 4 ...
(a+h) =a +(1)u h+(2]u b* 4 +(r—1.}ﬂ b +(r:]ﬂ b-+ + b

Multiplying each term of the formula in the above hypothesis by a + b,

we have

(a +B)* _ﬂ[nk +{:if} ""1!:r+{;} k22 4 +( k } k=r+ipr-1 4 (Y gk=Tpr 4 ., +b"}

+b{a* +(k]a’-"b+{"} b2 ot (K )abreinr- @""bw + bt}

_{EI‘.-H. +[‘i) "b+(2} a*-1p2 4 .. +( k 1) I:—Fr+2br— =r+lbr+___+ﬂbl}

+{ kb+(k}ﬁt—1ﬁ‘l +(2};1"“b3 foi + gk=TRrEL +b*‘”}
= gh+ +{( (RH kb+{( a*- 1hz r—1 t—r+1br b pRH

[Hy grouping the like terms]

But by Pascal’s rule
k+1
r

Therefore, ( ( ): .. and so on
Hence,
(a + b)** = i;éi akb + k+1)u" 1h2 4.0 +[k+1) HLTRE 4 g R4
The e gheorem is also true for n = k + 1. Hence by the Principle
of Math duction the theorem is true for all positive integral

Characteristics of Binomial Theorem

We may notice the following points in connection with the binomial
formula for the positive integral index.
(i) Using the other notation for combinations the formula can also be
written in the form as:
(a+b)" = "Coa™ + "Cia™ b+ "Cpa" i b% + - 4+ "C,.B"
(i) ~ The binomial formula is frequently written as:
(@+B) = a¥ 4 na™ H”'H{n, 1) nin = 1)in = 2) Aln=1)..(n=r+1)

a®™ I 4 -4 g T 44 B

I'I.“E 2
’ 3 i

{iiii The number of terms in the expansion of (a + b)" is n + 1.
fiv)]  In the successive terms index of “a” decreases by one and index of “b”




increases by one so that the sum of two indices is always n.

(v] The coefficients of successive terms are 1, ", "C,. .., €, 4, 1. These
are known as binomial coefficients.
(vij Since the expansion of (a+b)" is symmetrical wrt a and b. H

follows that the coefficients of a" "b" and a"b" " are equal, i.e., the
coefficients of terms equidistant from the beginning and the end are
equal.

. ; " mn s : i n
(vil)  since ({}) =1= (n) we may, for the sake of uniformity write { ﬂ} as
the coefficient of a™ and (n) as the coefficient of b} in the expansion.

(viiij Ifwe puta=h=1 in the binomial fﬂnnula th@&

= () e () () () 4+

This formula also determines the tﬂ of subsets of a set S
consisting of n elements. Wh - e total number of subsets

of S each consisting of r elements.
(ix) Since (a—b)={a+(-b)},
(a+ (=B =a"+(3)a" -
le,(a—b)"=a" - (D a”
Thus, the terms in
and negative,

and odd res s
(=) Purtmg a = x in the expansion of (a — b)", we have

@ (n)x+(“)x3 et (=) ()27 oo (= 1)
Slmﬂ.af'l_?,‘ 1+(n)r+(n) +-~*+(")x"+~--+x“-

Expand (x +y) by the binomial theorem.

@ H(=b)2 + -+ () a"T(=B)" + - + (=B)";
a2t = e (1) () @Y+ e+ (-1

sion of (a — b)" are alternatively positive
rm being +b™ or —b™ according as n is even

Solution:
7.6 7.6.5 7654 . . 76543 7.65.4.3.2

(x+y) =x +?x“y+-—1'5y +-—-—-r*:.r $emm Y — %y + ey
=x7 + Txby + 21x°y +351‘y3+351'3y4+21:23r5+?x];‘*+3-""
Lrample 2. Expand (ux—f’-r]*'bythu binomial theorem.

) oSy

(-2 = @0 - @) ) + 7@ ()
_&5.:;3,2 b G)E 5 e)“

Y -




. aa  15a’h*  6ab® h"
= a®*x® — 6a’bx* + 15a*h?x? — 20a*h? + ———t—
x X X
Compute (1.01)? by means of the binomial theorem correct to
three decimal places.

Solution:  (1.01)° = (1 + 0.01)*
=147:1°(0.01) + 1519 (0.01)% +
=1+ 0.09 + 0.0036 + 0.000084 + - « up to the last term
= 1.093684 approx: = 1.094 correct to three decimal places.

g—g—;— 17 - (0.01)* + up to last term

F

7.2.3 Expand (x + ¥)" using binomial {'h'-".f.iﬂ{ and fi
general term @

If n is a positive integer, then \

(x+y)" = x" +(")x“'1_v+ (ﬂ):r:"“'2 2 4t
1 2 ¥

which is called the binomial expansipn.

The term T,y = (:)x"" T ig the general termm in the
expansion of (x + y)" where nis a +x%%r, we observe that

T=(0)" =" N\

= ()t =gy
n o 1

T3 =( ]I“ }'Qr "“?y?,  and so on.

Find the rm in the expansion of

- | x By
. \33, E-D

_am g 35
51(10-5) 35 _2515)

1{]'3 E?E{E'} 5

S, 4.3.2. 1[5!}
Exampli Find the coefficient of x® in (ﬂa + abxl}ﬁ.
Solution: Here, Tr+l = (g) [ﬂﬁ}ﬁ-r[ahxz:lr

o (E) [EE]ﬁ-r{Eb}rIEr
Now, T;-.|..1 will contain Iﬁ, if2Zr=60rr =3,



S T T W Th‘lﬁ “

So, T4 contains x®,

ie., = (2) (a')* 3 (3hx?y?
N 0!
= ﬂf} — 3
= 540a°h?x®

So, the coefficient of x® is 540a”h?.

a’(27hx™)

- E i
« I BNl Fersm 1m T L

In the expansion of (x + y)", where n being a positive integral index.
We can find specified terms like middle terms, the ten(nvnlving particular

power of x, the term independent of x etc.
The term Involving particular power of x and | n@rﬂeu* L

Examplc Write in the simplified form involving x~'7 in the

15
expansion of (x‘ -ﬁ) < I
Solution: Suppose x~ occurs %
15 —y
Now,  Tra=(]7) @7 (-

= T 15 ] 3
(-1) (r)x

= -7}
Thus 60— 7r = -1 n=11.

So, Tre1 SM1141
<2 , 15.14.13.12.(111)
1. (15, L60-7(11) — _ = ~17
(11) 4321 * LA
Hence the

involving x~17 is —1365 x~%7,
9
Example 2. Find the term independent of x in (1:: +§5
Solution: Let (r + 1)th term be independent of x.

9 o -
Now,  Ton= ()0 (55) = Q) B = () T

Since this term is supposed to be independent of x, we must have
9=3r=0 or r=3.

Thus, the required term, Tp.y = Ts4q.

9.8.7.6! 2° 25 1792

-3.*.?-—::_—

9 2‘3-3 _ .

Hnw. T:i-l - (3]-———33 x"‘ ) = 71,
1792

Hence, the term independent of x is e

L

- . # ‘"' ; ‘




; 1 :
Does the expansion of {:T +—1;) contain a term

(i) independent of x, (i) involving x®
Salution
(i) Suppose the term independent of x (i.e. the constant term} is (r + 1)th
term.
"
Now, Toyy = (r?*}'ﬁ_r'(:_c) = (3) £7-2r
Since, this term is supposed to be independent of x, we must have

T o
7T - 27‘=ﬂnrr—% Then r+1:E+1_-—

Since the position of a term cannot be fractional. X
Therefore, there does not exist a term md-::per@ x in the given

expansion.
(ii)  Let x® occurs in (r + 1)th term of the e:-:pm@
Now Tray=Cr "7 ="C, x"°7, O
According to the supposition 7 —2r =6

=  r=-, which is a fraction.

So there does not exist a term invghg in the given expansion.

Middle Term:

We shall find the
n being a positive inte

or terms in the expansion of (x+y)",

The numb-er n the expansion of (x + y)"isn+ 1. If nis even
/ then there is o te:nn and if n is odd, then there are two middle
If nis e ay n = 2k, then the number of terms is (2k + 1). Hence

1IH'E)th term is the middle term. On the other

only one term, i.e., {k + 1)th =

hand. If n is odd, say n=2k+1, then in the expansion there are
n+1=2k+ 2 terms, i.e., the number of terms is even. In this case there are
twa, (k + 1)th and (k + 2)th, middle terms. Thus the required middle terms

) n+3
are (n: )th and ( : )th terms.
2y’

Find the middle term in the expansion of (x - T)
Solution: Here, n = 10 is an even. So, there is only one middle term that is

1042
(T)th term = 6% term.

-
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i | 1” . - & A 5
E'{}'. 1“ I:'l{l — { !i ){r.}“] L (T-F) p
. lol L BReyb
=(—1)" B :
U ErxEi g
_ —252x7.32.y7
B 243
_ —B96x"y"
- 27
—B96x5 5

So, the required middle term is o

AN
Examms Find the middle terms of (x3 + ;If) . 6

Solution: Here, n = 7 is an odd. So, there a_rﬂv iddle terms, that is

1%_-1]'&1 and (?+3)th the terms. Hence @ 5 are two middle terms.
Now, Ty = G) (%3 ;12)3

and 6% (x3)7* {;15]4
a

Hence, 35x° are the two required middle terms.
@ . Exercise 7.2 J

. Expand by means of the binomial theorem:

i  (a+b)® @)  (2x—3y)* (i) ( ‘E s \E)‘

4 6
v ($-3) ® 62-27)
2 (a) Use the binomial theorem, to find the value of:
(i) (11)° (@  (19° (iii) (99)*

(b) Use the binomial theorem to compute the values of the
following correct to four places of decimal.

(1.01)® lif) (1.02)7 (iii)  (2.03)"

-'@ S
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7.3.1

We get

Evaluate:

0 Q+ai-(-2@* ) @-VI-af+@+VI-a)y
i) (24 V3)F - (2—+3)°

Find the indicated term in each of the fnlluw:ng exXpansions.

(i} (1 : E)lu; the 8 term  (ii) ("E_ E) : the 7tk term

(i) (20~ ';) the last term
Find the middle term in the expansion of:

0(-2" wa-)" @ (-9 e o)
' iddl f:
Find the two middle terms o ; \'Q,

9
. 147 o b*
(i) (E + ;I) fii) (Eb - 4) ?
Write, in the simplified form, the t ! @ ent of x in

9

M (2x+ xlz) ) (2c+ ;}ﬁ

Obtain in the simplified form:
7
(i) the term involving x° in the sion of [213 — ;lf) .

Zn

(i} the term involving a® expansion of (az - %)

(iii) the cwﬁme% £ expansion of (x?- ) :

Does the e l:unta.m a term.

(i) nt of rz, [ i)  involving a'?

The ¢ ts of the fifth, sixth and seventh terms of the expansion

Expand (1+ x)" where n is a positive integer and
extend this result for all rational values of n

We know that

n(n=-1) nin—1)n=2
(e +)" = 2" oty 4 Bty AR antya gy

By putting x = 1 and y = x in equation (i)

nin—1 min—11n=2
(420" = 1+ St o gt 4 (i




:‘.’hen M8 a positive integer then in the expansion of (x+y)" or
(1+x)%, there are (n + 1) terms or finite number of terms and is valid for any
real value of x,

But if n is negative or rational (fraction), then the above expansion
never ends or have infinite number of terms and is valid only for —1 <x < 1
or |x| =1 thus in such a case the expansion is
mn-1) . nln-1)n-2 rin—1){n —2) .. (R =7+ 1)x"

- A ?E:( }x“+---+ ( i ::,, { ) :
This senes is called binomial series and its general term is
r _nn-1n=-2)..n—r+1) i
r+1 = " X

Ti
cxample L. Expand (2 — x)™? to four terms, where [®\

(A+2)"=1+nx+

Solution:

(2—x)F=273%1- %}—3, making the ﬁrat@the binomial as 1.
-3
— _3_ o Ll _ 1
So, @-x*=273(1-%) =231+ (£3)

-2y {_3}(_;}&;3%1.(_%):({“\3 3:}{—3-2}_{_%}1+,-.|; il < 1

1 3x 3x* G&5x°?

=s(1+F+ T+ ) @
Example 2. Expand (1 - %%ﬁmr terms, when |x] < 1
= Ty

Solution:

*],,ﬁ, _}Z{‘?H-é’-l)(-i—l}l(

L
w| &
et

W
+
=

M
-

(152 -

105
= P x84
g
35
- —xf——x¥+
TES .
T
Example 2 Find the first negative term in the expansion of (1 + x)z

Solution: By using the general term fromula

(Z-1)(-2).. ;:——r+ 1);-:"

e
Til"+1 Lo r|

.,
This will be the first negative term when 5 T 1 is negative,

: 9 i
Le,, =—r<0orr >-,
2 F

. 1
ie., whenr >4=,s07r =05

229




AU
Hence, when r = 5, we get the first negative term,

G-)C-2)C-969,.. 7,

Te = 51

Expand (1 | 1" 1n ase ending powti

its walidity/ convergence for
rational numbes
We know that if n is negative or rational (fraction), then the expansion
of (1+x)" has infinite number of terms and is wvalid only for
-1 <x < 1or|x| <1and the expansion is
(1+x)"=1+nx+ nﬂ;h x* + "{“_13:"{“_2]13 4o 1
As we see in the expansion, we get asccndjé\ er of x and the

terms progressively get smaller and smaller for — 1 or |x| <1, so the

series will be valid or convergent. :
Let us explain the validity or mnvﬂrge@ this series

-1 n(n—=9 (n—r+1 :
We have, [1+x]“=1+nx+ﬂ1—lr2+-~ : r[! ]x“+-~-, o (i)

nn=1) nin—1jn—
(1-2)"=1-nx+=; x*— 31 A{\

Changing the sign of nin (i) and

(-1)"+ ”{"_u';fﬂ-rm Xl < 1 (i)

LU RS i JERRE PTRS QR

+ o4 (=1)

(1-20)"=1+nx Wxﬂ-%- MR OHTD) or bslz <1 )
Hence, for|x| <1 = 1, we have from (iii) and (iv)
+x) l=1—x+2 —x 4+ (=1) % oo rfV)
(l—x)t=14+x+x2+x+tax"+ .. {vi)
Similarly for n = 2, we have
(A+x) 2 =1=2x437 -4+ -+ (1) (r+1)x" 4 - - (vii)
and (1-x)"2=1+4+2x+3x>+4x*+ -+ (r+1x" +-- ... [wiii)

We see that the expansion (vi) does not hold for x = 2. In this case the
equation (vi) becomes
(1) '=-1=14+2+2242%4 . 427+ ---, which is absurd.
Summing the infinite given series on the right-hand side of the
expansion (vi), we have
I+x+x*+ad 442" 4. =1L= (1-x)7?

= R



| -ﬂh
f et
i,

which 1s true only when x| < 1.

| Thus expansion (i) is valid or convergent for |x] < | where n is a
rational number,

I y=3x4602 4 108% 4.
14
then prove that, x=2- =" 24 147 ,

3%21 ﬁ‘v o
Solution: Since ¥y =3x 4+ 6x% + 10x? + -
So, 1+.‘-“1+31+ﬁ13+mx-"+---
ie., 14y=(1-x)"*

Therefore, (1—-x)= (1+ }r}_;_

lLe., 1-1‘-—-1+(—-J,.r)+__{ 3] E :]
14 LA .

or l1-x=1-1 + -
3Y _1?_? P PYEG Q
Hence, J:—— p— FI 2’
T et
Cxamiple 2 Evaluate 331 to five places of Secishals.

Sclution: :
- &0

f31]5 = (32 - 1]5 = 32

-(32}:- 1—— -2[
25 () AP G2 oL (DD S
-Efl-l]l} 0.0 EH]?EIEE- I][Iﬂl]l]ﬂldﬁd+ |
=2x%09 8734,
7.3.3 ine the approximate values of the binomial
expansions having indices as - ve integers or fractions
We know that

1 =1)}n-2
A+t =14+nx + 22  HOVOD 5 4 hen v <1

where n is negative integer or fraction.
We see that the terms progressively get smaller and smaller, In such a
tase, to get an approximate value of the expansion, we may omit the terms

containing squares and higher powers of x.
Thus, we can get approximation of this expression.

(1+x)" =1+nx approximately and this approximation is called 1%
approximation.

:

-




Similarly, up to a second approximation, we have

n(n—1) ,
(A+x)"=1+nx+ 71 X
and so on.
I If |x] <1, find the first approximation of
V1—T7x
V(1 +2x)°
" i '“5.-' 1-7x
Solution: 2
[1 + 21:)3

= [1 7% (14 22) 78 Q)\

1" %1
[ ;(?H : 1][?;:}2 ] 1+(—%}{z:}+ ! J(z.r}*+

(l —%x 1-5x ) neg]cctmg squares ar@xer powers of x

1'} +
[ 3% 1' .'I'.'

1 - —x) apprnmatﬂly (n @ the term containing the square of x)
_'.:.-. iple 2. If x be so sm squares and higher powers can be
neglected, prove that

+2x + (16 + 3:)1 22'?

(1-x)? 32
/ Solution: The ression

1 1 3 1
2x)2 + (16)% (1 +Er}'¥
(1-—x)?
[1+ Ex)+2{l +2-2x)
(1-2x) '
(1 +x}+2(1+:1x]
(1-2x)

(3 + %x] (1-2x)7?

approximating

3
(3 + -?%x} (1 + 2x), approximating again

227 ]
= 3 + ——x, approximately.

32
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If (@ — b} be small as compared with @ or b then show that
M+ Da+m—10b  ay,
(m—1)a+(n+1)h = (E}
Solution:  Let a = b+ h where his a small quantity.
(n+1)a+(n-1)b _(n+1)(b4+h)+(n—1)b
m=1a+n+1)db (n—1)b+h)+(n+ )b
_2Znb+(n+ 1)k

T 2Znb+ (n—Dh

n+1
L

y &

S0,

= o B = o B

Also (%);1:‘ (b+h) = ﬁ\ [Since, a = b + h]
9 approximating .+{ii}

Hence, from (i) an I11]
{n+1]n+[n 1)b (E %
(n—Da+m+1)b )
7.3.4 App ion of summation of series

In general, most of the infinite series can be summed up very quickly
by identifying them with some binomial expansion, as is shown in the
following examples.

Example 1. Sum to infinity the series:
1 14 1 147 1
Itet vt st
Solution: Identifying the given series with
nn—1) ,

21

(14+x)"=1+nx
By comparing,




... (i)

n-—1

i —_—=2 or n-1=4n
From (i) and (iii), by division, we have —

(]

Therefore in=-1 or n=-

- 1
By using n:—%in equation (i), we get x = —3

il \
Using x=—-3, n=—3 @
y N
we have [1+r}“=(1—%} 3

-5 O

Hence, the sum of the given series is

-
Example 2. If x=%+%%+ .-, prove that x2 + 2x -2 =0,
Solution: Adding 1 to both t of the given series,
3, 1.3 .
Wehave - x5 NIHT 4700+ ...(i)

Let the series on the ri d side of (i) be identified with
(l+x)"=1 m‘@xa + e

& (
By compari
we get,

1 iz
nx =3 ... (1)
1
= HIII - - ﬁ ...[l.l.l.i
and Znln— 1) ==
2 VT A = (iv)
From (iii) and (iv) by division, we get
n-1 3
TEE or 2(n—=1)=6n or 2n—2=6n or 4n= -2
Therefore, n= —% :
Hence, from (1i), x = “§
2

By substituting » = -3 and n= _..% in (1+ x)" we have




Sum of the given series is

1
(-9 - o
Thus, from (i) and (iv} give we get x+1=43
Squaring both sides, we have
x2+2x+1=3 or ¥4+lx—-2=0

Exarcise 1.3 )

Find the first fﬂ'l.'lt‘ terms in the fullmmng e:xpansmns:

(i) V8—16x i) —— (iii) (Q’&J:EI (iv) o

I+x

2 Find first negative term in the mpansiun of
4
i) (1+y)3 (i) (1+ 2::]1

If x is so small that its square and t)%wers may be neglected,

1

then show that:

4. Using binomial series, fin ue of the following up to three
places of decimals:

(i) V24 [u] (i) VZ41
fiv) {uau;u

: ‘ 1 1
(i) 1+1x==1+§:r (1) Vi+Bx=1+2x
fé val

n

Identify the fn Etnﬂﬂ as hmnmxa.i expansion and find the sum

lIZI'EB_'ChE
; 3 5.7 .t : T S - R |
)1+ %ﬁuz*‘L Witgs—az gt

) 1 00) + 12 4 (1) ‘;:(‘)

(iv) 1 - % (%) +B0) -2 (z) +

3 v
v)1- z 3 ;i@.) "%%%(%) o

[ Use bmumml theorem to show that:
1. 138 G 12 135
7 If —l.i_L. 1 +1 3.1
Y=2'16 74 g N 8 18
then show that 16y(y +2) = 1.

" gl 2, 23 (1)2 L1838 '(2)3 4
' x 5 21\5 3! A5
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L

then show that 4x* —2x — 1 =10.

)220 v )
If ==-(= - =) +
P 2\9 ¥ 2%-21\8 b 2331 \9

then show that 5y* + 20y — 16 = 0.

Review Exercise 7 )

| Orreet answerig
The general term of the binomial expansion (a + x)" is where n e N
n n i n :
(a) ( r)-:]“x (b) (?_} atrxt (c) ( r) a"x®"7 (d) ] (ax)™™
The number of terms in the expansion of (a + b)? e:

a) n (b) 2n+1 (c) z'l,\.Q) (d) 2n-1

In the expansion (a + x)", the exponent of !

(a) decreases from n to 0 (b} inc rom 0 to n
(c) remains n every where (d s 0 at the end
Middle term in the expansion of (agj? is:

(a) nth term b)(n+ 1)th term

(c) (Z2n 4+ 1)th term (M (2n — 1)th term

Y The term independent of \ expansion of (a + 2x)" is:

(a) First term (b) Middle term
{c) Last term q‘m (d) 2nd last term
The coefficient of the | in the expansion of (2 — x)7 is/are:
(@) 1 <1 (c) 7 (d) =7
7
/ i In the expafision (a + %) , the number of middle terms is/are:
(a) one (b) two (c) three (d) four
Sum inomial coefficients in the expansion of (a + x)" is:
(a) 2™ (b) 2n-1 (¢) 2m+1 (d) n+1
n+1 n+1 n+1 n+1y.
( o ) +( : )+( : ]+~~+(“+1]15Equa1tu:
(a) 27 (b) 2n+? e} 2"~ (d)Cannot be determined
1
The number of terms in the expansion of (1 + x)3 is
4
@ 3 (b) 4 (c) o0 (@) 2
1-x+x*—x*+is equal to:
(&) (1+x)7" (b) (1 —x)~* (c) (1+x)72 (d) (1 —x)7*
xii. The expansion of (1 — 2x)~? is valid if:
(a) |x| <0 (b) |x| <3 (c) Jx| < 2 (d) x| <1



P
ad

The middle term m the expansion of (o + )" is (:: | I) th term, then pis:

(a) Odd () Ksen
c) Prime (¢} None of theae
i A
In (a + E] . the sum of the binomial coefficients is.
(a) 64 (b)128 (€)256 (d) 512

Prove by principle of mathematical induction ¥n € N that 8 x 10" —2 i3
divisible by 6
Prove by mathematical induction

12437 452 4 o 4 (20— 1)° =%H(En ~-1)(2n+1) '&

Given that the coefficient of y* in the mpms@m is 96, find m.

Given that the terms involving m* and hij wers may be

1
neglected and that aibmy (143

+ dm®, find the values of

a b, cand d
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8.1.1 Recall

Fanctions and
Graph

1I-'|_I|~|l\.';|':"' k

\

» function as a rule or correspond %

« domain, co-domain and range gRgNunction

« one to one and onto functiu@

O

a, Function as a rule or mm&%ﬁnnn

A function f from a set X to % iz a rule or correspondence that
assigns each element of X to, on vy one element of Y. The elements of
X are called pre-images of the n and the corresponding elements of Y
are called the images of th

Symbolically, w,

it as, a function f:X =Y, where y = f(x), Vx € X

and y €Y.
The varia is called the independent variable and y is called the
dependent 1
Example 1. a,b, C} and Y= {4,5,6] State whether or not the relations
indicated by llowing figures are functions from X to Y.
f
f ae— s\ aJ’J—j 4\
bt ol s ) I\ b. |:5 |
< —'——-_—t 6 C ",\ (59 _."
Fig. H.1 Fig. §.2
Solution:

fis a function, because each element of X has a unigue image in Y. (Fig. 8.1)
g is not a function, because the element ¢ of X has two images in Y, (Fig. 8.2
h is not a function, because the element b of X has no image in Y. (Fig. 8.3)




I function {18+ 15 defined by f(x) = 3x + 5, then find
() (2 (i) F-3) (i) ;{‘:}

Solution i F(2) =3(2)+5 =11
(il F(—3)=H-3)+5=—4

(i) f(5)=3(5)+5 =7

b. Domain, co-domain and range of a function

Let f : XY be a function from a set X to a set Y, then X is called the
domain and Y is called co-domain of the function f . Whergas the range is the
set of all images of the function. @H\

1 -\.\,_..ulr' 40

IfX={1,234}and Y = {1,2,3,4,5,6,7,8,9,10}, the @h fis defined by

flx) =2x+ 1, ¥ x € X, then find range of f. 6 f
Solution: K"'"‘-._-_-_H""'E
Here f(x) =2x + 1 o\ [ 3
for x=1,weget f(1)=3 Q | 5% -
for x =2, we get f(2) =5 % Ill. S R -
for x=3, weget f [3}\$ \ T 7—as3
for x = 4, we get f( o 1 m.
Thus, Rangeof f={357 hown in Fig. 8.4. b
Example 2, [f functiogff, is a function as shown i )
in Fig. 8.5, where X = and Y = {12}, then write X< ¥
domain of fand that Co-domain of f=Range of f { a— L1
Bolution: He ig. 8.5, we have | | |
Domain of \ b—G—>2
Co-domain of $= {1,2} and Range of f={1,2} j L e
Hence, Co-domain of f=Range of f Vg -5
i (x-2{x—-4
Example 3. Find the domain of f(x) = m

Solution: We have to find those values of x for which f(x) is undefined, so
that these values may be excluded from K.
The function is undefined when the denominator 1s zero.
Let (x—1)(x—3)=0 = x=lor x=13
So, f(x) is undefined forx=1orx =3
(1-2)(1-4) _ (-1)(-3) 6

e, f(1)= a-Da-3) 02 s (Undefined),

239




(@3-2)3-4_ M1 _ -1

f(3)= G-DG=3)_ @0 5 {(Undefined)

Thus, the domain of f = {x|]x € Rand x # 1 or 3}
=ample 4. If f(x) = x* then find range of f.
Solution: Let y = x*

>0 YxeER
Range = {ylyERA Yy = 0]}
= R* u {0}
xample 5. Find domain of the function f(x) = vx +9

Enhltinn. For real values, we take radicand as greater th{:nr equal to zero

1.e., x+9210 Q,
el x=-9

Hence the domain of f(x) ={x|]xeRand x = -9} =

Example 6. Find the domain and range of the fix)=vxI—2a
Solution: For real values, we take radicand/as ter than or equal to zero
i.e., ::3 - 4

Y

or x>
Hence domain uft_he functmn fix :\@E Rand x=Zorx = -2}
Let y=f(x)=vVxT—4
Here f(- EJ‘HE} 'D
and f(x)>0vx<-20
Hence Range = {yv|v e R =] } = R* u {0}

Example 7. Find t ain of the function f(x) = ,_1_1
|I_-_
Solution: '

We have to fin s& values of x for which f(x) is undefined or non-real so
that these valuesnay be excluded from R.

The function is undefined or non-real when x — 1 is less than or equal to 0.
e, x-—-1<=0
= x=1
So,thedomainof f=R-{x|]xe®R A x=1}
ordomainof f ={x|x € Randx > 1}

c. One to one and onto Functions

] wANE — Eh one lunclion |“']' Criwa !-ul“_._;““"

:i.. I:unctiun f:X — Y is one-to-one (injective) if distinet elements of set X
have distinct images in set Y.




e i, €Xand f(x,) = f(x,) e 5, = x, or vy # xp 4 [(xy) # flx)
' !

R | K oY
] - 1 i |
b - ‘I: L] 2
c __,1 1 4

Mapping diagrams of Fig.8.6 and Fig.8.7 represent that fi and f. are
one-to-one functions.

|||.| LIt 11

A function f:X — Y is onto function (Surjecti he range of fis Y,
that is co-domain is equal to range. In other wor h v € Y there exists
at least one x € X such that f(x) = y then fis ogtounction.

Let X = {a,b.c} and Y = {1,2,3} then

4 & G@iN

~ WY vy

[Cad—rpp o

| B—p—i»2 . 2

! c—.:-%"' Q i;--"’_”’j’i
& ib

Mapping diagram of Fig.8. ents a function f, which is onto.
Mapping diagram of F‘ig‘c5 sents a function f; which is not onto.
t i

({ii]) One to ane amn

A Wl sl [ e FRATICLY

A fun Y is called one-to-one and _H,.-—-L-‘;:_'_ N
onto or bijeaki tion if each element of Y has one 1 —e—rea

and o -image in X. Functions that are
both one- e and onto are referred to as Bijective . 4 ———=d
functions. e

Let X = {1,2,3,4} and Y = {a, b,c,d}, then { is bijective function as shown
in mapping diagram of Fig. 8.10.

8.1.2 Know linear, quadratic and square root functions

In this section we are concerned with the definitions of linear, quadratic
and square root functions, however, we will first define an important function,
which is polynomial function.

(i} Polynomial function
A function p: R — R defined as
p(x) = ayx™ + a,,_lx“'l + g x"E+ taxt ax+ay
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for all v€R where the co-efficient @, @y 1.0z - 02,8y are all real
numbers and n is non-negative integer, is called a polynomial function.
If a, # 0, then p(x) is called a polynomial function of degree n and a,, is

the leading co-efficient of p(x).

For example, p(x) = 4x* = 3x* + 2x + 1,

qix) =x*—4x+2,

r{x)=2x+3
and so on are polynomial functions. The degree of p(x) is 3, q(x) is 2 and r(x} is
1 with leamng co-efficients as 4, 1 and 2 respectively. \

f: R — R is defined as a linear function of the form f + b wherea,bER

anda=10
For txample f(x)=2x+3 and g(x) = —5x + ear functions.

Duadratic Function

A polynomial function of degre? called a quadratic function. A
function f: B — R is defined as a qua function of the form

f(x) = ax? + bx + ¢, where and a # 0,
For example, f(x) = 2x* +5x + E%g(ﬂ = 3x? — 2x — 5 are quadratic

functions. Q
Sgquare Root Fundiic
A function f®U {0

A p-u:ni:m—:::mm fun-:hun of degree 1 is called a hne;zktinn- A function

R defined as f{x) = vx, where x = 0, is called a

Let X={a,b,c} and Y ={1,23}. State whether or not the relations
indicated by the following figures are functions from X to Y.
(1) (i) (iii)

f g h
Mo Y KoY X ——Y
ad—A1\  fa] 41\ e 1\
b | lw2 | | be< 3 ?'} | ' h-q,l_\"‘}ﬂ
| 3/ \ e—7 *'f \:—w‘"

Which of the following functions are injective, surjective and
bijective. Give reason.

s 000




10.

11.
12.

.":.__.o-'-'_ ""'lr' E"'

..a -

| IL o

" B ™ g

[iv) x/—L{,r (v)
2 1 Tl ? i T rr] &) _.1" I
' | .= b = 2
4___! | 8 | ! b | L 2 |

g | o — - 3 | c J

\ 57 g \ g

d -
If function f:Z — R defined by f(x)=x¥+1 @ the following if
possible:

Mro  @re G f(3) Q‘f{\z}
If f(x)=x*, find the values of :
0 F@2 () fC-10) f(%() i) fsa) ) £(3)

wi Fla+ k) (o) LT - o) (i) fa+1) — F(a— )

Given that f: It — R de f(x) = x?%, find:
fE5+ﬁ]'-f{51I f{ﬂ*'h}-f{ﬂl

i) y (h=0)

The domain Ction f{x] =5x+1is {0,1,2,3,4,5). Find its
range.

Find the ain of the following functions:

(i) Q) (i) fe)=VE¥3 (i) fx) =1

(iv) x=5 (v]f(x)= 1+—1 liv) fx) = ;:fi—g

The domain of the function f {x} is {1,2,3,4,5}. Find the range of:
[i) fF(x)=5x*+3 (i) f(x) = m
Find the range of the function f(x) = Vi1,

1

Find the domain and range of the function f(x) = e

1
V25— |
A function is defined by f(x) =ax+ b . The images of 1 and 5 are -2
and 10 respectively.
(i) Find the value of a and b.
{ii) The domain of [ = {1,3,5}, find the range of f.

Find the domain and range of f(x) =




AU

A Of f)=xt—axt+bx+1
f(2)=-3 and f(-1)=0.

Find the wvalues of a and b, where

3.2 Inverse Function

- - k| r |
4 2 1 Define inverse functions and demonstrate their domain

and range with examples
If f:X—Y be a one to one and onto (Bijective) function, then mnverse
of f, i.e., f 1Y — X is inverse function of fand is defined as{\
¥
. .'.-.-.
g ——— Y

I=f_1U'}-'F'J‘E"’ %

e

if and only if y = f(x),¥x € X, It is evident that f smb A
f~! are inverses of each other. The Fig 8.11 @ | - v,
illustrates the concept of inverse function. '-._K X, ._.— ¥,

It is clear from the definition of inverse - =

function that F
domain of f~! = range of f ‘\

and range of f ! = domain of f
Note: [i} Inverse of fis not %ﬁ.mctinn.

e o il
i - ]

(i) Inverse of f is jifve ion if f is bhijective,
Example: If a function Y, is given by Fig. 8.12. Find ;
f~' and decide w r it 18 inverse function or not. XY,

Solution: From 1%—&:
fX—Y is as f={(1,1),(2,4),(39)} or y=x* 2 —,_"_'_4
where ¥y = f(x), % € X, "\.'if—-—h—"-__—_il'
with domain of f = {1, 2, 3} C Fig. 8.12
and range of f = {1,4,9) .

Now [~ Y — X is inverse function of fand will be as under ¥ ,,L-\a
f~*={(1,1).(4,2),(9,3)} as shown in Fig. 8.13 or x = [y ,. 1-1”-'-_“----——:t“‘--I
where x=f1y), vyeY Vi _L_"_".__E
with, domain of f~! = {1,4,9) \2 Fi t-flu
and range of f~! ={1,2,3) -

Since f is both one-to-one and onto, the function is bijective. Therefore f~! is
inverse function.

m—



Method for Finding the Inverse of a Function

Inverse of a function f(x) can be louned by the following steps:
Step 1 Write y = f(x)
Step 2 Express xin terms of y
Step 3 In the resulting equation in step 2, replace x by f~1(y)
Step 4 Replace each y by x in the result of step 3 to get f(x)
Step 5 Verify that f~'(f(x) ) = x
Example 1. Let f: R — R be the function defined by f(x) =5x+7.

Find f~1(x),

Solution: We have flx) =5x+7; \
Stepl. Let f(x)=5x+7=y \Q’

Step 2. =3 X= }5';? Q

Step 3. Replacing x by f~'(y), we ge &

Step 4. To find f~'(x) , replace y b}rCJhavc Fiftx)= T?
Step 5. Verification: f ‘1 f{x]@ Sx+7)= 5x+? L

Emample 2. Let f(x) === ,x % ‘and also find the domain and range
of f~1.
Solution: Since, f(x) = ot defined for x = 7,
Dnmajn uf f=
Let f(x) =— —-
==
= = .r — 3 \
=5 —x=Ty—3
13
=5 x=3

Replacing x by f~'(y), we get f~'(y) = ?}m—IS

To find f~!(x) , replace y by x, we have [~'(x) = T:S

Verification

| ?(r_;; 2z

[Af@) =1" ( —)= ""’3—1
(Te—21)—(3x—21) "
" e

G- G=7)
¥




(7x-21)-(3x—-21) _4x
ST k=3 -@x-7) 4
We see that f~1(x) is not defined at x= 1, so it is not in the domain of -1,
So, domainof f~1=R-{1]}
we know that Range of f~! = Domain of f = R— {7}.

=X

Exercise 8.2 S

If f(x)=-5x+1, find the values of :

(i) F71(36) (i) f(—14) (iii) £~(0) (iv) £~ (a)
Given that g(t) =, (t # 5), find the values of:
Mot (3) 6@ i) g -DRE (@) g7 (@
3 Find the inverse of the following functions:
) fe) =12—3x (i) fC) =5 x— é) (i) () = 2
(iv) f0)=3(x—32)(v) glx)=180(x (vi) h(x) = 2mx
(vii) f(E) =t +5(t=0) (viii) 5Vt (t=0)  (ix) f(t) = (¢t = 5)°

() f&)=Ve+1  (xi) g(») €95, (x = 3)
N

i) 9() = . (x % 3)

Find inverse of f and

e the domain and range of f~!
for the real valu

fdefined by
i) f(x) =5x+7

i m@j # -5 V) fG) =(x—5Rx=5
V) @ + 7., x= =7 vi)

f) =2, x#4

5.3 Graphieal Representation of Functions

I y = f(x) is a function, then the set of all points (x,y) such that xis in
the domain of fand y is in the range of f, is called graph of function f(x).
8.3.1 Sketch graphs of

¢ linear function (e.g. y = ax + b)

* non-linear function (e.g. y = x?)

® square root functions (e.g. obtained from x* + yv* = a’)
* linear function (e.g. y = ax + b)

We sketch the graph of a linear function of the form y = ax + b,
a,b,x € R, a # 0 with the help of following example,

R s Ty i




Example: Sketch the graph of the function .
flx)=3x+1,¥YxeR o by
Solution: By putting some values of xin the given "1 s
function y = f(x) = 3x + 1, we gel correaponding : 0
values of ¥, as shown in the fﬂu”W!ﬂg tahle. L .
[ x —4 | -3|-2] =10 213 |4 2 i
y=3x+1[-11 l 21476 ]18]| "t v 4 A 111
The points are plotted and the graph is obtained 4
which represents a line as shown in Fig. 8.14, i ','-' X

\Q)
* non-linear functions (e.g., y = x?%) Q

We sketch the graph of nun~lin@n¢tiﬂﬂ with the help of the
following example.

Fxample: Sketch the graph of the no functiony = f(x) = x* vx,y € R.

Solution: % %
We find some values of y by pufh values of /!
x in the function as shown in owing table. .4

x -3 | -2 23 \
y=x? g 419
The graph of y=x sents a parabola as
:ahuwnmﬁg 8 i 24 o i

* Square root functions (e.g. obtained from x* + y* = a?)

The square root function is the function f:R* U {0} — R* U {0} defined
as f(x)=+x ¥vxe R*u{0} . We know that the equation x2 4+ y? = g?
represents a circle of radius a, where x < a.
Now, from x2 +y? = a? vi.vE R
We get, yl=a®-x
= y=f(x)=+Vai=x¥, Vx<a

2




Here fis not a function as each element of domain has not u:iquae image
Eut1y=f{x]=~.u'rﬂT—_F. vy<a and y=f(x)=-Vva'—x% Vx=a
represent square root functions.

k '\;::111|11|-

Sketch the graphs of the functions y = +4/4—-x2 Vx<1

Solution:

a) Consider the function ¥ = V4 — ¥ ,vx=12 1 _
Some values of xand the corresponding values of y are mentioned in the table.

¥

r_ x "E- 1 _"]. D l 2 \ ||'|'I| -
= Lo
Y= 4 — xi 0 "U'E 2 "J@ 0 @ ‘_,..-'"'-- [ y

Graph of the square root function shows that it is b ™
half circle which opens downward meeting X-axj e T e x

{(-2,01, (2,0) and y-axis at (0,2). Its center i 0
with radius 2 units as shown in Fig. 8.16. ¥

b) Consider the function y = —V4 — X%, YXx <2
Some values of x and the correspondi es of y are mentioned in the table.
X -2 -1 4 ¥

y=—J4-x2 0 |3 v3| 0 R

Graph of the square root fu hows thatitisa *Sam| * o ° Jaao

half circle which eeting x-axis at "'i" J_

(~2,0), (2,0) and % ,-2). Its center is at b

origin with radi shown in Fig. 8.17.

B.3.2 8 e graph of the function y = x" where
(a) n ™ a +ve integer
(b} n is a —ve integer (x = 0),
[e) n 18 a rational number for x = 0

|a) nis a +ve integer

We sketch the graph of the function y=x"
takingn=3 and n = 4,

() Forn =3, we have y = x* , ¥x € R. Some corresponding values of x and y
are given in the following table,

_I#_?_ﬁ 2| 15 [-1 [-05[ 0] o5 |1 [is 2] 25
y=x*|-1562 | -8| -3.37| -1 [ 032 0 |0.12| 1 |337| 8 | 15.62

, where nis a +ve integer, by




The graph of ¥ = x* i3 a curve shown in Fig. 8 18

I'

(ii) For n = 4, we have y = x* ¥x € R. Some co ng values of x and y
are given in the following table.
0 1

x -2 -1.5 -1 1.5 2
y = x* 16 5.06 506 | 16
The graph of y = x* is shown in fig. 8.

i
% A
@ t=1.9, -5 ) 5 1].5506)
4_ /

(Fig. 8.19)

(b) n is a —ve integer (x # 0),
We sketch the graph of y = x", where n is a negative integer, by taking
—1,-2,-3 and —4 as values of n.
” 1
(i) Whenn=—-1,theny=x""=2,x#0
Some values of x and their corresponding values of y are mentioned in the
table,




|
P S| =
—H.HH‘ 05 -

L . ;
The graph y=< is a curve as shown in

Fig. 8.20.

o

. " 1
(ii) Whenn = -2, then y = x 3=F,x?‘=ﬂ
Following table shows some correspondingvaldes of x and y of the function
1
Y=
x | 25| -2 [-15][+1 05[1[ 15[ 2 [ 25
1 [0.16 | 0.25 | 0.44 4 [1]/044]025]0.16
. SN '
i . == )
The gl'&ph}r:;fmac in Fig.8.21
.
i154) ‘ll-l i34y
3
%
\
1.5 I
i=L1) | LAY
5 fNE £n 0.4 e
X <l ii,l.}'r*-i-lﬂ;ﬁl' i e l.l..".IH:;.‘“' -Ii'fl'zﬁi:ii..ﬁ.u Ié)
G JE A B S Y 36 3 ey o 5 it




(iid) thnn=_3.thﬁﬂ}-'=,t_3::1-,x#:ﬂ

Following table shows some corresponding values of x and y of the function

1

y=x

x -2 ~15 —~1 [ —05
1 |—-012 | —029 | —1 —u‘ A I
|

faber

The graph y = ;14- is a curve as shown in Fig.8.22.
¥

" Im. d
[ ¢
| QJ(\

(1,

=l

O LT

5
-

(Fig. 8.22)

& 1
(iii) When n= —4 , then = x ":F,x;&u

Following table shows some corresponding values of x and y of the function

L 05 1 1.5
0.29 | 0.12

2

y=1
X +0.7 | +0.8 | £0.9 | #1 +1.5 +2 +2.5
1 4.16 | 2.44 | 1.52 T 0.19 0.06 0.02
F B
X

Th.e graph y = ;1; is a curve as shown in Fig.8.23,




(=874, 16) 4

(A T8

R A 1.4 1 4
il ’-rl 5 (L L5y
1 '.llui:I i
]
__.-'
4 4
Tl e {500 Ea
L0008 19) ST — g5
- ! o, i
X i —— - e - o
WY % TF & 18 =T =0 Pnaoer T 5. 2 25X a3 Xsr
i

it X

| Note: (i) When the value of n is negati n the graphs of
y = x" are symmetric about ofjgin jIn this case, all the graphs
1
| have the same general pa@as of =
| (ii] When the value of n ig e even then the graphs of

¥y =x" are symme @t y axis. In this case, all the graphs
1
have the same g pattern as of —
[iii) When the v is“positive odd then the graphs of

¥

x®

y=x"ar tric about origin. In this case, all the graphs
general pattern as y = x3
(iv) Whe alue of n is positive even then the graphs of

¥ symmeiric about y-axis. In this case, all the graphs

the same general pattern as y = x?2

—d

(c) nis a rational number for x > 0
For nis a rational number, we sketch the graph of the function

11
W
‘I\;
1
:.
’

' ul Do e B/ aan . . o (ol

y=f(x)=x",x>0by t:ala:ingz.3

{iodj

1
and ; as values of n.

1
2

—

(4.2) .~
o

T | =

(1) When n =5 then ¥y = xi=+x, x>0,
Following table shows s0me
corresponding values of x and y of the
function y = x

L
R B

(Fig. 8.24)




Fi_._ 0 1 [ a
y=vx | ﬂ'_"__l__'b'_

The graph of the function is a curve in xy —plane as shown in Fig. 8.24.
(2) When n =5 tht‘:t'lj.-" - 3= Vx.
Following tabIE shows some corresponding values of x and y of the function

y =Vx

| x T 8 | 27

| y=¥x| O© T | 2 3;
yf [ | \_ G
| __.—-——‘_l_

ﬁlnrl : E .. bl 3
| i =
l]' 2 4 'Eii 1 I4 16 18 Eﬂ' 221 24 QEI 23

|

The graph of the funt?? curve in xy —plane as shown in Fig. 8. 25
(3) Whenn =3 s
. Following ta_bl some mrreapundmg values of x and y of the function

y=Vx
%‘ X 0 4 8 12 16

y=%¥x| 0 141 | 1.68 | 1.86 2

A0 B A PR | {12,1.86) _{16:2)
_-—*—'_'_ri_

The graph of the function is a | |
curve in xy-plane as shown in |

h [
the Fig. 8.26.

8 10 12 14 16

(Fig. 8.26)




8.3.3 Sketch graph of quadratic function of
v=ax' +bx+c(a 0)a b c are integers

A nonlinear function that can be written in the form y = ax® + bx + ¢,
where a # 0 and a,b,c are integers, is called a quadratic function. Graph of
every quadratic function is a parabola and the parent quadratic function is

= x2,
:I;]'{Rl‘.'.i‘l * |. Sketch the graph of the function y = flx)= x4+ 4x+5.
Solution: y=x*+dx+5
= xi+4x+4+1
=(x+2)*+1 <\

Following table shows some corresponding 'UEJU.ES\ nd y of the given

function - Q
x| 6 [4]-3 'l—z = 2 |3

i"y 17 | 5| 2 [ 1 10 | 17 |26
The graph of the given quadratic fu ?,“ f,-, T
is a parabola. Its vertex is at a pain =
and it opens upward as shnum i E'}" \ T

Q (3] f
Q —-h-l.l'| s LT 1T
<</ - \ & 4
",I -|.-.I_.l
. I'l\ T T
\ B
s P | r:;rl."."n
LE
‘__1\ :*_--' :

Faarmn - Sketch the graph of the function f(x)= »* -2y + 1.

Bolution: y = x*-2xr+1= y=(x—1)*

Some corresponding values x and y of the function ¥y =x%—2x+ 1 are given in
the following table.




The graph of the given function is a
parabola. Its vertex is at point (1,0) and it .
opens upward as shown in Fig. 8.28. 3 i [

A LT

(2% i
\ K
L]
L[]
% ' Ais
‘ :I Y i
\_ ., _,A 1
ol " "
? . ' 1 K

Solution: Some corresponding valu x and y of the function y = —x* are

Example 3. Sketch the graph of funcE’nnC—)f (x) = —x2.

given in the following table. +
X —3 =1 0 1 2 3
y —4 1| 0 | -1] -4] -9
The graph of the give%tiﬂn is a |
parabola, Its ve is af point (0,0) T s D Sul N\
and it opens d as shown in  BAERR

Fig. 8.29.




Ir-iF::te (i} When the coefficient of x* is positive in quadratic I'llnr"r':.nn
y = ax? + bx +c,(a # 0) ie.,a >0, the graph of the function

opens upward. o - |
| [ii) When the coefficient of ! js negative in quadratic _ function
y = ax? 4 bx+c,(a#0)ie,a<0,the graph of the function opens

downward.
3.4 Sketch graph using factors

p—

¥ i

We draw the graph of quadratic function in the form of factors
= = - - i llowing steps:
y = f(x) = a(x = p)(x — q) by using the fo % ~
1. Identify the points (p,0) and (g, 0) where the gr@ e function cuts
X- axis.

2. Take x = 0 in the function to identify the .¥) where the graph

cuts y — axis.
3. The sign of the constant ‘a’indicates L@ of the graph opens upward

or downward. _
4 To draw the graph, we get some ional points of the graph.
3 Graph of each quadratic fun is a parabola. So, we draw parabola

through the points. m
6. - Locate the correct poin the graph is turning.

The method of sketchi aph of a quadratic function using factors
is illustrated owing examples.
Example 1. Sketch t of the function y = f(x) = —2x* + 6x.
/ Solution: = = y==-2x(x—3)
In order to dr aph, we proceed as follows
i. To idepgti ints where the graph of function cuts x- axis.

and geta=-2; p=0; g=3.
or we put y =0 in the given equation, we get
x=0andx=3
so the points are (0,0) and (3,0) where the graph cuts the x- axis
ii. To identify the points where the graph cuts y — axis.
We put x =0 in y = —2x% + 6x, and get
¥ = 0. So the point is (0,0) and the graph cuts y-axis at (0,0).
iii. We check the sign of the constant ‘a’which is negative in this case, therefore
the graph opens downward.
iv. For plotting the graph, some additional points will be obtained from the
function y = —2x* + 6x as shown in the table,




LI =2 -1 T0 |1
y ___‘3__”_!_—_5_ 0 :L'Ti

15| 2138 | 5 |
45| 4 | 0 | -8B | —20 |

v. We draw the graph of the function which 3
is a parabola that opens downward with ,",.,,n 5.4.5)
vertex at (1.5,4.5) as shown in Fig. 8.30. Vi e
x | ll,!'f i W
."If.l. 3
i '“',{- . & id, 8

Example 2. Sketch the graph of the funct_i@ f(x)=x*-x—6.

Solution: y=x*-x—-6=(x

In order to draw the graph, we proceedvgs Tellows:

i. To identify the points where th
we compare with
and get 'p==2; g=3.
or we put y = 0 in the ation and getx =—2and x =3
So, the points d (3,0) where the graph cuts the x- axis

ii. To identify the ere the graph cuts y - axis.

We put x =x"=x-=6 and get y = -6 - \
So the poirihi —6) and the graph cuts y-axis. at (0, —6).
iii. Check of the constant ‘a’ which is positive in this case, therefore

the graph upward. _ =
iv. For plotting the graph, some additional points |

will be obtained from the function

y=x% —x—6 asunder:
x|-3|-2]-1] 0] 05 [ 1] 2[3] :
| ¥ 6 0|—-4|—-6|-625]|—-6|-4|10 L

v. We draw the graph of the function which is a
parabola that opens upward with vertex at
(0.5,—6.25) as shown in Fig. 8.31.



)

8.3.5 Predict functions from their graphs (use the factor form

to predict the equation of a function of the type
fix) =~ ax? +bx + ¢ , if two points where the graph

crosses x-axis and third point on the curve' are given

We use factor form of quadratic equation to predict the equation of a
given graph whose function is of the form f(x) = ax® + bx + ¢ provided that
two points on the graph which cuts the x -axis and third point on the curve
are given.

The equation of the curve which passes througlf x —axis at the
points (p,0) and (g, 0) in the factor form of quadratic equ@ is

y =alx—p)x—q) WH
By taking all three points from the graph s ituting in equation

(i} we get the value of a. and by the value of p, a@ e can form the desired
equation of that curve.

The method is illustrated in the followy ple.

=ple 1: Predict the equation of ction from the given graph of the
type vy=ax’+bx+c
Sclution: The equation of the ¢ hich passes through x — axis at the
points{p, 0) and (g, 0) has the f a(x —p)(x —q) (]
Here the curve which passes t the ¥
points (-2,0) and (2,0) i EQ (8.32). ‘o
So, p=-2 and g = @ ubstituting these 4 i
values in eq.(i)

/ We get  § ’%3](1 —2) ... (i) L2 : (2,00
The point (1, on the curve, so it must = -2 -1 | 1 2

satisfy \ i /
so, —b6=al¥+2)(1-2) = a=2 \ —
Therefore equation (ii) becomes \ —6 .’.:: —6)
y =20 +2)(x~2) % g
y = 2x* =8, is the required equation of v
given graph of the parabola. '

- Predict equation of the graph of the function of the type

y = ax* + bx + ¢ which cuts the x — axis at the points (4,0) and (—2,0) and also
passes through the peoint (0,8) as shown in Fig. 8.33.

Scluticn:  The equation of the curve which passes through x — axis at the
i)

points(p,0) and (g4,0) has the form y=alx—pl(x—q)
The curve which passes through the




points (4,0) and (—2,0) is shown in figure (8.33)
Here, p=4 and g = -2. By substituting these
values in equation (i)
Wwe have y=alxy—4)x+2) i) | s
The point (0,8) lies on the curve, so it must .« 2.04 (A
satisfy equation (ii) v .
S0, -B=al0-4)0+2) = a=1
Therefore equation (ii) becomes
y=(x—4)(x +2) 5| 4
y = x* = 2x = 8, is the required equation of ::)% . j;"
the graph of parabola. @ "

-

Exercise .7
i |

R ——

Sketch the graph of the fullgw‘-%r Ltions:
' 245 (iii) y = x°

fi) ¥y =5x+2 \%
Sketch the graphs nf% quare root functions obtained from

LiTh]

4. Sketch

iyy= (ii) y = —x* = 5x

Find th wation of the function of the type y = f(x) = ax?+bx+c
which cuts the x-axis at the points (—4,0) and (3,0) also passes through
the point (2,—4). ,

6. Find the equation of the graph of the function of the type
y= ax? + bx + ¢ which crosses the x-axis at the point (—8,0) and (9.0)
and also passes through (5.10)

Find the equation of the function of the type ¥ = 3x2 4+ bx + c of the
parabola which cuts x-axis at the points (=3,0) and (5,0).

Find the equation of the graph of the function of the type
y = 2x* + bx + ¢ which crosses the x-axis at the points (—4,0) and (5,0).

x4+ y%=25.
Sketch the gap@ﬂmﬁng quadratic functions:
y=x*—-2p+1 [ii) y = —3x* + 6x
@ of the following functions using factors: \
. 2

o

o0




8.4 Intersecting Graphs

2@ 41 Find the Intersecting point graphically
intersection occurs between;
» a linear function and coordinate axes,
*» two linear functions,
« a linear and quadratic function.

. Points of intersection of a linear function and co-ordinate axes

When we draw the graph of a linear function \
y=f(x)=ax+b;V a,bxeER a#0and b#0 Q,

we get a straight line that intersects x-axis
y-axis at points P(a, 0) and Q(0, b) respectively as

in Fig.8.34(i) where a is called x-intercept andsb i ed
y-intercept of the line  on the coordinate <

In case, when b = 0 in linear function ’Q i
v=flx)=ax+b; ¥ abxER, a0

then the line ! will pass throu as shown in
Fig. 8.34(ii). So, point of in ion between linear

function and coordinate ] o
Method of finding poi tersection between linear

function and coordina graphically is explained in =~
the following .

0 (0.h)

ik
b

L ] P a,0)
= - X

il

ints of intersection of the Y b
fx) = x + 4 with WV
co-ordinate axes graphically, _ J-’"/'
Solution: Here, y= f(x)=x+ 4 i j/ .
Some corresponding values of x and y of the ‘
function are given in the following table,

x| -2]=1]1]2 el
v| 21 3|51 6 - i Ay 9

From the graph, we see, that xintercept and

y-intercept are —4 and 4 respectively as shown :
in Fig. 8.35. ¢
Therefore, points of intersections with :
coordinate axes are P(—4,0) and Q(0,4).




(b) Point of intersection of two linear functions

In order to find the point of intersection of linear functions. we draw
the graphs of the functions on the same graph paper and then with the help
of graphs we locate the point of intersection of these functions.

If we have two different linear functions described by lines [; and [;

ly: y=filx) =a;x+b,; - 1i)

[y y=fi(x)=a;x+b;; i) ¥ ag by agbax ER,
then these lines [, and [, may or may not intersect. If they intersect, then the
point of intersection is unique. In case they do not intersect, the lines will be
paralle]l having no common point.

The method is illustrated in the following example. \
Example: Find the point of intersection of the funct 6

f(x) =x—3 and g(x) = 2x — 5 graphically Q
Solution: f.-"
Let f(x) =y theny=2x-3. @ .'
Some corresponding values of x and y are sh@
in the table.
x -2 -1 0 1 E
y=x—3|-5|—-4|-3|-2|% 1
Now, let g(x) = y then y = 2x —
Some corresponding value are shown —1—
in the table.
Xx —1
y=&-5| =7
From the grap
the point (2, -1

(c) Points of intersection of a linear function and quadratic function

In order to find the points of intersection, we draw the graph of linear
function and’ quadratic function on the same graph paper. The points of
intersection will be located using this graph.

We know that the graphs of linear and quadratic functions are line and
parabola respectively. These curves may or may not intersect each other. If
they intersect then they will intersect at one or two points.

The method is illustrated by the following example.

Example: Find the points of intersection of functions
y=f(x)=2x+1 and y=g(x)=x"-4x+6,¥ x€R

Y -




Solution:
Some corresponding values of x and y of the function y = 2x + 1 are given in

the following table.

x |3 [-2]-1ToJ1[2T3T4Tl5]
Some corresponding values of x and y of function y = x* — 4x + 6 are given in
the following table,

j’#"é [ 6 |

| X -1 0 1 2 3 4 5 [ 6 |
L y=x-4x+6 | 11 | 6 | 3 | 2 | 8 | 6 | 11 | 18 |
r:: & i, 0E e
| ¥ .
Graphs of the above two functions are K.e, L
shown in figure (8.37) ik @) f«/’:
From graph, the points of intersection of . o ‘/"
1 2, .'-"_,.I"- ' TT

linear function and quadratic function
are (1,3) and (5,11).

A
=F—=
{1y 1

1
"T":" N
%

O
N a
@ }

3.4.2 Solve, graphi@ ppropriate problems from daily life
4

e 1 A groupfof 45 8chool children visited a zoo on special occasion

and at discount, 60 altogether for entry tickets. The entry ticket of
class 1 was Rs ld where as that of class KG Rs.1 per child, how many
children were i group from each class.

Solution:

Let x be the number of children from class 1
¥ be the number of children from class KG
According to the given condition
Total number of children are:
x+y=45 _ (i
Amount paid for the entry tickets of class 1 and KG children, at the rate of
Rs. 2 and Ks.1 respectively is:
2x +y = 60 .. .[ii)
Some corresponding values of x and y of eq. (i) and (ii) are given in the
following tables,




y=60-2x | 60 | 40 | 20 |0

In order to find children in each group, we
plot the graphs of eq. (i) and (ii) as shown in

ﬁg‘l.u'f:335. " JPLINE S Y ':j R -ﬁ-r'r'l w T"-‘
From the graph, the intersection point is @ B8
(15,30) \,

Hence, Q
x = number of children from 3

and y = number of children from gassjiG=30 ‘

Example 2. The difference of the ages of Waqaf and Sagibis 9 years ?;hj.le m‘t

age of Wagar is 3 years more than @ﬂm of the age of Sagib. Find their
L]

ages.

Solution: \!
S

Let the age of Saqgib be x ye

and age of Wagar be )
According to the given i10n

Difference of the @f qar and Saqib = 9 years \
9

i.l!_, ¥
= x+9 ... (i)
Now, square of ¥he age of Sagib = = x*

+ Age of Wagqar is 3 years more than the square of the age of Saqib

3 y=x2+3 ..
Ft'nm equation (i)
y=x+9

Some corresponding values of x and y of function y = x + 9 are given in

the following table.
From equation (i)

X -3 -2
y=x+".-'! 6 7




From equation (ii)

[ X =3 |- -1

}-=w—“'+11 1 12 ‘ 7 4

From the graph, we get the intersection points (—2,7) and (3,12) as shown in
Fig 8.39. f
Since, age cannot be negative, so the
required point of intersection is (3, 12).
Thus, age of Saqib = 3 years
and age of Wagar = 12 years

0 1 [ 2] 3
rf4|?;1:a

14 fM0n

(-3.12)

12 . 4
(2. 11 I
gt 1R

(3]
T e TR T 4

Exercize 8.4

R

Graphically find the p of intersection of the following linear

functions with co- 5.
(i) flx)=x+7 Q (i) flx) ==x+5
fuii) f(x) 2 (iv) f(x)=-2x+ 4

Find the intersection of the following functions graphically
where j 1on of x.
(i) 2x + y and x +y = 4 [ii)3x—2y=4andx+4y =06

Find the point of intersection of the following functions graphically:

fi) fix)=x+2and g(x) =x*—4x+6

[ii} f(x) =x+ 4 and g(x) = x* — 6x + 10

The paths of two aeroplanes A and B in the plane are determined by
the straight lines 2x—y =6 and 3x+y =4 respectively. Graphically
find the point where the two paths cross each other,

If the sum of two numbers is 6 and the square of the first number is
greater than 6 by the second number. Solve graphically and find the
numbers,




iil

1.

vii.

viii.

1X.

xi.

i,

xiid.

Niv.

: view Exercise 8 J

Select correct answer

If f: A — B be a function, then it is an onto function if:

(a) Range = B (b) Range c B

(c) Image is not repeated (d) Domain # A

The graph of y = x® is symmetric to :

(a) x — axis (b) ¥ — axis (c) origin (d) none

An one to one function is also called __function:

(a) Injective (b) Surjective (c) Bijec% (d) Inverse
Inverse of a function exists only if it is:

(a) Injective (b) Bijective (c) (d) all of these

The function f = {(x,¥) |y =mx+c},m real numbers i8s:
circle (d) A point

(a) Linear (b) Quadratic
The function f = {(x,y) | y = ax® @‘ﬂ e

(a) Linear (b) Quadratic (c) A circle (d) A point
The range of f(x) =x*+3 ¥ is

(a) R (b n{? © Gow)  (d) (3%
Graph of y = x" is to __ ifnis an odd integer.
(a) x — axis (c) origin (d) none
The graph of Qbﬁ n is:

(a) Circle Q/ (b) Straight line

(c) Para |d) Triangle

If fis op from A to B. Domain of fis equal to:

(a) etof A (b) AXB [c) A (d) B

Eve ction is a:

(a) Relation (b} Inverse function

(c) One to one (d) None of these
Iffand g are equal where fix)=Tx—4and g(x)==x then X =

I[HJ' - {bl (c)1 :d]n -
Domain of the function f (x) = —+—11 is set of all:

(a) real numbers (b) rational numbers

(c) complex numbers |d) real numbers except 1
A function f(x) = x| —x*is:

(a) odd (b) Linear

(c) Even (d) Neither even nor odd

Iy -




n

&

Find domain of the following functions,
M f==— i) fO=vEi¥3

T4
Graphically, find the point of intersection of the function f(x) = x and

glx)=x*—x

Find the equation, in the form y = ax® + bx + ¢ of the parabola which
cuts x-axis at (1,0) and (5,0) and cuts y-axis at (0,15).

The function fis defined by f(x) = ax? + bx 4 ¢. Given that

f{0) =5, F(-1)=15and f(1) = 1, find the values of a, band ¢

The function fis defined by f(x) =x%—-3x+5. Fi{d the values of x for

which f(x) = f(3).
x &




e e .

Linear
Programming (LP)

niroauction

9.1

|
Linear programming was developed as a discipline in 1940s motivated
initially by the need to solve complex planning problems in war times
operations. Its development accelerated rapidly in ar period as many

industries found valuable uses for linear progr uring World War-1I, |

with transportation, '

\

linear programming was used extensively
scheduling, and allocation of resources subj certain restrictions such as

costs and operations.

9.1.1 Define linear programpijag (LP) as planning of allocation
of Iimited resnurcgs%ﬁ[ain an optimal result

Linear Programmin 15 a mathematical technique for
allocating limited resources lImum manner.
If we have limi -:@o s at our disposal then we intend to seek
optimal utilization @ resources. The resources may be time, money,
plef we have 50 square feet of office space to use for

a budget of Rs 20,000 and there are variety of cabinet
types and which to choose. S0 how best the available space, we
should uti d stay within the allocated budget. In another example a
company manufactures three products using the basic raw material, some
are more expensive to produce than others and few of them are perishable,

and need to be used quickly. How much of each product should the company
manufacture to minimize the cost and which combination produces the least

atr

space etc. For
storage and

waste.
In above examples the situations are complex, as so many variables

and constraints are involved for consideration. In order to handle such type
of problems, we take the help of linear programming. Linear Programming is
a mathematical technique that determines the best way to use available
resources. Managers use the process to help make decisions about the most

efficient use of limited resources.

267



' Lineart !r.H‘u;ILl..lI".TIl 5

In mathematics, a linear inequality involves a linear expression in twg
or more variables by using any of the relational symbols such as <.>, = or =

9.2.1 Find algebraic solutions of linear inequalities in one
variable and represent them on number line

Inequalities of the form ax <bax<bax>borax =z b, where aandb
are constants, known as linear inequalities in one variable.
x<—55x<10,-2x—6> 10 and —2(x + 2) = 4 — x are few examples of linear
inequalities in one variable. Solutions of a linear inequality gh one variable are
the values of the variable which satisfy the linear inequﬁ

The graphic solution of a linear inequality in unxh'
by a number line. We use the left parenthesis sym
symbol “)" for “>" and “<" respectively. We alsg

le is represented
d right parenthesis
the left square bracket
and “<” respectively for

T
-4 — -2 —1 1 2 3 4
Thegraphfnrxaz,‘n'xEEr\Q

. - s

- [ il —.
4 8 6= 0 1 ol 3 4
The graph for x < 11, is:

o ———e e —
-2 2 4 6 8 10
The graph 11, YxE R is: 12 i
e - - - P )_'__._>
-2 0 2 4 6 8 10 14

ample 1. Solve the inequality x—3 <0 and represent the solution on
numhr:r line, where x € R.

Solution: We have x—-3<0
Adding 3 to both sides *=34+3<043=x<3
Thus, the solution of the inequality is the set of all
less than 3, i.e., solution set = (x|x e RA x < 3)
The solution of the inequality is represented by number line as under:
f—eo—n o —»- . - > a8

real values of x that are

76 -5-4-3-2-1 0123 45§ 7




Solve the inequality: 2(x + 2) =x— 5 ¥ x € R and represent the

solution on number line,
golution: We have 2(x+2)=x-5

= 2x+4=x—5= x= -9
The solution set = {x|x e RA x < —9)
Representation of solution on number line:

i} —- il I L L] L] - L L - @ - - - -
-11-10 9-8-7-6 -54 -3-2-1 0 1 2 3
Solve the inequality 2(x —3) = 3x — 4, ¥ x € R and represent the

pag el

su]utmr: on number line.

Solution: We have 2(x—3)=>3x-—4 \

=% 2x—HB23x—4 = —ypl= x=<-—2

Thus, solution set = {x|lx e RA x = -2}
Representation of solution on number line:

=4 a = » --}_4-—-.='- -%QI——--I =
-5-4 -3 2-1 0 1 4 5 6
Note that the graph has an arrow indicating tHat the line continues without
end to the left i.e.,— o0

The solution can be expressed indn
values of x less than or equal to —

———

notation as (=, —2], i.e., all real

R.Ax::-a]M&u{a,m}-{xleHAx}a;
Ax = al. Msn{-—m ﬂ}—{rlrEﬂ!ﬂ.r-:_u}

rr. yte: Interval notations: [a, o) =

I (~e0,al 3 {
Example 4. Solve thﬁ@l
solution on numb-cr

Eulutiun' We h x+7=28B ,¥vxeER.
191: and3r+?'{25

Ix =21
x57
Thus, sniutmn sc:t = {x|]x € IRA 4<x<s7)
Representation on number line:
.‘_..-_4-._—--—4—-—-__-_-——.-—(— - ® .+_ —_—
4 3-=2=1 01 23 4 5 6 7 8

9.2.2 Interpret graphically the
variables

The general form of inequalities: ax + by<c¢, ax+by>c, ax+by=sc

and ax + by = ¢ are known as linear inequalities in two variables, where

a#0 b=0and care constants, xand y are variables. The solution of a linear

ality 19{'3-:¢+?-=:EE vx€R and mpmaﬂnt

linear inequalitic in tw




inequality in two variables like ax + hy > ¢ is an ordered pair (x, ¥) that
produces a true statement when the values of xand y are substituted into the

inequality. The graph of linear inequalities in two variables is a set of all
solutions that constitutes a region representing half portion of the plane,
Graphical solution of linear inequalities in two variahles

Consider the linear inequality
ar 4+ by < ¢, a=z0, b#0and c#0 e (1)

Following are the steps to graph the solution region of above inequality.

Consider the inequality as an equation
ax + by =c,

Step 2 Find x-intercept, and y-intercept

For x-intercept, we put y = 0in (2) @

F C
We get ax+ b(0) =¢ ==-a_t=f=x=£ S0, x-mter& ; and (E’ﬂ} 1s the

point where line cuts x-axis.
Similarly, for y-intercept, put x = 0in (2) ®

We get a{ﬂ}+b}r=c=&b}r=f=}r=§ 80,
point where line cuts y-axis.
Step 3. Plot the points in a g;raph‘ w the straight line.

(1),
m#Lrg:in is a part of solution and shade the

(2]

;. Ex
rcept is b and (D,E) is the

Step 4. Substitute (0, 0) in the
(a) if inequality is true
region involving ogj
(b) if inequality i origin is not a part of solution and shade
the region wiy s not involve origin.
Example 1. Graph on of the inequality: 3y + 2x < 6.
Solution: We hav
(i) Consider the

ty as an equation

i.e., 2x =6 -eef ) _
(i) For y-intercemt, we put x = 0 in (2), ; “al (0,2)
and get 3y + 2(0) =6=y =2 ! F
So, intersection point of line and y-axis is 1 :
(0, 2) - ol 3¥+2x=6 (3.1
For x-intercept, we put y =0in (2),andget ““5 ;g 1 32 ¥ %
30+ 2x=6b=x=3 -1
So, intersection point of line and Jaxis is Shagad
Region
(3, 0) -2
(lii) We plot the above intersection points :

(0, 2) and (3, 0) in the graph.
(iv) We put x =0 and y = 0 in (1) , we get
3(0)+2(0)=6= 0 <6,




,;ﬂ’ { b

GRS 7% ST i)

which is true. So, origin is a part of solution of inequality (1).
Now shade the region in the graph as shown in Fig. 9.1 which represents the
golution set,

Pl
4

gpxample 2. Graph, the solution of the inequality 3x+ 5y = 30 P
golution: We have 3x+5y =30 safi] F@
(i) Consider the inequality as an equation i
. ie., 3x + 5y =30 -..(2) %
(id) For y-intercept, we put x = 0 in (2), e 7 [ 4
and get 3(0)+5y=30 =y=6 . SR sy Ty
Intersection point of line and y-axis is (0,6) ' =Y
For x-intercept, we put y = 0 in (2), K’w it =5
and get 3x +5(0) = 30 = x = 10 z
Intersection point of line and x-axis is (10,0) e &- 110,00
({iii) We plot the above points (0, 6) and ¥z Qu - 4 T § '1'15 =
(10, 0) in the graph. | -
(iv) We put x = 0 and y = 0 in (1), and get %_4_ keI
3(0) + 2(0) =30 = 0 =30 which is not tru v ! i ol
So, origin is not a part of solution of 1n§®ty %)
(1). .
Now shade the region as shown in ig’ 9.2 which represents the solution set.
9.2.3 Determine graphj the region bounded by up to
simultaneou %\ inequalities of mnon-negative
variables an e the region bounded by them
Two or moré lisfear inequalities form a system of linear inequalities. The \
solution of the of linear inequalities in two variables x and y can be
obtained by g each inequality and then taking intersection of their

regions. The mon region is the solution region of the system of linear
inequalities. In case of ‘<’, solution region is below the line and in case of * 2",

solution region is above the line.
Example 1. Selve graphically
5x+y=z10 sall)
x+yz6 +-(i)

xy=0
Solution: Let the corresponding equations of above inequalities are
sx+y=10 ...[iw)
x+y=06 V)
x + 4y =12 ....{vi)

xy=0



ARDERGSESRSN VR e

Inequality (i)

For y-intercept, we put x = 0 in [iv), do-s
and get S(0)+y=10=>y=10 Cf
Intersection point of line and y-axis is 8 :‘ed
0,10) e 6| ®
For x-intercept, we put y = 0 in (v}, i1 Y%
and get 5x + (0) =10 = x =2 Wy e
Intersection point of line and x-axis is 7 B T 2
% (20) .
2.0 .. TSP 4 & & D j2
For origin, weput x=0andy=0in (i) | ' _ i (12,0

we get 0 = 10 which is not true ek /

So, origin is not a part of solution of o @
inequality (i) Q

Inequality (il)

For y-intercept, we put x = 0 in (v}, and get #U+ = y=6
Intersection point of line and y-axis is (0,6

For x-intercept, we put y = 0 in (v}, xr+0=6=x=6
Intersection point of line and x-axis ]

For origin, we put x =0 and y ' eget 0=6

which is not true. So, origin i part of solution of inequality (ii)
Inequality (iii)

For y-intercept, we ? ,andget 0+ 4y =12=y=3
Intersection point . y-axis is (0,3)

For x-intercept ut Y= 0in (vi), and get x+4{0)=12=x=3
Intersection of Jine and x-axis is (12, D)
=0

For origi and y = 0in (iii) we get 0=12
which is e. So, origin is a not a part of solution of inequality (iii},
We draw the lines by plotting the above intersection points on the graph.
The region bounded by the intersection of three inequalities is shaded
(Fig. 9.3) which is the required solution satisfied by all the inequalities.

Nore: Since all the inf:quahﬁr:s.- are of type “>"and coefficients of y are pusiﬁ{re.
Therefore, the solution region is above all the lines.

» Solve the following system graphically

5x + 10y < 50 1)
Bx +2y = 16 2]
Ix-2y<6 .[3)

xyz0




4 I 'i'ﬁ'-*",l
Solution
Let the corresponding equations of above inequalities are
5x + 10y = 50 (4]
Uy 4+ 2y = 16 o |3
Ix—-2y=6 ...16)
x,y=0

Inequality (1)

For y-intercept, we put x =0 in (4), and get 5(0) + 10y =50 =y =5
Intersection point of line and y-axis is (0,5)

For x-intercept, we puty =0, and get 5x 4+ 10(0) =50 = x 5 10
Intersection point of line and x-axis is (10, 0) {‘

¥
For origin, we put x =0and y =0 in (1) -ru:@ =

we get , 0 < 50 which is true
So, origimn 15 a part of solution of 0 .
inequality (1) @f«i SR
Inequality (2) ( ’ ol S B
For y-intercept, putx = 0 in (3) ; A, o
we get y =8 - = 00
. : : . ; VAED)
Intersection point of line and y-axi 8 R A & & 10~
For x-intercept, we put y = 0} in 5\ Szl A NS fy
and get x = 2 _h;';qu‘ -y ‘.
Intersection point of line %‘15 (2, 0) %
For origin, we put x = (2) ¥l
We get ,0 = 16 which 0 e
So, origin is not lution of inequality (2)

Inequality (3)

line and y-axis is (0,-3)
For x-intercep¥ we put y = 0 in (6) and get 3x—2(0)=6=x=2
Intersection point of line and x-axis is (2, 0)
For origin, we put x = 0and y = 0 in (3
We get ,0 < 6 which is true.
So, origin is a part of solution of inequality (3)
We draw the lines by plotting the above intersection points on the graph.
The region bounded by the intersection of three inequalities is shaded
(Fig. 9.4) which is the required solution satisfied by all the inequalities.
Since coefficient y are positive. Therefore
Note First inequality is of type (<) so, solution region is below the line I,.
Second inequality is of type (=) so, solution region is above the line /.
Third inequality is of type (<) so, solution region is below the line I;.




Exercise 9.1 2

—— ———

Solve the following inequalities and represent solution on number line
in each case.

(1) 2x+5<9, VxeR (1) Ix—1>10vxeR

fili) 4x—-5<3+2x,¥Yx€ER (iv) 6<3(x+2)<ZLVxER
Draw graph of the following linear inequalities.

{1) 2x—-y=7 [ii) Ix+4y =10

iiij x-2y=5 (iv) 2x+y<4 (hu
Solve the following system of linear inequalities @ Y.

i} 3x—y=8 (ii) 3x-—
2x+3y =5 &—4

Draw graph of the solution region of ng system of linear
inequalities. Also check whether the gaplpis bounded or not.

1) 2Zx+y=5 ¥ x+2y=6
Ix—2v <7 % 2x—-3y =8
L

x=0 \ x+2y =<4

In linear pro %m lems, a feasible region is the set of all
possible points that saW e problem's constraints, including in=qualities
and equalities.

/ 9.3.1 Defi

rogramming problem,
L tive function,

® problem constraints,

9 decision variables.

(i} Linear programming problem

A linear programming problem (LP problem) is one that is concerned
with finding the optimal value [maximum or minimum) of a linear function
[called objective function) of several variables, subject to the conditions that

the variables are non-negative and satisfy a set of linear inequalities (called
linear constraints).

The term “linear” indicates that all the mathematical relations used in
the problem are linear relations while the term “programming” refers to the
method of determining a particular programme or plan of action




(i) Objective Manction

An objective function expresses the main aim of the LP problem which
is either to be minimized or maximized. The objective function evaluates some
quantitative criterion of immediate importance such as cost, profit, utility, or
vield. In an LP problem, an objective function Z = ax + by, where a, b are
constants, has to be maximized or minimized subject to the given linear
inequalities. To find the Maximum Z or Minimum Z, we convert the
inequalities into equations.

(iil} Problem Constraints

The linear inequalities or equations or restrictions on the variables of

a linear programming problem are called problem constraisdts. The conditions

x 20, ¥ =2 0 are called non-negative restrictions. edu

In LP problem, the constraints are egual al mathematical
sentences defining limitations on decisions. Cons ise from a vanety of
sources such as limited resources, contractual ns, or physicel laws etc.
(iv] Decision variables

Decision variables describe the quawmtities that the decision makers
would like to determine. They unknowns of a mathematical
programming problem. In general, dgeisign variables are represented by x,y,2
tc.,. These variables are requir non-negative.
9.3.2 Define and show hically the feasible region

solution spage P problem

The cummon r termined by all the constraints including non-
(x >y = 0) of a linear programming problem is called
iution space) for the problem. Points within and on
feasible region represent feasible solutions of the
A easible solution region on the graph is the one which is
satisfied by all %he constraints.

The method of showing the feasible region of an LP problem is
illustrated by the following example.

!_. =T

Find the feasible region or solution space of the following inequalities
S5x+y<100; x+y=<60; x=0, y=0

Solution:
First, we convert the inequalities into equations as follows:
5x + y =100 .-(i)
x t+ y =060 .. ii)
xz0y=0

B -



We consider equation (i)
For y-intercept, we put x = 0 and get
Therefore, intersection point of line and y-axis is (0, 100)

For x-intercept, we put y = 0 and get 5x + 0 =100= x = 20
Therefore, intersection point of line and x-axis is (20, 0)

For origin, we put x = 0 and y = 0 in 5x + y = 100

5(0) + y = 100 = y =100

We get .0 < 100 which is true. ¥

So, origin is a part of solution of inequality L

5x 4y < 100 ’i '

Now, we consider equation (ii) =

For y-intercept, we put x = 0 and get = \
O4+y =60= y=060 | i o4
Therefore, intersection point of line and y-axis | &@m.

e
.

For x-intercept, we put y = 0 and get AT
x+0 =60= x=60 : ' =
Therefore, intersection point of line and x- | |
is (60,0) \g\ Faao B . & s B
Fﬂrurigin..weput.r=ﬂendy=ﬂ‘in@ <60 —* e

We get ,0 = 60 which is true.

So, origin is a part of solution gpfa
We draw the lines by plotti

OABC formed by the in
solution space) for the'g

2 £ b

is (0, 60) Q;Q 5]
! 1.‘-:
140

£ TF}

ality x + y = 60

points in the graph. The shaded region
these inequalities is the feasible region (or
equalities as shown in Fig. 9.5.

i} ldentify g fedsible region of simple LP prohl

The me entification of feasible region of simple LP problems 1=
explained b owing examples,
Example | the feasible region of the following LP problem

Maximize £ = 2x + 3y
subject to 2x + v = 100; x + y =80, x=0y=0

Solution:
We first, consider the constraints as equations as follows:
2x 4+ y =100 -es(1)
x+ y=80 (i)
xz20y=0

To get the intersection points with the coordinate axes.

We consider equation (i)

For y-intercept, we putx = 0 and get 2(0) + y=100= y = 100
Therefore, intersection point of line and y-axis is (0,100)




For x-intercept, we put v = 0 and pel

¥ + D=100=% * =50

Therefore, intersection point of line and x axis is (50, 0)
For origin, we put x = 0 and y = 0 in
2v + v =100 |

we get .0 < 100 which is true. 1

So, origin is a part of solution of

inequality 2x + ¥ = 100 iy R J 130, 5
Now, we consider equation (ii) o

For y-intercept, we put x = 0 and get -

ﬂ+1r=ﬂﬂ'=t }r:HI] 113 @\r‘i.‘_f
Intersection point of line and y-axis is I:: \' A

[{}13{“ 'I | Q ﬁ_-I“_ﬂ.lr_l.u = ,*:.“::.-, i
For x-iﬂtﬂﬂ:ﬂptj we put y= 0 and get i i T #l "

r+0=80= x =80 %
So, the intersection point of line and x-axis .0)

For origin, we put x =0 and y =0 in < 80
We get 0 < 80 which is true. Q
Sa, origin is a part of solution u@t}* x+y =80
Ev plotting the above points ing the lines in the graph, the shaded
region OABC formed by thgsi ction of these inequalities, is the feasible
region for the given in shown in Fig. 9.6.

' region of the following LP problem

x +3y
o 2x+2y =28, 4x+ 12y =24 xy=0

¢ written in simplified form as:

3x+y =6, ...{i)
r+y =24 (i)
and x+3y=6 ...[i1i)

First, we consider the inequalities (i),(ii) and (iii) as equations
3x+y =6 .. (iv)
x+y =4 V)
x+3y=6 o vi)

xz20,y=0

To get the intersection points with the coordinate axes:

Now, we consider equation (iv)

For y-intercept, we putx =0 and get 3(0)+y =6 = y=46
Therefore, intersection point of line and y-axis is (0,6)




For x-intercept, we put y =0,
weget 3x+(0)=6 = x=12
Therefore, intersection point of line and x-axis is (2, O]

For origin, we put x =0 and y=0in (1), we f

get 0 = 6 which is not true. fi 9 t_-’-ﬁ?
So, origin is not a part of solution of Ls A%
inequality (1) To4) s
Now, we consider equation (v) 4 -"““x‘-?
For y-intercept, we putx =10 and get -3 . .

0+y =4 =y=4% | 4 1ﬂ=.iile's-&
Therefore, intersection point of line and [*-

y-axis is (0,4) e = \' S T
For x-intercept, we put y = 0 and get o @ ! [4.0) (6,0]
N

- S

r+0=4 = ¥ =4 I
Therefore, intersection point of line andf — L e
x-axis is (4,0) ;

For origin, we put x = 0 and y = 0 in [ij d get 0 = 4 which is not true.
So, origin is not a part of solution of i ty (ii)

Now, we consider equation (vi] *

For y-intercept, putx = 0, we W fE = y=2

Therefore, intersection mi@nd y-axis is (0,2)

For x-intercept, we putgf= t x+3(0)=6 = x=6

Therefore, intersectio f line and x-axis is (6,0)

For origin, we p ={ y = 0 in (iii}, we get 0 = 6 which is not true.
So, origin is n f solution of inequality (iii)

By plottin points and drawing the lines in the graph, the shaded
region form e intersection of these inequalities is the feasible region
(or solution splce) for the given inequalities as shown in Fig. 9.7.
Cwample 3. Find the feasible region and also find its corner points for the
following LP problem
Minimize Z =x—9y

subject to 2x + 3y £ 48, x=15; y = 10; rny=0
Solution:
First, we consider the constraints as equations and find intersection points with
coordinate axes as under,

ynatraint 1 2x+3y=48
When x =0, we get vy =16
and y=0,weget x=24
The points of intersection of line with axes are {0, 16) and (24, 0).

278




For origin, we put v = 0and v = 0 in 2x + 3y < 48
We get, 0 < 48 which is true
So, origin is a part of solutivn of inequality 2x + 3y < 48

We draw the line through (0. 16) and (24, 0). r he
Constraint 2 ¥r= 15 | 16 (0,16 .
The point of intersection of line with x-axis is | 14 "*1F

15, 9) ™ -

[ 5
For origin, we put x =0, in x < 15 we get, 0,100 " (9.0))  ye10

0 < 15 which is true. So, origin is a part of

solution of inequality x < 15 ; «SQ’
f 4

4

We draw the line: x = 15 through (15, 0). §Ha:6)
Constraint 3 ¥y =10 L SR

The point of intersection of line with y-axifis (@~ o et
10) i (15,0 " (24.0)
For origin, we put y=0,in y < 10 w 7 . X 10 0 235
0 < 10 which is true. So, origi i\ of e e
solution of inequality y < 10 i

We draw the line: y =10t ,10)

The shaded region as n Fig. 9.8 is the feasible region for the given

points (0,0), (15,0) (15,6), (9,10) and (0,10).

Exercise 9.2 i

Draw$nf the following system of linear inequalities and identify
the feasible region and the corner points.

rh

inequalities, with

[i) 2x —3y <8 (ii) —Sx + 4y > 10 (iii) 4x + 3y < 12
3x+ 2y < 10 2x+y<t 3x—2y<9
xz20,y=20 xz0y=20 xz20y=0

2 Draw graph of the following inequalities and also identify the solution
space and the corner points.
i) Sx—y<16 i) 5x+3y=<12 (iii) 6x+ 5y = 14

3Ix+2y<h 2x—3y <9 4x+ 2y <10

x+2y=<5 x+2v=+4 3x—-2y<8

x20y20 xz20y=20 x20,yz0

el i

N
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QO 4 ﬂpt imal Soluntion

fMne antimal glnt 1om i i

Feasible solution A feasible solution to a linear programming problem is a

solution that satisfies all constraints.
solution: An optimal solution to a linear programming problem is
argest objective function value for a

Uphmal
e for a

the feasible solution with the 1
maximization problem and the smallest objective function valu

minimization problem.

1al solution [graphical) i‘hr-n'.-.:"&'

F . L] 3 L ¥
I | L |':' 3L

svstematic pro
s establish the mathematical innnn].-.n@ { LI [0

cedure
2 § uct the g 'i]-"‘[:.'
« identify the feasible r

der 1 eas rogLIOn, @
s locate the solution polnts,
» gvaluate thi -u"F:._.'ffl::t‘l--'-“.‘ R 1
» gglect the optimal ‘=.-::l;|?§

1T tirL e %

fy the optimal 'n\\ by actually subsi {
riahles from th Wible region

lution of Linear Programming problem
to be followed as explained in the following

In order to find theyso
the above mentioned st

examples.
Find a%iémﬂ solution of the following LP problem.

EJ:HITIPIJE: 1
Maximize the obj nction z= f{x,¥y)=5x+7y,
x+y<8 and x,y=20

Subject to the

Solution: == .

Step 1. Mathematical formulation of LP | QQ} [0
%m..ﬂ L

problem i L,
The problem is already

mathematical formulation

ints x<6; 2x+3y=19;

Dt

sty il

"':!J:‘h | %1? [
¥ Mg S

in the form of :'_“:'Eg*

i.e., Maximize z=5x+7y BN . ; bl H
Subject to the constraints x < 6, Wi t:’\ﬁ“‘.jﬁ-i S)
2x+3y<19;, x+y<8 and xy=0 il C e !

Step 2. Construct the graph il A 5 (8.0} (9.5.0)
For the graph, first we find intersection i i;'ji 1 4 (eog 1,‘1‘1913
points of the constraints with axes and draw ¥ 1 i

lines. (Fig




constra *X<6
Consider the constraint as an equation i.e., x = 6, Draw the line for x = 6.
The line is parallel to y-axis through (6,0).

Consti 2x+3y=19

Consider the constraint as an equation

2x+3y=19

whenx =0, weget y=633 and

wheny=0, weget x=095.

The intersection points are (0, 6.33) and (9.5, 0). We draw line through these
points.

Constraint J3 x+y<8 @\

Consider the constraint as an equation x+y=28
When x=0, weget y=8. Q
and for y=0, weget x=8. @

The points of intersection are
(0, 8) and (8, 0).

We draw line through these points.

Step 3. Identify the feasible regi
The intersection of three linea '%Iities is the required feasible region
he

OABCD which is the shaded graph as shown in Fig. 9.9.

Step 4. Locate the soluti
The solution points opfc ints of region OABCD are 0(0,0), A (6,0,

B (6,2), C(5,3) and D (€. in the graph.
Step 5. Evaluat objective function

Solution pdigigf i Objective function
Corne i flx,y)=5x+7y
B O (0, £(0,00 =5(0)+7(0) =040 =0
A (6, 0) f(6,00 =56)+7(0) =30+0 =30
B (6, 2) f(6,2) =56B)+7(2) =30+14=44
C (5, 3) f(53) =505)+7(3) =25+21=46
D (0, 6.33] £(0,6.33) =5(0) + 7(6.33) = 0 + 4431 = 44.31

Step 6. Select the Optimal Solution
From the above table, as the maximum value of the objective function

is 46 at the point (5, 3). Therefore, the optimal solution to the given LP problem

is: fmaximum =46 ; x=5 y=3

Step 7. Verify the optimal solution
For the optimal solution (5,3),



1# constraint ¥ < 6 becomes, 5 < 6 which is true,

2nd constraint 2x + 3y < 19 becomes, 19 = 19 which is true.
3 constraint ¥ + y < 8 becomes, 8 < 8 which is true,

= All the constraints are satisfied by the optimal solution.
& it is verified.

“wample 2 Find the optimal solution of the following LP problem:
Maximize Zz = 6x — By

Subject to  30x + 20y < 300; Sx+ 10y = 110; and xyv=0
Solution:

Step 1. Mathematical formulation of LP problem
The mathematical formulation is already given as \

Maximize z =bx—8y
Subject to  30x + 20y = 300; 5x+ 10y = 1105 a_n§ =0

Step 2. Construct the graph
For the graph, first we find intersection po 4@5 nstraints with axes.
Constraint 1. 30x + 20y < 300 i ’
We consider it as an equation 30x + 20y =

When y =0, we get x =10

The intersection point of line mth
x-axis is (10, 0) \5\
When x =0, we get y =15

The intersection point of

y-axis is (0, 15) : :

We draw line through points. f_. e ;."““rj".'_'a@ ]

Constraint 2. § 0y = 11!] % _"':i{fi:‘__

We consider i uation " | ¥

Sx + 10y =gl - _ig A.un 0l (2.0
When y =0, tx=22 HEEEE. 0 12 18 16 18 W B

The intersection point of line with

x-axis is (22, 0)

When x =0, we get y =11 -

The intersection point of line with y-axis is (0, 11)

We draw line through these points.

Step 3. Identify the feasible region

The intersection of two linear inequalities is the required feasible region

OABC which is the shaded area in the graph as shown in Fig. 9.10.

Step 4. Locate the solution points

The solution points or corner points of the region OABC are O (0,0, A {10, 0},
B (4,9) and C (0,11) in the graph.




Etipﬂl‘[lhl..l_ﬂr “"_"q_ "ﬂ".i"'-‘ﬁ"'-'i‘ flunction

s O (0, 0) f(0,0) =6(0)—8(0) =0-0 =0
A (10, 0) £(10,0) = 6(10) —B(0) =60—0 = 60
B (4, 9) | f(49) =6(4)—8(9) =24-72=—48 |
C (0, 11) f(0,11) =6(0)-8(11)=0—-88 = -B8

Step 6. Select the Optimal Solution
From the above table, as the maximum value of the objective function
is 60 at the point (10, 0). Therefore the optimal sﬂlutit{tﬂ- the given LP

problem is: ) C— % " x=10, y=10
Step 7. Verify the optimal solution @
For the optimal solution (10, 0), \,

1=t constraint 30x + 20y < 300 becomes, 3 300 which is true.

2nd constraint 5x + 10y = 110 becom £ #1110 which is true.
+ All the constraints are satisfied b@ptimal solution.

= it is verified.
Example 3. Find the optimal snlutiuue;m following LP problem:
Minimize z =3x+4y " %
Subject to the constraints \

2¢+3y=6; x+y=8 x=z0,y =0
Solution:
Step 1. Mathematic n of LP problem

jon is as already given
Minimize Z =3x+4y

Subject to 6;: x+y<8 and x=0,y=20

Step 2. Congt e graph

For the grap t we find intersection points of the constraints with axes.
Constraint 1. 2x+3y=6

We consider it as an equation 2x + 3y =6
When y =0, we get x =3

The intersection point of line with x-axis is (3, 0)
When x =0, we get y = 2

The intersection point of line with y-axis is (0, 2)
We draw line through these points.

Constraint 2. x+y <8

We consider it as an equation x+)y =8
Whin y =0, we get x =8

The intersection point of line with x-axis is (8, 0)




When x =0, we get y =8
The intersection point of line with y-axis is (0, 8)

We draw line through these points.

Step 3. ldentify the feasible region

The intersection of two linear inequalities is the required feasible region
ABCD which is the shaded area in the graph as shown in Fig. 9.11

Step 4. Locate the solution points
The solution points or corner points of the region ABCD are, A (3,0), B (8,0},
C (0,8) and D (0,2) in the graph.

Step 5. Evaluate the objective function

Solution points ol L

'-..‘ln."'l LR ) 'i“"'lfl':'.'- i ! | . %\
A(3,00 | f(3.0) =33)+4(0)=9+0 b
B (8, 0) £(8,0) = 3(8) + 4(0) = 24 D= 24

B C (0, 8) f(0,8) =3(0) +4(8) = =32
D (0, 2) £(0,2) = 3(0) +4€=) =8 -3
Step 6. Select the Optimal Selution

From the above table, as the mﬁm value of the objective function

is & at the point (0, 2). Therefore ﬂlﬂ solution to the given LP problem
Is: frninimum =8 ; y=12
Step 7. Verify the optimal soljlj

For the optimal soluti
1 constraint 2x mes, 6 = 6 which is true.
e

2nd constraint x = comes, 2 < 8 which is true,
P v All the co ain e satisfied with the optimal solution.

life simple LP problem:

e examples of real-life simple LP problems which are solved
through graphical method.
Example 1. A company has two flour mills, A and B, which have different
capacities for high, medium and low-grade flour. This company has to supply
flour to a firm every week 12, 8 and 24 quintals, (1 quintal = 100 kg) of high,
medium and low grade respectively. It costs the company Rs.1000 and Rs.
800 per day to run mill A and mill B respectively,

On a day, mill A produces 6, 2 and 4 quintals and mill B produces 2,
2 and 12 quintals of high, medium and low-grade flour respectively,

How many days per week each mill is operated in order to supply the
flour to the firm most economically?



golution:
step 1. Mathematical formulation of LP praoblem

The problem can be formulated in the following tabular form:

Hum.ﬁuducﬂ-ﬂﬂ ' __h'lIH EEPHC]T]I:”" B R-E'E]Uifﬂmﬂﬂt
High grade T il 2 12 ;
Medium grade a1 8 1. B - i
Low grade 4 12 24 ; -
Cost (Rs)/day 1000 200 B

Let x be the number of days per week mill A operates. K

Let y be the number of days per week mill B np&rates@

The objective is to minimize the total cost of operatio o find the values

of x and y.
Now, we can write mathematically LP problem 5!

Minimize f=1000x+ 800y
Subjectto  6x+ 2y=12; 2x+ Zy= 80+12j¢224: xy=0

Step 2. Construct the graph 7
For the graph, first we find intersecti ints of 5 $D (0, 6}
the constraints with axes. 12

L 3 6 Bee,
8
i 1 bx + E}' = 1-2 \\ L]I'B‘fi]x :;} Fea=ible region
We consider it as an equation % 2y =12 N

when x=0, weget y=6

{:\ M,(RQ
when y =0, weget ¥= "?‘f‘l PN
The intersection points ¥ lifle with axes are (0, 6) -1 s T

[ | P gy,

and (2, 0). lig (. @OVE ey TREASED)

We dlraw]linc t ese points. -l St 2N \‘\

yz8

We consider 1 an equation 2x+ 2y =8

when x =0, we get y=4 and ¥

when y =0, we get x = 4 S —

The intersection points of line with axes are |

(0, 4) and (4, D).

We draw line through these points.
4x + 12y = 24 3| «C (L3

We consider it as an equation 4x + 12y = 24 oy

when x = 0, we get y = 2 and S

when y=0,wegetx =06 1 .

The intersection points of line with axes are U SR LI P 8

[0, 2) and (6, 0). Y

We draw line through these points.




Step 3. ldentifly the feasible region

The intersection of three linear inequalities is the required feasible regjng
ABCD which is the shaded area in the graph as shown in Fig. 9.12 ane

Fig. 9.13.

Step 4. Locate the solution points
The solution points or corner points ABCD are A (6, 0), B (3,1), C (1,3) and [

(0, 6) in the graph.
Step 5. Evaluate the nhjm:tivu f'um:tinn

| Solution pelnt. o o Objective function -
Corner \7"'*"'"' flx,y) = 1000x + 80
[6 0) | f(6,0) = 1000(6) + 800(0) = 6 =6000
B (3, 1) f(3.1) = 1000(3) + B0O(1) = 800 = 3800 o
c, 3) F(1,3) =1000(1) + 80 +2400 = 3400 |
| D (0, 6) £(0,6) = 1000(0) =0+4800 = 4800 |
Step 6. Select the Optimal Soluti
We note that the mlm.'m point C = (1, 3) is Rs. 3400. The
company operates mill A for week and mill B for three days per
week to supply flour to a fi nomically by paying Rs. 3400.
Therefore, the o ion to the given LP problem is
Fminimum = 3 x=1, y=3
Step 7. Verify op nulutiun

Far the al solution (1,3),
1 co 6x + 2y = 12 becomes, 12 = 12 which is true.
int Zx + 2y = 8 becomes, 8 = 8 which is true.

3 traint 4x + 12y = 24 becomes, 40 > 24 which is true.

+ All the constraints are satisfied by the optimal solution.

. it is verified.
Example 2. A workshop has three types of machines A, B and C; it can
manufacture two products 1 and 2, and all products have to go to each
machine and each one goes in the same order; First to the machine A, then
to B and then to C. The following table shows:
» The hours needed at each machine, per product unit
» The total available hours for each machine, per week
o The cost of each product per unit sold

Find maximum profit under given constraints.




B

L:‘..E‘_-a-
i
- i TR - ble hours | &%
HEI:: I Product 1 ‘ Product 2 Aﬂ;:_ SN ?;‘_4
A ) _ . 16 . 3
e e a—— T S N
- 1 8
: Profit per unit ___; Rs.1 | i?s. 1.5 | |
Solution:

Step 1. Mathematical formulation of LP problem

Let xbe the units produced weekly of the Product 1

and v be the units produced weekly of the Product 2

Now, we can write mathematically LP problem as follows: \
Minimize f=x+15y

Subjectte 2x+2y =<16; x+2y <12 4x + 2y &. xyz20

Step 2. Construct the graph T Q

For the graph, first we find intersection

points of the constraints with axes.

Constraint 1. 2x+ 2y < 16

We consider it as an equation 2x + 2}% it 2 AR
when x =0, we gety =8 and % i P e B
when y =0, we get x =8 Tt 108 S Pt
The points of intersection of li axes

are (0, 8) and (8, 0).
We draw line through %91

Constraint 2. x + 2y
We consider it as
when x =0, we

edq onx +2y=12
6 and

(0, 6) and (12, 0).
We draw line through these points.
Constraint 3. 4x+ 2y < 28

We consider it as an equation 4x + 2y = 28
when x = 0, we get y = 14 and

when y =0, wegetx=7

The points of intersection of line with axes are (0,14) and (7,0). We draw line
trough these points.

Step 3. Identify the feasible region

The intersection of three linear inequalities is the required feasible region OABCD
which is the shaded area in the graph as shown in Fig. 9.14 and Fig. 9.15.



0

Step 4. Locate the solution points

In the graph, the solution poeints or corner points of the region OABCD are

0[0,0), A (7. 0). B (6, 2), C (4, 4) and D (0, 6)
Step 5. Evaluate the objective function

Solution points or {ihj- ctive function
| Corner points flx.¥)=1x4 15 |
- 0(0,0) f(0,0) =1(0) +15(0)=0+0 = 0 i ’
i A (7, 0) | f(7.0) =1(7)+15(0)=7+0 = 7 ) '
B (0, 8) [(6,2) =1(6)+15(2)=6+3= 9 -
C (4, 4) f(4,4) =1(4)+15(@)=4+6= 10
D (0, 6) f10.6) =1{0)+15(6)=0+9=

St:p 6. Select the Optimal Solution
We note that the maximum profit at the
point C = (4,4) is Rs. 10
Therefore, the optimal solution to the 32
given LP problem is C)

10
fmaximum = 10 rupees

x=4, y=4

x=4unitsufpmductland}r:4u@ P
product 2. . g-pEt-I0G) i
Step 7. Verify the optimal :nnq‘:b 4 el dd)
For the optimal solutio S e Nopieh,
1 constraint 2x 4+ EK‘\ comes ] A 17,0
16 < 16 which i "‘o,[ B Y S L
2nd constraint x = 12 becomes, — '
12 < 12 whifh,is trie. s it
3t cons + 2y = 28 becomes, 24 < 28 which is true,
+ All raints are satisfied by the optimal solution,
4 it is ed.

Exercise 9.3 )

1 Solve the following linear programming problems by graphical method

whenx =0,y = 0
(1) Maximize Zix,y) = 10x + 11y
Subject to: 2x+3y =<8 6x+3y <10
Maximize  Z{x,y) = 30x + 36y
Subject to: 4x+ 2y < 12: 6x + Sy <20

Maximize Z(x,¥) = 41x + 3By

(1)

(iii)

Subject to: 4x + 5y < 26; 8x + 5y < 22

ax +2y <10

-



ii.

(i) Maximize  Z(x,y) = 41x + 38y

Subject to: 4x + 5y <26; Bx+5y<22, Sx+2y=10
(iv) Maximize Z=4x+y

Subject to: x+ y = 50; 3x+y<90; x—y <40
(v)  Minimize Z = 200x + 500y

Subject to the constraints: x 4+ 2y = 10; 3x +4y = 24
(Vi)  Minimize Z = 3x + 2y

Subject to the constraints: 2x+y26; x+y =4
(viij Minimize Z = 0.12x + 0.15y

Subject to the constraints: x+y=5; 2x+y x+3y=9
A landlord has 50 hectares of land to grow tw X and Y with
profits per hectare are estimated as Rs 0@ and Rs 9,000
respectively, To control weeds, a liquid he@? no more than 800
litres, is to be used for crops X and Y at f 20 liters and 10 liters
per hectare. How much land should be ted to each crop so as to
maximize the total profit.
A toy factory manufactures two of toys A and B and sells for Ks.25
and Rs.20 respectively. The toy %‘E respectively, require 20 units and
12 units daily out of 2 %ahle resource units. Both require a
production time of 5 min total working hours are 9 per day. What
should be the quantity of the toys to maximize the selling amount?
At a university, dul Sattar wishes to employ two people,
Farhan and grade papers for his classes. Farhan is a graduate
student e 20 papers per hour; Farhan eamns $15 per hour
for gradi . Sarfaraz is a post-doctoral associate and can grade 30
pape - Sarfaraz earns $25 per hour for grading papers. Each
must ployed at least one hour a week to justify their employment.
If Prof. Abdul Sattar has at least 110 papers to be graded each week, how
many hours per week should he employ each person to minimize the cost?

Review Exercise 9 )

If 2x— 5> 3 then its solution set is , where x € Z.

(a) {2,3.4,...} (b) {4.5....} (c){2.1,0...} (d) {1,0,-1,..}
If 4x — 3y = 8 is the corresponding equation of an inequality 4x — 3y <8
then its x-intercept 1s

3 2 1
@) 5 (b) 5 (c) 2 @3




vii.

viii.

ix,

xi.

NiV.

{xlxeR Ax>5])=

(a) [5, o) (b) (—e0,5)  (c) (5,%) (d) (=, 5]

Linear Programming (LP) is used to obtain __ solution.

(a) Feasibie (b) Trivial (c) Optimal  (d) Infeasible

Solution space of the linear inequality 2x + 3y = 6,Vx. Y € R includes
(a) All points above the line (b) All points on and below the line
(c) All points below the line (d) All points on and above the line

If f(x,¥) = 5x + 4y is an objective function and the corner points of the
feasible region are (5,4),(0,0), (4,0) and (0,6) then the function is
maximum at:
(a) (4,00 (b) (0.6) [e) (0,0) (d) (5,4

are the entities whose values are t ermined from the
solution of the LP problem.
(a) Objective function (b) Decisi &@’h es
(c) Constraints {d) Dppn@r cost

specifies the objective or of solving the LP problem.

(a) Objective function (b) Dgcisipn Variables
(c) Constraints riunity cost

are the restrictio itations imposged on the LP problem:
(a) Variables (b)Costs Profits id)Constraints

(c) Infinite (d) Feasible region

The region of sol ti@ roblem is called :
{a) Infeasible r% (b) Unbounded region
10

In case o ' constraint, the feasible region is a straight line.
(a) Less equal to (b)) Greater than or equal to

c] M (d) Equal to

ax+b=M), a0, ab €R, is called ;

|a) Non-linear inequality  (b) Linear inequality

(c) Linear equality (d) Complex inequality

A point of a solution region where two of its boundary lines intersect,
is called

(a) Middle point (b) Origin

(c) Corner point (d) Feasible point

The solution region of an inequality restricted to the first quadrant is
called _____ region.

(a) Combined (b) Unbounded

(c) Infeasible (d) Feasible




A function which is to
(a)Linear function
(c) Objective function

be maximized or minimized is called

(b) Equal function

[d) Non linear function
The feasible solution which maximizes or minimizes the objective
function is called the :
(a) Optimal solution (b) Corner solution
(c) Initial solution (d) Complex solution
Draw graph of the following system of linear inequalities and find
feasible region.

2x+3y=10; 3x+2y=12; x=0,y=0 \
Find the feasible region graphically subject to tk wing constraints
and also find its corner points. Q
=0,y=0

4x+y29; 2x+3y<14; x-
Find the maximum and minimum valfies e function
f(x,y) = 4x — 3y subject to the cons

2x+3y25; 3x+2y=<12 0,yz0
A dealer wishes to purchase ga@(fns and sewing machines. He has

only ¥ 5760 to invest and s t!q‘ at most 20 items. The costs of a fan
and a sewing machine are and ¥ 240 respectively. He wants profit
on a fan and a sewi ¥ 22 and ¥ 18 respectively. Assuming
that he can sell s that he can buy, how should he invest his

money in Gfdﬂ% his profit?




TRIGONOMETRIC
IDENTITIES OF
SUM AND DIFFERENCE
OF ANGLES

10.1 Fundamental Law of Trigonometry

We have already studied trigonometric rati
pervious classes. Let us recall. “The ratios of the |

sides of a right-angled triangle, are called tri etric e/ i
ratios.” ( ! y ,
There are six trigonometric ratios; ely sine, A8 -
cosine, tangent, cotangent, secant t. These six bF _ ___C
trigonometric ratios are abbreviated u% cos, tan, cot, sec, S

and cosec.

Trigonometric réti acute angle 8, are defined as under.

/ len%p a
1. sinB = =-
hypotenuse C
e djacent sideof® b
2. cos@ =-_
gth of hypotenuse c
— length of opposite side of 8 a
; ~ length of adjacent side of 8 b
L carB length of adjar:elnt ﬂ.da of 8 " _.!_{
length of opposite side of 8 a
& sech = length ufthyputm"uuse _€
length of adjacent side of 8 b

length of hypotenuse c

b conact mo— B R UD -

length of opposite side of 8  a
We have also studied in previous class that these ratios become
trigonometric functions when 8 is any real number representing measure (in




radians] of an angle in standard position in unit cirele
5 . N iy ; X
and P(x,¥} be any point on the circle as shown in

Fig. 10.2

Trigonometric functions for any angle il are . 7
defined as under o A i

g =y, cosh =y,

- -
tanH_T, rnlﬁ_}‘
secl = i 4= 1
T cosec = .

Where mOA = x and mAP = y in right angled ﬂ{}PQ’\

as distance formula:
ol = (2 — )% + (2 = n)?
cos(a — B) = cosa cosP + sina sinf

nit circle with centre at 0{0,0) as shown in Fig 10.3.
,sin ) and Q(cosa,sina) be any two points on the unit

circle.
Then by using distance formula

[PQ| = (cosa —cos B)? + (sina —sin B)*  ...(i)

Now rotate the axes so that the positive [ ca
direction of the x-axis passes through the point “}T‘{“ )
P. Then with respect to this coordinate system, ./ bt -
the coordinates of P and Q, respectively become In wib X
(1,0) and (cos(a-p),sin(a—p)) as shown in 1

' |
Fig 10.4. e ]

Fig 10.3




S0, i

PG| = y/[cos(a — B) = 1]* + [sin (a — B) = 0]* ...0) v | Pt
Hence, by comparing equation (i) and (ii)

we get, |/ (cosa — cos B)¢ + (sin a—sin f)*

= Jlcos(a— B) = 1]* + [sin (a—B) — OF°

Squaring both sides |cas u-{li. sin h-m}—i- a
(cos @ — cos ) + (sina — sin B)? Fig. 10.4
= [cos(a— ) — 1]* + smz[u B)
or (cos®a + sinfa) + (cos®p + sin®f) — 2(cos a cos f + sin asin ) =

[cos®{a = B) + sin*(a — B)] — 2cos(a— ()} +1
= 2—2{l:usum5|]+sinﬂsinﬁl=2—-2cus{:1-|3}

S0, cos (a—P) =cosacosf+ sina

This law is called fundamental law of trigono
VE

Example: If cosa =%,ms B=5 and a, p

cos (a— ).
Solution: We know cos?a + sin® a =

2
sin a —£ %IS in the first quadrant).

/ ﬁgmnfmmms +4in"f=1,

we have sinf = +,/1 — cos?p
:\:R 2
1 (ﬂ) =i

=+ ==

the first gquadrant. Find

r

sinf = % (since f is in the first quadrant)
Now, cos (a— ) = cos acos B+ sin asin
_1.43 431 _43

=T rEET Y
Deductions from the Fundamental Law
Using the above identity (I}, we deduce some other identities.
Taking a = 0 in (I)
We get, cos(0 —B) = cos OcosP + sin 0 sin p

LS
C




)

Again, putting a= % we have

So,

Taking -P for f in (i), we have

= ma(ﬂ~{~§))= sin (—P) \

= cos pcos (— g) + sinp sin {:- %) = sin (—f) ®

= cos B (0) + sin B (—1) = sin (—B) x\.

So, sin (=) = — sin B {.\ 3

Now, tan {—B_] = ::5:]2 [I,{:Eﬂ%b — ;:1: @

- . v

Again, cot (—8) = Ft=gh= ot

So. _ .

We know that cos % i

So, cos = E)] = sin [%— ﬂ]

- sin g-—a)=cﬂ5& v

sin (3-8)  cosd

Now, @ tan [%_ E) ~ cos (é—ﬁ} = <inp . oot 0.

- o ) o it
- _tos [E-E‘:l __ sinf

Also, cot (E - B) ~ sin C%—E:] " cosé tanf

So, cot (%—E)=tanﬂ

Similarly,  cosec (~8) = —cosec®

and sec(—8) =secH

Also COSec (%T oo ) =sec®

i cos (—f) = cos [ | cos0 = 1,5in0 = 0] o A

o
cos (f— B) = Ens% cos B + sinD sin [

AR 2 Z
i__‘_‘ﬂ% ~-B) = sinf [ cosy =0, sing = 1] -

cos (3~ (~B)) = sin(~p)




Deduction of cos(a + ) = cos acosf — sin o sin [}
By Fundamental law

We have cos(a — ) = cos acos f + sin asin f
and by putting —f for B, we have
cos(a + B) = cos acos (—B) + sin asin{— i)
But sin(— ) = —sinp and cos(— B)=cosp.
S0, cos (a+ B) = cos acos p— sinasin i |

Deduction of sin(a+ B) = sin acosp + cos a sinf

Since cos (g — ﬂ) = sin @, therefore by putting (a + p) for E,\

we have sin(a + B) = cos [% — (o + :B}] = €05 {(1;-- @

,—_-:ns(%— ).-::ns H+sin{E— p
So, sin (@ + f) = sin acos B+ co i . HI
By putting —p for B in (L), G
we have sin (a— B) = sin acos (—p) sin (—f)
ie., sin (o — f) = sin « s asin B N IV
Example 1. Find the value of without using tables or calculator.

. W X m . n
= Singcosy + COSzSIing

Solution: 3 7 3 3

By using values,

We get,

242
Example 2. Without using tables or calculator, find sinl15°.
Solution: sin 15° = sin (60°- 45%) = sin 60° cos 45°- cos 60° sin 45°

By using values,  sin15° :g‘%—%%
Vi o1

] e T——

T2 a2



T R

sin (a+f) = tan a + tan B (cos & # 0,cos g+

gxample 3. Prove that:
cos acos [

Proof:
LH.S = Sm+f)

cosacos
sin wcos f + cos asin

B cos weos fi
sin @ sin P

"~ cos a ' cos B

= tana + tan B

- \
+LH.S = ::g \'@
-'M:tana+mnﬂ Q)Q

" cosacos f

Hence proved. ' ,
Example 4. Show that:

sin (180° +8) = — sin 6. \(\
Solution: ’ %

L.H.S = sin(180° +
4 = s5in 180° ¢ cos 180" sin B

= (0) usQ.. sin 8
" "{Qm e
So, LLH.S = R,H.S,sz:e j
tana + tan B
Deduction o +p)= 1itan atan f
We know that tal(a+ B) = Stt)

sin o cosf+ cos a sinp

~ cos acosf — sin a sinf
Dividing the numerator and the denominator by cos acos =0,

_ tan a+tan B
we have tan(a + B) = T atan B .V
Again putting —p for B in (V),
_ tana+tan(—p
We get, tan(a — B} = {anatan(—p

tan o — tan
"1+ tan o tan f3

¥ o= "—\—\.__- - “I"-.-I'
it 1 v
» I*
- E "‘ i ¥ i




tan it—Lan ﬁ

g = = L4+tan o tan VI

1
tan (o)
1

tan a+tan
l-tan o tan
_ l-tanatan

T tan a4+ tan p

{1 1
cota "cotp cotacotf-1

-1 41 cota+ cotP @K
cota  cot \
Sa _ cotacot B—1
* cotla+B) = otar cot B, = 308

Again putting —p for g in (VII), we have ( ’
Gtk = i = cotacot(—p) — 1

EEEPN

Now, cot(a+f) =

S0, cot{a — B) VI
Example 1. Prove t = B) = cotB
Proof: LHS = 0° - @)
/ sin(270° - 8)
cos(270° — 8)
_ sin270%cos @ — cos 270° sin 8
" c0s270°cos B + sin 270° sin 8
_ (~1)cosB -~ (D)sin@
" (0)cosB+ (—1)sinf
_ —Cos e
" —sinf
= cot@
= R.H.§
Example 2. Without using tables or calculator, find the value of tan75°.
Solution:
Here, sin 75° = sin (30° + 45%) = sin 30°cos 45° + cos 30° sin 45°
By using values




and cos 75° = cos (30° + 45°) = cos 30°cos 45° — sin 30 5in 45°
By using values,

We get, cossemad 1.2
. Z AT

2v2
o _ 3in 75°
Now, tan75° = — ( ,

So, tan75° =
Example 3. Find ﬂl%ﬁ 12 without using tables or calculator.
cot & cot T+1
Solution: = cot (3 “J = \
cot E— cot '3'
§; “ 1
—=.1+4+1
By using values, cotzs = g—f"
12 f=
]
1+v3 3
V3 V3-1
1 vi+1

So, f:ut—ﬁﬂ = B1

Exercise 10.1 3

(ii) sin(180° +8) = —sin®
(iv) sin(270° — 8) = —cos @

1. Prove that:
(i) cos(360° + B) = cos®
(iii) tan(180° — 8) = ~tan @




Vo e

(v) cot(270° + 8) —tan & (vi) cot(270° — 8) = tan®
(vii) cosec(360° — 0) = —cosecB (viii) sec(360" —0) = sech
Evaluate the following.

(i) sin 150° cos 300° + sin300° cos150°
(ii) cos 197 cos 11°- sin19%sinl1
3 Verify that:
y ﬁ_l i . =] =] : Iy — E
(i) c0s75° = W (i) cos(180° + 45°) cos(180° — 45°) = 5

Without using tables or calculator. Find the values of:
) sin75° (i) tan105° (iii) cos 165" (iv) sin 255°

S 13w 23nm 25 \
(v) tan33 (vi) cos 35 (vii) sin55 {viti Hﬂs@

5 Prove that:
_ sin(a+p)+sin(a-p) 3 ahfl+cos(a—f) _ X
(1) cos(a+B)+cos (a—B) i It B)+sin (a—f) e
6. Prove that:
i) sin(a + B) sin(a — B) = sina— sino
i)  cos(a+B)cos(a—pB) = WSW
y g Prove that: cos (a+ ) +cn5[u® 2cos acos B
8. Ifsms::—%a.ndsmﬂzg a <5 ann:lﬂ-::,!i‘f:. then find:

(i) cos(a+ B) (ii) tan(a

[v) sin(a + ) (vi)
Also find quadr

l:m} l:nl:(a B) (iv) I:us(u B)
(vii) cot{ce + B)  (viii) tan{o —B)
(e + B) and (a— )

/ 102 Trigﬂ@triﬂ Ratios of Allied Angles

10.2.1 De lied angles

A group of angles is said to be allied angles of basic agnel 8, if sum or
difference of any two of them gives the integral multiple of 90° or g radian.

So, the angles of measure of 90° +8,180° + 8,270° + 8, 360° + 8 are allied
angles to basic angle 8,

——— ——

' Note: The General formula to prur:lu:::e allied angles is n(90%) 4+ 8° or in radxa_ns.

|, H(E)iﬁwherenEEandU::Ec:-z-

— = = = ==

| M

Example: Generate all allied angles if 8 = 30°,
Solution: We use n(90°) + 8, to generate allied angles for all integers.
If n is non-negative integer



For n =0, we have 0 4+ 10° = +30"

For n =1, we have 90° + 30° = 60° 120°

For n =2, we have 1B0* 4 30° = 1507 210" and so on

If n is negative integer.

For n= -1, we have —90° + 30° = -60°, -120°

For n = -2, we have —180° 4+ 30° = =150° -210° and so on.
Hence all allied angles are +30°, +60°, +120°, +150°, +210°, ...

10.2.2 Use fundamental law and its deductions to d
trigonometric ratios of allied angles \
Express asin® + bcosb in the furm&t B + @) whes

a=rcosPand b = rsing Q

Trigonometric ratios of allied angles i quadrants are given in
the following table. Some of which are ob d from section 10.1.2 and the
following solved examples. Remaining wﬂm left as an exercise.

Example 1. Prove that sin(90° +8) =
Proof: "L.H.S = sin(90° + 8) &, %
= s5in 90° cos \Xﬂ“sinﬂ
= (1) cos B
=
= R. H!
Example 2. Prov cos(180° — 8) = —cos#
Proof: L s(180° — 8)

= cos 180° cos 8 + sin 180° sin B
= (=1) cos@ + (0) sinB
= —cos B
=RH.5
Example 9 Prove that tan(360° —8) = —tan#8
Proof: L.H.S = tan(360° - 8)
tan 360° —tan @

=1 +tan360°tan
0—tan®

=1+0xtan®

= —tan®

=RHS




ratios of Allicd angles in all the Four Uu"-tlra s

/ Solution:
(i) C

s(360° + 135%)

cos 135°
= cos(90° + 45°)
= —s5in45°
sl
I2
(ii) sin1230° = sin(3x 360 + 150)°
= sin 150°
= sin(180° — 30°)
= s5in30° = %-
(iii) tan(- 1590°) = —tan 1590°

==
—

k1

—tan(4 x 360 +150)°
—tan 150°

Trigonometric r
{! ;-.‘-I'“ Quadrant) ap” — 1 II"' t,'_lnmtlrnnl_:l 90" | 0 (2~ r
sin {=8) T =sin# ' sin {Hﬂ“ 8 cosB sin {‘i‘ﬂ“ +8) - coshl
cos (—8) cosh cos (90° - 8) sin® " cos (90° + 0) —sin |
tan (~@) —tanf tan (90° — B) cotd tan (90° + 0) —coth
cosec (—@) | —cosect | cosec (90° - 6) sech cosec (90° + €) sech
- sec(-8) sech) sec (907 — 8) cosech sec (90° + B) —cosech |
| cot(~8) | —cotf cot (90° — @) tanf cot (90° + 8) —tané |
[ 180° — 8 (2=4 Quadrant) 180° + 0 (3™ Quadrant) 270" — @ (3 Quadrant)
sin (180° — 8) sinfl sin (180° + &) —sinB sin (270° - 8) ~cosh
cos (180° - @) —cos cos (180° + 8) —cosf CO%5 -8} ~sinf
tan (180° — 8) —tanf tan (180° + 8) tan@ - 8) coth
cosec (180° — @) | cosecB | cosec (180° +8) | —cosecB — @) —sech |
sec (180° — B) —sech sec (180° + 8) - c (270° - 8) =cosect
| cot (180° - @) —coth cot (1B0° +9) cot (2707 — 8) tané
270° + 8 (4 Quadrant) 360° — @ (4t ragh) 360° + 0 |1 Quadrant)
sin (270" + 8) —cost sin (360° —sinB sin (360° + &) sind
cos (270° + 8) sin@ cos (3605 cosf cos (3607 + 8) cosh
tan (2707 + @) —coth ta ) —tanf tan (360° + 8) tanf
cosec (270° + 8) —sech co —f) | —cosech cosec (360° + ©) cosech
sec (270° + 8) cosecH - 8) sech sec (360° +8) sech
cot (270° + 8) - - 8) —cot® | cot(360°+8) | coth
Ezample 1. Find the of
(i) 495° [ii) sin 1230° (iii) tan (—1590°).



= —tan{ 180" — 307)
= —(=tan 30 ")
1

= tan 30" = 3
LU
Framuyle 7 Without using the tables or calculator, find the values of:
Grota2? tan70"
: av—_ s
(1) cosec{—870) (i) P + St
Solution:
. 5 ay __ 1 — —_ 1 i
(@) cosec(=870%) = Fg705 ~ “simav0°
b
~ —5in(720°+150°) \
o1 %,
= =5in150° \'
o1 O
~ —sin (90°+60%) @
_ 1
—cos 60°
==2
" 6COLB2" + tan70°  6cot (90°= tan (30°-20%)
M) Tnze T Zeoror T ¢ Zcot20°

o
zé}utfz_%n [ tan (90° — @) = cot]

[+ cot (90° — B) = tanB]

@_% 2

) . Jcot(90°—#) L ZsinB _
Example 3. ﬁﬁ@t‘ tanf cos (90°—8) =1
Solution:

LHS = T Cos (90°—B)  “tanB  “sin®

Express asinf 4+ bcos8 in the form rsin(@ + 0)
where a = rcosf) and b = rsind

Let a =rcos@® and b = r sin@.

Now by putting values of @ and b in asin® + bcost
a sin@ + bcosf = rcos®.sind + rsin. cost

we have,

= r {(cos0. sin0 + sin®. cosH)

=rsin (0 + @) [By using identity]
Thus asin® +bcosB = rsin(t + @)

Y -

25in 3 tanf sin [ cos (90° — 8) = sind]
=3—-2=1=RHS [+ cot(90°— @) = tanB]




U

Express 4sin 0 4 3cosh in the form rsin(8 + @), where 8 and @ are in
the first quadrant.
Salution.
Since, 8 and ® are in the first quadrant, therefore, all trigonometric functions
have positive values,

Let 4 = rcos@® A1)
and 3 = rsind 12)
Squaring both sides of equations (1) and (2), and then adding
We get 4% 4 3% = y¥(cos®@ + sin’@)

= 25=r*x%x1

. wede Q}
_4_4 T A
Therefore, cos@ = i and sin@=-= \'

5 = B
Now, 4sin@®+ 3cos B = rcos®sind + rsin@cos @

= r(sinB cos® + cosb si
= 5sin(B + 0); re cusﬂ——and smlﬂ'-%

Generate all allied angle \

i  0=60° ) e=50°
5i 0s(90°-8)
Show that: %) m =1

ifig without using calculator.
(i) tan (ES'T“) (iii) cosec(2130%)

4 sin 48° w) sin 56° cot37°
cos 42° cos 34°  tan 53°

— /2 sin45°

cos(45° —8) = % (cosB + sinB)

Express the following in the form rsin(@ + @) where 8 and @ are in the
first quadrant.

: & V3 1
(1) 15sinf + Bcosb (ii) oo sinf + EEUSH
{iiij  sin® + cosb
tana cos (90" —a)
P t i =
rove that cot {(90°—a) sino

If A+ B + C = 180° then prove that
tanA+tanB+tanC =tanAtanBtanC

= U



10.3 Doubl

10.3.1 Derive double angle, half angle and trip

identities from fundamental law and its deductio

(a) Double angle identities for sinZ#, cos28 and tanZt

We know that sin (a + ) = sin acos B + cos a sin B

Taking x=p=0, we get
sin 20 = sin® cosh 4+ cosd sin B

ie., sin26 = 2 sinf cosb Q}» - (1)
We know that cos (o + B) = coswcosp- sin asinf
Taking o =f =8 Q

We get, cos 20 = cos?0 — sin?0 C)Q,

By using sin’8 + cos®8 = 1, we get

G cos28 = 2co .. (2)

Again, we know that tan(a + B)
Taking a=f=80, weha

Q sin2® cosZB _ et
Example ] sinf cos®

sin28 _ cos2@
Solution: L.H.S =58 ~ Tcos@

2
5 “’;’?‘;‘“ﬂ = 2':':‘5: . [By using (1) and (2)]
2cos 8 —1
= Zomly = cost
2cos? @ —2cos2 8+ 1
cosB

o 2

= 1 — secf=RH.S




Example 2

Solution: RH.S

(b) Half angle identities for

We know that

Prove that:

cos 28 =¢

. &
Puttmg; for 8, we ha

2sin -
i)

¥

A\
&

tan 204 cot2i
cot2i—tan2@
_ tan2f+4cotZ
~ rcotZ2@—tan2B

secdd =

sin2B  cos 28

_cosdB " sinib
" cos28  sin28

sin2f  coszB
sin’ 28+cos2 26
sin 20 cos 20
cos? 28—sin® 20
sin 28 cos 20
1

= Cos?28 —sin? B Q)
" 0s%20 — sin?20

1 —
" rcos48

—

s5ec

b

cos — and tan —

. 2 2
n<e

spp=1 - 251:13E

p
IE=1—E{}5EI
g zu__l—l:ﬂﬁﬂ
ol
. 1=cosB
smi—i 5 . 1X)

We know that

g
Putting s for O, we have,

!!

cos 20 = cos? B — sin?B

= 2cos%0 — 1

cosl = Ecuslg— 1

5 B
2
Cos 3

58
Euns‘zi =1+ cosB

_ 1+cose

2




,f

So, .. 1+cos8
’;h » + 5

, B
, sin=— —cosh
From (1) and (2), by division, we have, —% = A=ros
EDSE 1+CUSE
, B 1 = cosB 1 + cosB
ar dAn— =
"2 1 4+ cos@ 1 + cosB
1 - cos<@

1 + cosB

- sinf Q;\
" 1+ cosB \'

So, Q
8  sinB
I'EIIE W @ == '—1] {3&]
: E " sin*@
Ak - sin@ {1+cm
So, (where sinf £ 0) ... (3b)
i H]I = i
Example 1. at (sm 3OS 5] = sin
Solution:
By . .8 B B @
LHS= (sin -g-- COS E) = smzi + cos® 5= 2sin 508 5
i i
=1 - 2sin ims >
=1 -—s5sinf = R.H.S
Example 2. If sin@ =g and 0 <@ {% then, find the values of
i 8 o B
(i) cos5 (ii) sinz fiii) tans
Solution:

v B is in 1# guadrant

~cosB=+v1-—sin?8



Find the value of sin 15°.

Solution: 5in 15° = sin%

1 - cos 30°
2




(¢) Triple angle identities sin30,cos30 and tanEIK
We know that

sin (& + B) = sin acos B + cos &Q’
By using a=20and f=0, weget @
sin(28 + 8) = sin20 cosd + cos 'DQ’
= (2sinM cos B)cosBt+ (1 2sin?B)sind

= 2sinf cos? inf — 2sin®0
= 2sinf (1 —s26y+ sind — 2sin
= Zsir%~ + sin@ — 2sin®0

sin30 = 3si sin’0 w08

= tos acos ff —sin o sin
B=8, we get
B = cos2BcosB-sin2Bsind .

coS
;@ = (2cos*8-1)cosB-2sinBcosBsind

Similarly, cos (o +
By using, a=2

=2cos?B- cos B-2sin*Bcos @
= 2c05°0-cos 0-2(1 — cos%8) cos B
= 2cos8- cos 8-2 cos B + 2cos?0

c0s30 = 4 cos® B-3cos6 . (2)

tana+tanp
We also know that, tan(a+P) = TG amnp

using, a=20and Pf=06, weget
ud tan 20 + tanB

1—tan2B8tan®

2tanB
_ e + tan 6

tan 3 =



2 tan B+tan 0(1—tan®a)
- 1—tanf
a (1-tan?0)—2tan?0
1—tan?#

3 tan B—tan*8
1-3tan’0
Example: Show that cos50 = 16cos®8 — 20cos?8 + 5cosh
Solution:
L.H.S = cos50 = cos(26 + 38)
= cos 26 cos 38 — sin2Bsin36
= (2cos?0 — 1)(4cos?0-3cosB)— (2sinb co %nﬂ — 45in’0)
= (Bcos® 8 — 6cos*0 —4cos*0 +3cosB)— *ﬂsinzﬂ — Bsin*@)
= (8cos”8 — 10cos?0 +3cosB)— 2cosfsi — 4s5in%0)
= (Bcos®0 — 10cos*0 +3cos0)— cos28){3 — 4(1 — cos?8))
= (8¢os®8 — 10cos>8 +3cosh)— @ — 2c05°8)(3— 4 + 4cos?H)
= (Bcos®0 — 10cos*8 +3cgsB)— (2c0s0 — 2cos0)(4cos?0 — 1)
= (Bcos®0 — 10cos?0 +3cpgs8)—(Bcos*B —2cosd — Beos®0 + 2cos?6)
0cos?0 +2cosh + Bcos®H

tan 38=

.(3)

= 16cos5°8 — 20cos>E =R.H.S
_ Prove the follovin® id iti -
sin28 ¢
/ i o = _ cotB—tan®
im0 —%secﬂ 2. cntEE———z
3. o, nla 4 tanzﬂ __ tanB-—sinB
+tan“ao % 2 7 tanB+sinB
3] 2sech
C £ .
3 COSBC” 5 = A= 6. sin48 = 4sin 6 cos 0 cos 20
2
7. cos2f=S9%0"1 B @ :
m 8. (Eusz Sinz} =1-=sinB
o, cos40 = B8cos*B —BrosB® +1 10. mn%é cosec( — cot O
2 tano sin B8+sin 28
1 1. sinZa= e 12 =
«  l14tan‘a - 1+cosB+4cos 20 tan
4 tanB(1—tan?B) tang+cot?
13. tan408 = L % &
tant@—6tan<a41 14 RRc o cnti--tang




sin3a  cos3a 2 sin4@ cos48 oc28
15. sino cosa A8 sin28 cos2@ T
17. Evaluate the following

(i) tan 22.5° (i1} cos 15°

L) T

18, Ilfcosb= Tq. and 3 < @ < n then find the following:

w 5 0 i f B ; . 28

(i) sing (i) cos3 (iii) tans (iv) sin26 (v) cos28  (vi) tan

. . ,

19. IfsinB= :—3 ,where 0 <8 < g then find the following:

. = B 8 . , :

(i) sinz [ii) cos> (iii) tan (iv) sin2@ @ (vi) tan28
20. IfcosB= % ,where 0 < 8 < % then find the ful@qg:

(i) sin38  (ii) cos30 (iii) tan 36 Q@
10.4 Sum, Difference and Pr ct 0f sine and cosine

10.4.1 Express the prod ‘@mes and cosines) as sums Of
differences (of si d cosines)

We know that gin (g + cosfp + cosa sin
= sina cosp — cosa sin i

5i

Then by adding and su ing, we get

sina cosfl = %[sin{u +B) + sin (o — p)] oo} \
and sa sinf = 3 [sin (@ + ) — sin (@ —B)] .. (i)
Similarly, fro cos (@ +f) = cosa cosp — sina sinp

cos (o —p)} = cosa cosf + sina sin .
by adding and subtracting, we get

cosa cosp =  [cos (@ + ) + cos (a—p)] ... i)
; 1
and cino Sinﬁ — —E [Cl:lﬁ [11 + ﬁ} = CO5 {_U'. — ﬁ}] a0 "."i-"}
Example 1. Express 251:1%:::15% as sum or difference.
Solution:
Here nz%and ﬂ=g

Using 2sina cosf = sin(a + f) + sin(a — B),
y . {38
S0 we get, 25in E—EEEDE% = 5in (‘-'i- - g] + Si“(T_E)




40 20

= sin = 5 +sinT
= 5in20 + sinb
Exnmple 2 Express cos(y + z) cos (y — z) as sum or difference.
Solution:
Here, a=y+zand f=y-2
Using cosa cosfl = %[tns{ﬂ + B) + cos{a — B)],
We get, cos(y + z) cos (y — %) =%[EDE{}"+:+F—E}+t05[y’+1—}'+3}]
= %{mszy + cos2z)

1N\
“xample 2. Verify that: sin10” sin30° sin50° sin70° = @

Solution: L.H.S = sinl0° 5in30° sin50° sin70° ﬂ"’v
= sml[]” 5in70%sin30° sin50° Q

= —-~sln10° (—2sin50° sin?()

- —smlﬂ"' [cus{Ea — cos(50° — 70°)]
—sinlﬂ“ [ cos(—207)]
= —sinlﬂ' éu + 30)° - cos 20°] [+ cos(—8) = cosB]
[— s5in 30° — cos 20°)] [ COS (; + EI) = —sin E]
- 1

1
—sinl0® |— 5 Cos Eﬂ"]

1
sinl0® + ! [sin 10° cos 20°]

77

miumjmmlmmh—-mh—iﬂ:ll—‘

1
sinl0° + B [2 5in 10° cos 20°]

Il

1
sin10® + 8 [sin(10° + 207) + sin(10° — 20°)]

1
sin10° + g [sin 30° + sin(—10°)]

111
sin10° +ﬁ E_Sin ID“]

1 1
5in10° +Ew -B—sin 10°

=R.H.5

o=



100.4 2 ]'.\t'lll"%n the sums or dilferenc

AR 11|'.'1..'|I.1"'-\. I-,lr sines and cosinie:

From (i), we have
sina cosp = % Isin (@ + B) + sin (o —p)]
or  2sinacosp = sin(a + P) + sin(a —p)

u—v

putting a+p=u and a ~B=v, also a=5and p="5".

2
we have 25in lH'Tva:us ; = sinu + sinv
i.e., sinu + sinv = hin% ms“z;" \ . V)
Similarly, from (ii), we have e}
u+v -V i
sinu — sinv = 2cos —— z sin =~ \, (vi)
Again from (iii), we have cosa cosp = i [cos (a + cos (o —p)]
or 2ecosa cosP = cos (o +pJ + -p)
: u+v _u=v
Putting a+f=u and a - p=v, also Tandﬂ— >
we have Ims% msﬂ CosV
ie., cosu + cnsﬂ\ cus-— .. (vii)
Similarly from (iv), we have
Q -*—2 mn—rsingj ... (viii)
Example 1. Exp cos20° + cos10° in the product form.
Bolution: W@ i:ns:.1+«:~cl-.':"-f~~~2r:£:r5uT+1“r E'EE
20°410° 20°-10°
cos20® + cos1(® = Zcos 57— C0s—
= 2cos15° cos5®
N _— cos68-cos2f  —sin 48
xample 2. Provethat ~ o orine — cos®
. + . -
Belution: By using Cosu — cosv = —2sin (l"l'i""() a2 (EEI]
and sinu + sinv = Zsin (% COs (u_?r)
66+20\ . (68-20
& LG - cos6B—cos20 _ —Zsin|=3 }5‘“% Z ]
' SRS Tein304sind T 4 Ein{ﬁz-l“ﬁ)ms[: 1—3}




2in 7 sin 3
A 20
zin 5 HI'"-:-F-

s5in 46 sin 26

5in20 cos @
— sin 460
s H'-
= R.H.S

Express the following products as sums or €
(i) 2sin6B8cos38 (1i)

(il  2Zsin(a— B) cos (a + B) Q}e& sin (E'E‘E) sin (HEE}

(v) sin(B + 45%) sin (8 — 457) 2cos(20 + 60°) cos (28 — 60%)
Express the following sums @er&nc&s as products,

() sin2a — sin2 [ii)  cos 38 Faoat
I['L'Lil cos25” + cos65° C\\ liv) cos(B + 30°) — cos(® — 30°)

2 2
5II1—— 5111- (vi) sin2(0 + 40°) + sin2 (B — 40%)

Prove the fﬂll tmea
sing—sin
*%7 -
(ii) ,“B = tan ({Hﬁ) r:ut( ﬁ)
—sinf3

singl+sind0

iii = tan5@

(iii) cos6b+cos40

_ 5in20+s5in408+s5in60+singo

(iv) = = tan58
cos28+cos40+4cos6B8+cosB0

Evaluate:

(1) sin20°%sin40%sin60°sin80° (1i) cos 207 cos 40° cos 60° cos BO®

Show that:

' coas —3lng" cos11°+sin11°
(i) = tan37° i _
cos8®+sing” (1) TS M o tan56°




F
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Select the correct aption

cos{a — ) 1= equal 1o;

(a) cosacos i + sinasin 1 () cos a cos i
(cl) sinw cos i — cosusin [

gle or its

sin e sin 3

(¢) sinwcos [} + cosasinfl
Angles associated with basic angles of measure 0 to a right an

multiple are called: L
(a) Coterminal angles (b) Angles in standard positions

(¢} Allied angles (d) Obtuse angles \
sin (% + EIJ 15 equal to: ®
(a) cos @ (b) sin® (c) —cos  (d) t‘\&.
cos(m — ) is equal to:

(a) sin® (b) cos @ (c) -sin@ {@DSB
tan{m + ) is equal to: Q

|a) tan (b) —cot® (c) d) cotf
cos(Zn + 8) is equal to: %

(a) sin @ (b) cos @ @ (d) ~cos 8
sin 540° is equal to: \

(a) 1 Q 5 (d) £

sin(—300°) is eq

Qy— (c) 0 (d) 1 N\

(a) 1 .

If a, e the angles of A ABC, then sin(a + ) is equal to:

{a) sin (b) —siny (c) cosy (d) = cosy

cos 2a is equal to:

fa) cos?a—sinfa  (b) 2Zeos*a—1 (c) 1—2sin®a (d) all of these

Ssin% is equal to:

|| i - || 1=s5j
a) + l+§mu (b) + IEEDE{I (c) + 1+c£:|su (d) + sznu

cos3 « is equal to;  (a) 3cosa—4cosa  (b) 3cos®a+ 4cosa
(c) 4cosPa—3cosa (d) 4cos®a+ 4cosa

cose— cosf = (a) Esm( )m {_) (b) 2 cos (u:ﬁ) :n(“—;-ﬁJ
(c)2 cos [#] cos (“52) (d) ~2 sin (232) sin (252)

2 2




KD

~0

2 sin 70 sin 20 is equal to:  (a) cos50 —co598 (b)) cos98H —cos5H
(c) sin98 +sin5 8 () 5in980 —sin56

An allied angle to 8 is 3
(a) 270° + B (b) 607 + B (c) 45"+ B (d) 30"+ 8B

The value of cos(a — 2n) is equal to:
(a) —cosa (b)—sina (c) cos a (d) sina
The value of sin7 n is equal to:
1
(a) O (b) 1 [c) =1 {d]' 5
2 Prove the following:

(1} COS Iu—n)ms(ﬁ—ﬁ)—sin(:—u sm —u%&mfu+,ﬂj
(11) l:us(3 +El)— us(——ﬂ]-—«u'r_ﬁmﬂo

{iii)  sin®60 — sin?40 = 4sin506 cos50 sind

- sin58+s5in30 T (
() cos50+cos3if

cos48+cos3B8+cos28
v sin48+sin3B8+s5in28 ﬁ
(wi) 5in 58 — sin 30 + sin %fgn 8 cns 3 mgﬂ

2

Z <




Application of
Trigonometry

—
|

We know that a triangle has six elements which are three gides and
three angles. If measures of any three of them including the measure of at
least one side are known, then we can find the measur ther sides and

angles. \'
11.1.1 Solve right angled triangle when m@@ of:

(i) two sides are given
(ii) one side and one angle arefgive

(i) When two sides are given

The following example i
a right-angled triangle, when

to understand the method of solving
s of two sides are given.

Example!

Solve the right =90°, a=86cmand b=11.4 cm.

Solution: Given and elements are mentioned in Fig. 11.1.

We have to fin ":} \

Here, sin a = 3 . u‘.m"-x

=3 e

= I xht:: 11.4 cm

and y = 180°-a-f = 180°-4%°-90° =41°

By Pythagoras theorem, B=90 N
b? =a® + c? HI:I n-lﬂ.ﬁcm-lrf .E

ieh rE = b? —at = {11_412 . {E.E}z IFig. 11.1}

= ¢ =75cm

(i) When one side and one angle are given

If we are given a right-angled triangle, in which one side and one angle
are given, we can find measures of its unknown sides and angles as explained
in the following examples,



cwample 1 Solve the right-angled triangle ABC with o = 90°% B = 40° and
b=20.2 cm.

Solution: Given and unknown elements are mentioned in Fig. 11.2, we have
to find y,c and a

As a+fp+y=180° T
S0, Y= 180°-a-ff = 1B0°-90°- 40° .
T = Eﬂal *_En
Now, tan =2 i 5
= tan40° = 2%

£

- o &M :
T = ¢=240734cm \fe b=20Zem

By Pythagoras theorem
a® = b? + ¢ = (20.2)% + (24.0762)* =é\

Therefore, a=31.42cm.

Example 2. Find the height of an nbject@e A
angle of elevation of the sun is 19° length |
of the shadow of the object is 1.7 m b
Solution: Let x be the height bject. Its ; ;
shadow has length a=17 shown in

Fig. 11.3. q C_;~_-_.:19 Shailow [~

7 x a=1.7m B

- .L;

Then, in AABC, tan19
= x
—

-/ tan 19°
%= 0.585
S0, the height ject is 0.585 meters

Example 3, the top of a tower, the angleof €

depression to the ship at its waterline is 40°, Ifthe | 0
height of the tower is 35m, find the distance & e W
between the ship and the foot of the tower. El e :
Solution: Let x be the distance of the ship B from | Y
the foot A of the tower AC as shown in Fig. 11.4. A e = -"‘*»H
Then, in AABC, tan 40° = % IFig 4
.. 238
™ tan 40"
x = 41711

Thus, the distance of ship from the foot of the tower is 41,711 meters.




1. Solve the right angled triangle ABC in which y = 90°

i) a=4m, b=3m (i) a=12m, b=5m

{iii) @ = 8Bm, b =em (ivi ¢=8m, [=42°30

(V) @a=140m, a =38°20° (vi) b = 30.8m, a=41°50"
2 A vertical stick 16m long, casts a 12cm long shadow. Find the angle of
elevation of the sun.
Find the distance of g man from the foot a tower 169m h]gh if the a_ng]f:
of depression of the man from its top is 48° 30",

Fad

4, Astring of a flying kite is 200 meters long and its of elevation is
587 30", Find height of the kite when the string is tched.
5.  Aman 1.8m tall observes that the angle of elev e top of a tree

at a distance of 12m from him is 31°45'. What 1 the height of tree?

6.  From the top of a cliff B0m high, the Iép&prﬁﬂﬂn of a boat i8

12°30°. How far is the boat from the ¢

Two masts are 20m and 12m high. If the ¥in€ joining their tops makes an

angle of 35° with the horizontal; between them.

8. A window washer is workia otel building. An observer at a
distance of 20 m from the finds the angle of elevation of the
worker to be of 30°. The climbs up 12m and the observer moves
4m further away ing. Find the new angle of elevation of
the worker.

11.1.2 Define

' |

ojghe triangle and prove
s of sines \
of cosines

aws of tangents

and deduce respective half angle formulae

An oblique triangle is a triangle with no right angle. It has either three
acute angles, or one obtuse and two acute angles. In Fig 11.5, AABC and APQR
are oblique triangles. An oblique triangle can be solved, if a side and any two
other elements are known by using the following laws,

(Fig. 11.5)




The law of sines

Consider a triangle ABC, in which «, b, ¢ are the measures of sides
opposite to the angles a, [} and y respectively as shown in Fig.1].6. Take a
rectangular coordinate system, in order to place the point C in the standard
position. The coordinates of point A will be (B cosy , b siny)

If the point B is taken as the origin and measure of the angle XBA = 180° -
then the point A will have the coordinates {'c cos (180°—), csin (180°-5))

Since y - coordinate is the "
same in both the cases;
we have
bsiny = csin (180°- ) R
= bsiny = csinf ~—
b e ; .
— = ers (1)

sin ~ sin Y
Similarly, we have

d C -
— .« (i)
sina siny
L ]

From (i) and [ii), we get

... (i)

Consider Fig®1.6, the vertices of the triangle ABC are A(bcosy,bsiny},
B(a, 0) and C(0,0). By using distance formula,

|AB| = \/(bcos y—a)? + (bsin y—0)%

So, ¢ =/(bZcos? y— Zabcosy+a’ + b?sin’y
= L'=1,I.":13+]:|2 — 2abcosy
c2=32+h2—2uhcnﬁij e 1]

Similarly, we can prove that _ :
a? = b? +¢® — Zbccosa i

and _ _h_E =_ff" + 4:2; Zac cos |




The above rules (1), (2) and (3) are called the laws of cosines.
The laws can also be written as:

i b?

b*+cé—a? adqcl—p* al+h’—c?
B R e cosfi = S Ol i T
(iii) Th¢ laws of tangents
sinad a ]
By the law of sines, = o smu_l s 1
sinfi b sinf b

sina—sinf a-b
sinf b Q{\
. sina
Again o 1=+ 2 41 {:\\.
sina+sinf  a+b @

= sinf b ( ’
From (1) and (2), by division, we get

=

(1)

. (2)

=
= \
= . (3)
Similarly,
By
oad? s 4
BT bic - )

F

tan’= -3

and —_— = — . (5)

mn—2 c+a

The above relations (3), (4) and (5) are called the laws of tangents.




(iv) Deduction of half angle formulae of Bine, Cosine and
Tangent in terms of lengths of the sides of a triangle:

By the law of cosines, a? = b? + ¢ — 2bc cosa

b? + ¢% — a®
or cosa = e
g " b? 4+ ¢2 —a?
=5 — cOSQ = T
4 al—b?—c?+2bc
] —_ 5 =
CO% zhl:

a a’t-—-b*—-c?+2bc

S

- (i)

So,
Again, we take
= 1+ cosa=1+
=  2cos
So, &53‘% = @tbropbie—a) .. (i)

By dividing equation (i) by equation (ii),

% X
25in®z  (a+b—c)(a—b+c)

Weget, Eﬂﬂszg = (a+b+c)(b+c—a)

28 _ (a+b—c)(a—b+cC)
or @n" 3 = a¥b+tc)(b+c—a) - i)
If we set, 5:%{a+h+c}-
then we have, a+h=25—-¢
or a+h—-c=25—12c
Similarly, at+c—h=25s—2b

and b+c—a=25—2a




Halfl angle formulae of sing I lerms «

1 !-1l||" il 0 |.!|1It"'|r'

From equation (i), 2sin® % _ (at+b—c)(a—b+c)

2be
or 25in2 & — (25—2c)(25-2b)
2 2bc
it = (s — b)(s — )
2 be

Thus,

Similarly, sin% - (B-a)(s—c) e}.
d C
and sind = ||{5-a}£5—hJ Q\r
2 ah

Hall angle formulae of cosine in terms i f triangle

From equation (ii),

or

Half angle formulae of tangent in terms of sides of tnangle:
. 2@ _ (a+b—c)(a-btc) _ (s—c)(s—b)
From equation (iii),  tan"3 =Gy Gic—a) = s(s-a)

f -5 |
t:m%: (s—c){s—b) !

s(s—a)

. fts-nli:s-r:}
Similarly, tang =S -5




similarly,

and tans = —

11.1.3 Apply above laws to solve oblique triangles

If we are given any type of triangle, we can find its own sides and
angles using sine, cosine and tangent laws and also wK help of their half

angle formulas.
Example 1. Solve the triangle ABC in which a = wnﬁ and ¢ = 39 rm.

Bolution: Here, we have to find, y, a and b.
Since a+p+y=180° ( l

Y=180°—a -
= 180° - —%0
-9
a
By the law of sines, — \
sina
—
sin71°
39 5ind9*®
=1 gd=————- |
sin71° .
7’ a = 31.13cm !
inb ; b c .
ain gines, —— = —
g y sinf  siny :
b 39
=1 =
sin60®  sin71°
39 sin60"
=3 b S
5in71"
= b = 3572 cm.

Example 2. Solve the triangle ABC in which a = 70 em, ¢ = 58 cm and B = 55°
Solution: Here, we have to find b, a and Y

By using the law of tangents,
—i
tan 55 o4 sg-70 -12

“““LJEE “c+a 58+70 128
Now, Y +a=180°-f = 180° - 55° = 125°

= —0.09375 i1




- .'F . IzFln 3 ER
== 2 - Fli.-...'l
So, from equation (i),

tan =2

we have —i = 009375
tan 6.2.5"

y— g
tan = — —0.09375 tan 62.5°

Y =
= I.;mT:-t}.lﬂn]

Y m
=3 - = ~10.21°
2

or y—a=-2042" But, y+a= 125° \
So, 2y = 104.58° Q}
or y = 52.29° 6\'
Now, a= 180°—f —y=180°—55°—52.29°= ?@

a b

Now, by the law of sines, — = =
sina smﬂ

\(\ 70 5in55°
sln?E 71° P % sm'?E 71
\\5 b = 60.05 cm.

[Note: The above example be solved by using laws of cosines.
Example 3. Find the of the largest angle in the triangle ABC with
a=10cm, b= 20cpan 26cm. \
Solution: Here s=%[a+b+c]=%[1{}+2[}+Eﬁj=25
The side ci than the sides a and b, so y will be the largest angle in

the given trian

(5— u]fs—b]
i

|88
~ | (10)(20)

= (.B485

'|‘-.11"E:

By using, sin

= ‘é = sin™" (0.8485)
= % = 5g° |
= y =116° is the largest angle of the triangle ‘




&n

Exercise 11.2 J

Solve the following triangles by using law of sines.

ja=70, b=34, a=79° (ii) b=136, y=1042°, a=431"°
(iii} o= 48°45", B =69"15", c=40.5

Solve the following triangles by using laws of cosines.

(i) a=782° b=624, c=150 (ija=48 b=333 y=41"30
([lila=73, c=40, [=76%5

Solve by using laws of tangents.

(i) a=432, c=325 p=42° (i) b = 39, c={ o= 75°

(i) a = 39.14, b = 3421, y=78°10 @
Solve the triangle by using suitable laws.
i) a=9 b=7,¢c=5 (ii) b = 35, 0= 23°25

Solve the following triangles by using half
(i) a = 55, c = 65, b=
(1) b =15, a = 20, c=

i) e=13 b =23, 2.7
Solve the following triangles‘b}f &nsﬂf angle formula of cosines.
(i) a = 95,

b =176, =85
(i) a=10, b=?\\'c=5
(iii) ¢=10, as= % b=7

Solve the followin angle formula of tangent.

(i) c=23, b=16

(1i1) a=2 c=18

fiil) a= =11, c¢c=13
Find angle of AABC, when
a = bcm 8cmand c=94cm

Find the smallest angle in AABC, when

a=25cm b=18cmandc=21cm

Find the length of the third side of a triangular building that faces 13.6
m along one street and 13 meters along another street. The angle of
intersection between the streets measures72°,

If one side of a triangle is y units long, another side is 3 times as long
and the angle between the two sides measure 35°, find the measures of
other two angles and the third side.

If the length of larger side of a parallelogram is 55 cm and one diagonal
of the parallelogram makes angles of measure 30° and 50° with a pair
of adjacent sides, find the length of the diagonal.

- » s




] .3 The sides of a parallelogram are 25cm and 35cm long and nne nf its
angles 18 36" Find the lengths of its diagonala

T Two hikers start from the same point, one walka 9 km heading =asl
the other one 10 km heading 55° north east How far apart are they al
the end of their walks?

Two planes start from Karachi International Airpart at the same time
and fly in directions that make an angle of 127" with each other Their
speeds are 525km/h. How far apart they are at the end of 2 hours of
flying time?

11.2 Area of a Triangle i\
11.3:.) T R TR e o] | &Q)

. : % nc imitliict el

=) L L l"\.l Wi I.r]._\.II =

. three sides (Hero's fo ?-:%\

fiji Two sides and their inclu
Consider a triangle ﬁﬂ%whmh h is its A

altitude as shown in Bigsl e know, from o
elementary geometry, t C b
Area of a triangle x altitude

ah i Y

- —absinq (~ h = bsiny) Fig

where A denotes . the area of the triangle.

Similarly, A= %m:'sinﬂ and = Ehr sina
Example Find the area of triangle ABC, in which a=5.34 cm, b=9.3 cm and

Y= 53° 34",
Bolution: We know that, A= %wbsinr

ar

1Le.

So, A = 5(534)(9.3)sin 53° 3¢
= a="" 21998 sq.cm



(i) One side and two angles

i b i

By the law of sines, =
sinar unﬁ siny

e P r:_.ﬁmn' e i ' .cturll_'ﬁ (i)
sy !Jl!l']-’

We know that

Area of the triangle A = %a bsiny

So, A HOR €D siny  [using equation (i})

L siny siny

_1 ssinasinf ! \

M A== iy e

_— 1 25|n|:t5|rT'|r—_ __ 1 _;sinysi
Similarly, A= h =n and A= 5=

Example; Find the area of triangle ABC, wit h, f =46° and y = 66°.
Solution: Here a« =180°—-f -y = 180° @ 6" = 68°
Now _1 2 siny sin f§

=2% " sina
_1(36}2KSI xsin46®  11296x0 - 913 x0 - 719

~ 2 2 0 - 927
= 459,
(iii) Three sides (Hero's fo
As  Area of triangle 4 ac sin p,
So, A = ac singmsg [ sinff = 2sins 'I:Dﬁﬁl
i ) Y T
or A =ac . %—}-, [ smg = |M—H%FJ— and ms o b}]
ie., A=.[s(s—a)(s—b)(s —0) ’

Example: Find the area of triangle ABC with a = 120 ecm, b = 200cm,
c= 98 cm.
1
Solution:  Here, s=5(a+b+¢)=35(120+ 200 + 98) = 209
Then, s—a=209-120=89, s—-bh=9 s—rc=111
By Hero's formula, A= ./s(s—a)(s—b)(s - c)

or A= ./(209)(89)(9)(111) = 18582399
or A=4310.7 sq. em.




Exercise 11.3

Find the area of triangle ABC when

. a=86 b=114, y=90° ii. b=63,c=17, a=120°

iii. c =534, a =930, = 53°34" iv. ¢ =36 a=46" =066

v. a=54, B=37° y=54" vi. b=48a=35"0,y=B85"31
vilLa= 37, b=41, ¢ =137 viii. @ = 41.34, b = 35.65,¢ = 56.81

iX. a=98bh=120,c = 200
2, The area of triangle is 3.346 square unit. If p = 20.9°,y = 117.2°,

Find a and angle a.
The measures of the two sides of a triangle are 4 @u:ﬂtﬂ. Find
the third side so that area of the triangle is 6 5% nits.

4 Find area of the equilateral triangle whose e{le e is x units long.

F ]

11.3 Circles connected with t r@
There are three types of cir nnected with the triangle namely

circum-circle, in-circle and escribed
&

11.3.1 Define cirnum-circ:)\

(i) Circum-circle &

Consider a tri C, (Fig. 11.8). The Circum-radius

circle which passe thro vertices A, B and C of o "“f‘x C;l.'rcumﬂ::nlrr
B l:"a-
57|

the triangle is the circum-circle of the

ircle and escribed-circle

triangle. The ¢ the circle is called circum- |f
centre and s is called circum-radius and ".k

is denoted by

(i) in-circle
The circle inscribed within a triangle so
that it touches all the sides of the triangle is
called the in-circle of the triangle (Fig. 11.9).
The centre and the radius of this circle are
called in-centre and in-radius respectively.
Incentre is denoted by I and in-radius by r.

11.9)

(Fig




(iii) Emoribed circle or excircle

A circle which touches one side of the  exadion
triangle extermally and two extended sides
internally is called escribed-circle or ex-circle or |/ g AW 4
e<irele,. The centre and radius of excircle | l o
opposite to vertex A are denoted by [, and r
respectively. Similarly the centers and radii of ;
the e-circles opposite to the vertices B and C =~ ____3/':_.# 1B m;nm

are denoted by I,,1; and r,, ry respectively as ' e
shown in Fig. 11.10. /

11.3.2 Derive the formulae to find Q
e circum-radius,

* in-radius, ( ’6
» escribed-radii,
and apply them to ute different identities

(i) Circum-radius of a trian \

Let O be the circum f the circum-circle of triangle ABC. Join
O and B. Produce BO join C with D, then mBD = 2R. If the triangle
ABC is acute angle (Fig 11.11) then m<£A = o = mZD. If the triangle
ABC is obtuse triangle (Fig 11.12) then msD = n—a.

\
L
A

Fig. 11.11 Fig. 11.12 Fig. 11.13
Since, sin (n—a) = sin a,
Therefore, in both cases
sinfm < D) = sina.




But sinfm < D) =sing = mBC .}

il ™ R
o R= LEinia
If the triangle is a right triangle (Fig 11.13), then sina = % =1 (¥ a=907)
Thus R=_—2
25ina

Similarly, we can sh g i e

y show that R Isinﬁ 2siny
Hence, we have

a b _ C

Esinn'hinﬂ_zsin}r=ﬂ i \
Now, R=-"9 \'Q,

= Zsina
ECT s

Therefore, ' R=5§5 t where, Lg?’s—a}(s—b)[s—c}.
Example: Find the value ufR in tri where a = 10 em,
b=8Bcmand c =5cm

Solution: \\

Here, b+ c)

2(10+8+5) =3 = 115cm

and s—u=11.@= s, " p—bmBS,  s=cm65 N
Now, A= s(s—a)(s—b)(s—c)
@ = JI15(15)(3.5)(6:5)
= 1/392.4375

A = 19.B1 square cm

We know that R=ﬂ—bc

(1:}]{3}(5] 100
- "4(1981) 1981

= 5.04cm

So,

(ii) In-Radius of a triangle
Consider the figure (11.14). An in-circle is a circle inscribed in a
triangle ABC we find the in-radius for the circle as follows:
Draw the bisectors of angles A, B and C so that they meet at I, the in-
centre. Draw perpendiculars [F, [E and ID on AB, BC and CA respectively.



If ris the in-radius, then we have
miF = mlE = mib =y

Since Area of AABC= AABI+ ABCIHH ACAL AN N
1 4 1 + 1 ; ' '
== (T4 = ar- " \ -
g g Ly e {
1 - 4
== rla+b+c) A= 'F B
A=rs
A
Theretore, 2o

Example: Find the value of in- radius of a circle inscr@a triangle, where

a=+v2iem and b=c=1cm * Q
Y
Solution: We kigw that sk

= — E:l
Hence,
1
% 1 34
S-% 1+1:| 'E'—[141+2}'T"_1?1
5—a= =171-141=0.30
s#b = 1 =0.71
5 1.71-1=0.71
Now, = Js(s—a)(s—b)(s—c)
= ,.."1 71(0.30)(0.71)(0.71) = +2586
= 0.5085 square cm
Now =4 _ 0S8  0.20em

~s 071
(iii) Radii of e-circles of a triangle

Consider a triangle ABC (Fig. 11.15). Let 1,, be the excentre of e-circle
opposite to the vertex A of the triangle. Draw perpendiculars I,P, , [,E, and
I;F; on CB , AO and AR respectively,
then mF[l; = mE,[; =mP], =r,.
where ry is the radius of the e-circle, we have
Area of triangle ABC =
Area of triangle 1,CA +Area of triangle |, BA ~ Area of triangle |,BC




Since, A= %hﬁ + %rr., — :—,Im'l
Therefore,

1 1

Erl(—-ﬂ +b+ 1:} = ET'I{E.'-." —2a) =15 —a)

A ]

SD, T'II =
L

Similarly. =g and =

\

Fxample: Find the radii ry,ry, 73 of the escribed ﬂirclg a triangle ABC in
(1) a=b=55cm andc=9cm (ii) =
Solution (i):

Here 5=%(ﬂ+b+c}=%{5.@g+9]=mﬂm
and s—a=10-55 =45, s—h=J10-55=45, s—c=10—-9=1

€ 5::) = /10(45)(4.5)(1) = 45V10

Now, A= /s(s—a)(s
-
We know that r1=ﬁ=4‘—i——";ﬁ= : r2=3.1ﬁcma_ndr3=£—fE=l4.23rm

Solution (ii):

Here, a=b=c=x ~<\

_ 1 Ix

So, S—E(ﬂﬁ'f@f

and E_ﬂ%[m%’ s—b=s—c=§ \1
x

Now @fﬂs-a}{s—b](sq} = 33-:?{-%-%:#554“@
A

Hence, s ey Y

Similarly, r; =ry =5 units.

Exercise 11.4 }

1 Find the values of R and r of AABC, when
(1) a = 5cm, b = 10cm, c=12cm
(ii) qa=105cm, b=115cm, c=205m
(iii)y a=40cm, b = 12cm, ¢ = 38cm




L'I

Vil

3 2
s{s—=h .
viii. IIEE:{IEE{T} = s (a) mn% (b ms% (c) t;mE (d) cutE

2

Find ry,ry and ry, if the measures of sides of triangle ABC are
() a = 23icm, f = 24cm, ¢ = 28em
(1) a=244cm, b=2348Bcm, «¢=420hem

(1) a = 75em, h = 62em, c=53cm
ifa=b=c, then prove that
riiRir=302:1
|:.|

i el TS Lﬂ"r-;

Show that:{i) ryrry = ret (it} ¥ = 4Rsin E?Ingam? (iii}ry = _._—;-fq.“_ﬁ
1 1 1 af+bZ+ct

Prove that e+ =+ =+

Select correct answer.

From the top of a cliff 80m high the ari™® of depression of a boat is g,

If the distance between the bﬂal_ oot of cliff is B0Y3 m, then angle
- 3 x ok

ais: f(a) - (b 1 \}e (d) =

To solve an obligue tri use:

(a) law of sines (b) La ines (c) Laws of tangents (d) All of these

A circle which t
(a) circum-circle
In a tna R

Il the sides of a triangle is called
in-circle (c) ex-cirtle (d) tri-circle
B =90° then b* = ¢ + a? — 2ac cos p becomes:

(a) Law (b) Law of tangents
ic) theorem (d) None of these
In any gle ABC, |E—5:F is equal to:
(a) sing (b) cﬂ:;% () Sing (d) sin%
In any triangle ABC, cus'_f is equal to:

_'.'l.‘_r.' u 1 b) o
a) (b) =2 (©) 252 @) [0
In any tnnng]e ABC, with usual notations, s is equa.'l to:

a+b+c

@a+b+c (b) - (o) SR () 22<




AN

In any triangle AlIC, \Pi s 1” ia equal to

55—

(a) 5""5 (L8]] :'rm; fr:) I:mg (ef) cots
We can =olve an oblique triangle, il

(a) One side and two angles are known

(b) Three sides are known

(c) Two sides and their included angles are known

(d) All of these

In AABC, inradius = -~

A A A A
(a) — (b) (<) ;Q)\ W

In any triangle ABC, Area of triangle is: \

1 1 . 1 ;
(a) be sina (b) S ca sin o {E}Eﬂb siny @smﬁ
Hero's formula is: g

(a) &= s(s—a)(s —b)(s—c) Vs —a)(s = b)(s —c)

(c) A= \/s(s —a)(s —b)(s —c) A= Et'?

The circle passing throu e vertices of a triangle is called:

(a) Circum-circle  (b) I (c) Ex-centre  (d) Escribed circle
The point of intersecti e right bisectors of the sides of a triangle

is called: {:\

ja) Circum-ce In-centre (c)Escribed centre (d) Ortho-centre
Radius of the ci ich passes through all the vertices of a triangle is:
(a) Cir ius (b) In-radius (c) e-Radius (d) Diameter

In any ABC, with usual notations, abc =

(a) R (b) Rs (c) 4RA @=

- The point of intersection of the internal bisectors of angles of a triangle is:

(a) In-centre (b) e-centre (c) Circum-centre (d) Ex-centre
In any equilateral triangle ABC, with usual notations, r: B: 1,

(a) 1:2:3 (b) 3:2:1 (c) 1:3:2 (d) 1:1: 1
Circum radius of AABC is:
A
@5 b) 5= © = @ o
Prove that:
beosaco o
ij r= [li)  rr g+ =

cos

%S

i i 1

FAY @ 0909090 R
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Find the area of triangle ABC when

(i). @ = 5.2cm, f = 30°, y = 40° liijja = 125¢m, b =120, y= 150°
Find the R and r of AABC when:

(i) @ = 18.8cm,b = 24.5em, ¢ = 30.2c (ii)a= 13.8cm, b = 13.8cm, ¢ = 10.4em
Find ry,r; and ry, of the escribed circle if the measures of sides of
triangle ABC are a = 3cm, b = 4cm and ¢ = 5em.

A hiker walks due east at 4 km per hour and a second hiker, starting
at the same point, walks 55° north-east at the rate of
5 km per hour. How far apart will they be after 3 hours?

Three points A, B, C form a triangle such that the ratio of the measures
of their angles is 1 : 2 : 3. Find the ratio of the length#¥pl the sides.

A piece of plastic strip 1 meter long is bent to fi 12osceles triangle
with 95° as measure of its largest angle. Find of the sides.
Two airplanes leave a field at the same ﬁ@hn flies 30° East of

Morth at 250km /h, the other 45° Ea at 300km /h. How far
apart are they at the end of 2 hﬂurst) _

Two men are on the opposite gides a 100m high tower. If the
measures of the angles of elev @n}f the top of the tower are 18" and
22° respectively. Find the ¢ @ etween them.

A man standing 60m awgy, om a tower notices that the angles of

elevation of the top s % gottom of a flagstaff on the top of the tower
are 64° and 62° rg find the length of the flagstaff.

Fabid of a 60m high tower from a point A, on the
same level af the of the tower, is 25°, Find the angle of elevation of the
m a point B, 20m nearer to A from the foot of the tower.

elevation from the base of the building B to the top of the building A 1s
50°. Find the height of the building B,




Graphs of Trigonumetric
and Inverse Unit |
Trigonometric —
Functions and Solution
of Trigonometric Equations

12.1.1 Find the domain and range

functions
The method of finding domain and @ﬁa function has already been
A di

12.1 Period of Trigonometric Functig

triponome

discussed in section 8.1.1. Here, w ss domain and range of
trigonometric functions.
Domain and Range of sinf, r:nﬂ

(i) Function y = sinf is definedsg: rdinate |y-coordinate) of a point on a
unit circle that corresponds angle of 6 yaxis
radians. Therefore, the d his function T
is the set of all real 8 can be any *_ [cosd, sing)
real number and the is set of all real I
numbers from %rl s the maximum and fﬁf |;h-.1“
minimum valu e 1 and —1 respectively. - TR +"1-!- S
(Fig 12.1 ;
Example: domain and range of Zsin 5x _
Solution: HEI'E. ¥ = 2sin bx -1!_-;'!

v

-+ Given function is defined for all real numbers.
+» Domain of 2sin5x = R

As Range of sin5x = [y[yE RA-1=sy <1}

So, Range of 2Zsin5x = {y[yeRA-I =y = 2}

(i) Function y = cost is defined as the abscissa (x-coordinate) of a point on a
unit circle that corresponds to an angle of @ radians. Therefore, the domain of
this function is the set of all real numbers as 0 can be any real number and
the range is set of all real numbers from —1 to +1 as the maximum and

minimum values of y are 1 and —1 respectively. (Fig 12.1)

(Fig. 12.1)




Example: Find the domain and range of cos 7x
Solution: Here, y = cos /x

+ Given function is defined for all real numbers
~ Domain of cos 7x = R

As the range of cos7x is same as the range of cosx
So, range of cosTx = [y|[yERA -1 =y = 1)

(iii) Function y = tan9 = f:;g is defined when cos8 = 0. The domain of this

function is the set of all real numbers except those where cosf = 0 and the
n

angles where y = tanf is undefined are > radians where ngan odd integer.

The range is the set of all real numbers between —oa %ﬁ
sinf

the minimum

and maximum values of are —oo and + oo respegil

5
Example: Find the domain and range of tan "OQ'

Sclution: Here ¥y = tan 4x

We know that tan 4x i‘;: is unclﬂi' s 4x =

Let cos 4x = Q
= 4x=n E 1whce\ odd integer)

T
= r=n=

8
So, domain of tan 4x = nis an odd integer]

 The range of tan4xis s the range of tanx
’ - Range of tan 4x @

For the t etric lunctions sinB, cosd, tanf, cosecd, sech, and cotd

the domain e are given in the following table.

. Function Domain Range
fig)=sinB R -1< sinfB < 1
fB)=cos8 R -l<cosB <1
f18) = tan 6 [Ft-{n'g |n is an odd integer} R

J(8) = cosec © R~ {n L3 |nis an even integer} All real numbers

o zland<-1 |

f[ﬂ] = gec 0 R - {n E |nis an odd integeri All real numbers
- 2 - >land<-1
Jl8) =coth R - {ng |n is an even integer} R

i T T ! -..-



12.1.2 Define even and odd functions

A function f(x) is said to be an even function if f(—x) = f(x) for all x in
the domain of f and a function f(x) is said to be an odd function if
f(—x) = —f(x) for all x in the domain of f.

Example: Decide whether each of the following function is even, odd or neither.
In the following functions, check whether the function is even or odd.

(i) f(x) =Vx*+5 (ii) A(x)=x° (iii k(x) = x + |x|

Solution:
(1] flx) =vx¥+5
fl=x) = J(=x)* +5 =vx* +5 @Nnﬂb}'-ﬂ
f(—x) = f(x) \
& f(x) is an even function. Q
(id) h(x) = x° @
h(—x) = (—x)° = —x° C) (Replacing x by - x)

h(=x) = —h(x)

A h(x) is an odd ﬁ.m:;:.i:i%Q
(i) KGO =x+1xl NN
k(-x)=—-x+|= %x + |x| (Replacing x by - x)

ie., k(=x) # k d k{—x)# —k(x)
Hence, k{x) is n®& even nor odd function.

Even and Odd metric functions
Consi ic trigonometric functions sinx, cosx, and tanx

(i) f(x)=

Replacing x by —x

We get, f(—x) = sin (—x)
= — sin (x) (~ sin{—x) = —sinx)
== f(x)

Hence, sinx is an odd function

(id) f(x) = cosx

We:get, f(—x) = cos (—%)
= cos (x) cos{—x) = cosx)

= fx)




Hence, cos x is even function

(iii) fi(x) =tanx

Replacing x by —x

We get, f(=x) = tan (=x)
= —tan (x) (+ tan(—x)}=—tanx)
== f(x)

Hence, tan x is odd function.

|T\DtE: cotx and cosec x are odd functions, where secy is :anqﬁn functinn.

ctions are even,

Example: Determine whether the following trigono tr@l
odd or neither. “’K

(a) f(x)= secx tanx (b) g(x) = x* sinx cus@ [c) h(x) = cosx +sinx

Solution: C)
a) f(x) = secx tanx

Here, f(—x) = sec(—x) tan (—x)

= [secx][—tan x] ‘&‘%Qx} = secx and tan(—x) = —tan x)
= —sec x tan x
==f(x) ,(\Q

Hence, f(x) is odd
b) g(x) =x% si

Here, g(-x) =

CO5

in (— x) cos2(—x)

(—sinx)(cos2x) (+ cos(—x) = cosx and sin(—x) = —sinx)

sin x cos2x
= g(x)

Hence, g(x) is even

¢) hix) = cosx + sinx

Here h(-x) =cos(—x) + sin(—x) (v sin(-x)= —sinx and cos(—x) = cosx)
= cosx + (—sinx)

Lad

=C0SX - sinx
# —h(x) or h(x)
Hence, h(x) is neither even nor odd




12.1.3 Discuss the periodicity of trigonometric fu
the maximum and minimum value of :
of the type:

= 0+ bsind,

e 1+ brcos#,

o a4+ bsin(ch + d),

* a4 bcos(cl + d),

¢ the reciprocals of above

where a, b, c and d are real numbers @K

12.1.3(a) Periodicity of the Trigono nctions

Let X and Y be the subsets of set of Q?mhera. Afunctionf: X=Y
is called a periodic function of period p if f(x = f(x), for all x e X, and p is
the smallest positive real number.
Since for any integer n, si
tan(@ + nn) = tanB. Therefore, si
2n and tangent is a periodic
Similarly, co t,
period 2n, 2m and n re ively.
Since all trigono functions are periodic. Therefore, they repeat
<

n) = sinf; cos(0 + 2nmw) = cosé and
sine are periodic functions of period
of period m.

d cotangent are periodic functions of

c interval and this property is called periodicity of \

their values

trigonometri

Example 1. that sinx,cosx and tanx have periods 2m, 2w and n

respectively.

Solution:

i) f(x)=sinx

Replacing x by x + 2n

f(x + 2m) = sin (x + 2m) = sinx cos2m + cosx sinZn

= sinx(1) 4 cos x(0)
= 5inx

Le., flx+2m) = f(2)

Hence, the period of sinx is 2.

() f(x) =cosx

Replacing x by x + 2n




f(x + 2n) = cos(x + 2n) = cosx cosdn — sinx sindn
= cosx(1) — sin x(0)
= COSY

Thus, f(x+2n) = cos x = [(x)

Hence, the period of cosx ia 2n,

(i) f(x) =tanx

Replacing x by x + n

tany 4 tanmn
flx +mn) =tan(x + n) =

1 — tanx tanm
tanx 4+ 0

= 1 —tanx (0) tan r:{m
= tan x
Thus, flx+mn)=tanx = f(x)
Hence, the period of tanx is m.
Example 2. Find the periods of the f nr.:uans
i. S5sinx il. cos 3.1‘ -tan E

Solution:
i. Here f(x) =5sinx ﬁ\
So, f(x)=5 sin{x @ + 2n)

“flx)=f [x
. period n
ii. Here, f{I] = co
21:}
cus
2
- r(x o

2
s flx) has period nt'Tﬂ.
lil. Here, f(x)= %lan %

=%mn(ﬁ+n_}

1 X + b6m
'E"“( 6 )
= f(x + 6m)

v flx) = f(x + 6m)
~ Period of f(x) is 6mn.




12.1.3(b) Find the maximum and minimum value of a given

functions of the type
(i) a + b sin 0, i) @t hcos®
(iii) a4+ b sin (c0 4 d), (iv) i + hoosi{ch +d)
(v) the reciprocals of the above,
where a, b, c and d are real numbers

Consider types (i) and (ii), the expressions attain their maximum values
when both sin6 and cos @ are at the maximum. i.e., sin@=1 and cos8 =1
provided that b is non-negative.

If b < 0 then we get maximum values at sinf =—1and c -1.

So, maximum value of (a+bsin@) =a+|b| | value of sin 8)
=a+ IbI : Ibl

Thus, | Maximum value of (ti+bs Ibl ] .Ai)

Similarly, Maximum value of (a + b = a + |b| ‘_" ()

Now, the functions attain their nﬁl\i@uas when both sin 8 and cos 8 are
at the minimum. i.e., sinB= —ﬁ{q cos @ = —1 provided that b is non-

negative.
If b < 0 then we get minim at sinf = 1 and cos@ = 1.
So, minimum valu b'sin8) = a + |b| (minimum value of sin 8)

=a+ |bl(—1) = a—|b]

Thus, um value of (a + b sin @) = a — |b| . (i)
Similarly, ‘Minimum value of (a + bcos8) = a— |b| ..{iv)
Now, consider (iii) and (iv), that is a + bsin(c # + d) and
a + b cos(c @ + d). In these types, the values of c and d do not affect the
function. So, we get the same results as for types (i) and (ii) which are:

Maximum value of (a + bsin (c6 + d)) = a + |b| ..[v)
Maximum value of (a + b cos (c8 + d)) = a + |b| (Vi)
Minimum value of (a + b sin (c8 +d)) = a— |b| ....{wii)
Minimum value of (a + b cos (c8 + d)) = a — |b| ... fviii)

Thus, we conclude that, if M and m respectively represent the
maximum and minimum values of the expression of types (i), (ii), (iii) and (iv).
Then we have the following formulae.

M=a+|bl and m=a—|b|




Now, let M' and m' respectively represent the maximum and minimum
values of the reciprocals of the expressions.

: | ;
Then, for m>0,M>0 and m<0, M <0, we have M = — and m :%

And for m<0, M>0, we have M‘zl— and m' =

M T m
Example Find the maximum and minimum values of the functions.
. & 1
fijy=3-5sin6 [ii) y = 2 + 3 cos (50 + 10) (1ii) y = 5 5in(76-8)
Solution:

if y=3-5sinA, Here,a=3andh=-5 \
Maximum value of y=n.+|h1=3+|—51=3+5®
Minimum value of y=a-|b| =3-|-5/=3

i) y=2+3cos(568+10), Here,a=2

Maximum value of y=M =a + |b| =243 =5
Minimum value of y=m=a-|b|= 13|=2-3 =-1
1
W) y=355mms %4
Here, a=4andb=—5 —a+|bl=4+]|-5 =4+5=9
and m=a—|bl =4-|-5 =4-5=-

Let M' and m represent the maximum and mimimum
value of the TEEII}TDEBQ functions

m<10
1
Qf mo=
So, M’@m m=L=_
Exercise 12.1

Find the domain and range of each of the following functions:

(i) 2sin3x (ii) Scos 4x  (ili) Btan 2x (iv) cosec bx
(v) Scot 2x (vi) sin ;— (vii) cosec E (viii) tan %
2. Determine whether the following trigonometric functions are even, odd
or neither.
.
i f(x) = sinx cosx ii. g(x) = %:T

i, AG) = o iv.  k(x) = x°(sinx + cosx)



3. Find the period of the following functions.

(i) sin3x (ii) cosdx (i) tan

(v) cosecBx (vi) cot [v'di 5 cos o (viii) cotv2x

: x 2mx o 2 3x

(ix) sinz (%) L‘US:':' Ixi} =Rt (xii) —gsecr
4. Find the maximum and minimum values of each of the following

functions.

(1) ¥ = 4+ 35ind (ii) y = E — 4 cosB

(i)  y=6-3sin(30+2) ivy y=8+ —25}

- 1 )

™ Y= @30-2) (vi) {59 )
12.2 Graphs of Trlgnnnmetn ions

The procedure for plotting the gra tngunﬂmemt functions is
similar as that of graphs of algebraic

In order to draw the graph of ometric function we take the angles
x on x-axis and the mrrespnnm of trigonometric functions are taken
on y-axis.
12.2.1 Recognize the n::f the graphs of sine, cosine and

tangent f gles

onometric functions represent curves and the
are periodic, so their curves repeat after a specific

(Fig. 12.2)




The shape of sine function is sinusoidal or up-down curve which

m
repeats after every 2m radians. It passes through origin, heads up to 1 by =

am
radians and then heads down to -1 at 2 radians. Its cycle completes at 2n

radians. The cycles repeat after the interval of 2n. The graph is symmetric
about the origin.

Graph of cos x

The shape of cosine \Q&x is also sinusoidal or up-down curve
which repeats after every Znm . It does not pass-through origin. Its
maximum value is 1 value is —1. Its cycle completes in interval

of Zm radians. The cy epéat after interval of a 2w, The graph is symmetric

about the y-axis. »
/ Graph @
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U

The tangent function has a completely different shape. It goes between

[

—oo and +o. It passea through origin. Al ig. '.I:H-f"-ﬂ? };Tnmdi"‘“ﬂ ey €tC., the

function is undefined. It is discontinuous curve and is symmetric about
Origin.

12.2.2

Draw the i hasic  1rij

the

functions within the domain from

graphs ol

(a) Graph of vy =sinxy, —-2Zm < x < Zn

Table of values of sinx from —2mn to 2.

Graph of y =sinx,-2n<x < 2n
The graph of sinx, is sinusoidal curve and it is also called sine wave.
(b) Graph of y = cosx, —2n<x < Im

Table of values of cosx from —2mto 2m.

=11m —5m =3in —4n :_TE = —5m —Tm
o W] N T 13 A il Bor oy
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Graph of y =tanx,—-2n=x < 2n

c) Graphof y =tanx,-Zmn<x < Im
=111 = i |
| — £ 7] s |9
-360°| -330° e il
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, n 58 | iim | 2m
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(Fig, 12.7)
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{d) Graph of

o
x
Table of valuea of eoty from  2mto 2m
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Graphof y =secx, -2n<x < n
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(f) Graph of ¥ = cosecx, —2n < x < 2n
Table of values of cosecx from —Zmto Zm.
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% (Fig. 12.10
'& cx,—2n<x<an

GQ(
12.2.3 Guess t aphs of sin28, cos28. .ﬁing : i:ns;% ete, without
act awing them d h

W_e kno the graph of y = sin® and y = cos@ both have period 2m.
?n y =sinn8 and y = cosn®, n is constant and indicates the number of cycles
in the interval of 0 to 2m, ie., 0 <8 < 2n

Now, we draw the graphs of

]

= sin @
| 5 ¥ =zin
sin26, cos28, sm;, and cns; without

: i
\1 .

T

it means that there is only one cycle in _:D
the interval: 0 < § < 2 '
Fig 12.11 shows the graph of ¥

¥
1 i

using table. If n = 1 in sinn® and cos nd, « ! St
1

sinf, 0 <8 < 2n and period of sin @ is 2. }

(Fig. 12.11)




y

=

In Fig 12.12, there is one cycle 0%
in graphof y =cos8,0<8<2n
and period of cos 8 is 2n. ¢
-0.5

{

~1d

Y

y

If n =2 then we have, y = sin 208 and y = cos 26

whic &13
uf];&andy = cos 26 are the
O

h\'u
In Fig 12.13, there are two cycl ‘@Z / \
the graph of y=sin28, 0 < axQ ; ¥ —,
Im

cycles in the interval O to 2n. The graphs
compressed forms of the graphs of y=s
graphs of sin 20, cos 20 are as follows:

and period of sin28 is m.

0.5

Fig 12.14 shows the graph of * "
y=cos20,0<0<2Zn. It has two -gs.
cycles and period of cos 26 is m.

¥ =cosH

S

L
an
2

S/
/
\

that there are two

= cos 8 respectively. The

i
N




Uk

Now, if n= 3 then we have y = sin 0 and y = cos 30, it means that there
are three cyeles in the interval 0 1o Zu The graphs of y =sin38 and
y = cos 38 are the compressed forms of the graphs of y =sinf and y = cosh

respectively ;
Now,ifn = % then we have y = ﬂiﬂ%'ﬂ and y = coszH, it means that there

0 f

is only half a cycle in the interval 0 to 2n. The graphs of y = sin3 and y = cos5

are the expanded forms of the graph y =sinBor y = cos 0 respectively.

Fig. 12.15 shows the graph of

y=sind, 0<6<2n Ithas half x
cvcle in 0 to 2r and period of -0,
sing = 4.

2
/ @ 1 o 2
0.3
Fig. 12.16 sh e graph of
E R — il
}r=cusE.ﬂ£E£2ﬂ. If has half n In 3 4m
eyele in the interval 0 to 2r and  —0-° \\
period nfcusrg- = 41t i -
y
|Fig. 12.16)

Thus, we conclude that multiplying ® by a number greater than 1
compresses the graph of sin B or cos 8, while multiplying 8 by a positive number
less than 1, expands the graph. In this case the period is given by

an

. Period = — | where, nis the number of cycles.



The period of sine and cosine functions can be found by the given
formula.

Now, we also define the amplitude as the maximum height of the graph
of sine or cosine functions from the horizontal axis. The functions y = sin®
and y = cos@ have amplitude 1.

Example 1. Guess the graph of sing, Also find its period, and amplitude.
Sﬂ']utiﬂﬂ'. LEt :l' = SIH%E ¥ J.l-:InE
Hm,n=.%{1,sutlmg:mph o

ufsin%ﬂ is an expanded type
of the graph of y =sinf, In
the interval of 0 to 2m, there

is one eighth of a cycle as ¥ Fig. 12.]
shown in Fig. 12. 1‘?
2 _ 2w _ 6
Now, period of sinz H_Tf_'_r'ﬂ 16w
The amplitude of the ame E meﬂ':r:zﬂnt of sine function, which is

1 in this case.

Hence,

Example 2, Guesa h of 25in286. Alsn find its period, and amplitude.
Solution: sin 26

Here,n=2> graph of

25sin 20 is @:ﬁﬂtﬂ type of TN

the graph of\y =siné, in the “\H ) 2eim 26
interval of 0 to 2m, there are gll

two cycles as shown in ".

Fig. 12.18, _3. SN
Now, Period of 25in28 = 2= 7|

The amplitude of the sine I'u

function is the coefficient of I"R

sine, which is 2. ki

Hence,

Amplitude of 2sin 28 = 2 (Fig. 12.18)




12.2.4 Define periodic, even/odd and translation proj

of the graphs of sin®,cos0 and tanf, i.e., s !
. Periodic property sin (8 + In) = sinfb
. Odd property sin(—8) = — 5inf
(sin (B — m) -sin @
. Translation property I::!I ey~ ‘_I o

'roperties of the graph of sinb

i. Periodic Property

L
& M\ s R IF o ¢ | @ k

S e o —f——
v U U Qﬁ)

g

i
—

in

o

shown in Fig. 12.19. Therefore, §inl* 2n) = sin 8.

This property of grai Qﬁ known as periodic property.

& '.::'._z"_ 1 3 |.':_|
We know that the graph o pl:ata itself after a period of 2n as
»
34

ii. Even/0Odd Prop

” % . ¥ =ain 0

|Fig, 12.20)

We know that the graph of y = sin 8 is symmetrical about the origin as

shown in Fig. 12.20. It means that if 8 is replaced by —8 then the graph will
be changed.

Therefore, sin(—8) = —sinB
Hence, sin@ is an odd function and this property is called the odd property of




graph of sin®.
ili. Translation Property:
We know that

sin(@ —m) = —sin@;
sin(m — 8) = sin®
This property is called Translation property of graph of sinf because
the graph of y = sin(8 - n) is similar to the graph of original sine function but
translated or shifted horizontally m units right to the graph of y =sin 8 as
shown in Fig. 12.21 and Fig. 12.22.
Graph of y = sin@

F:ﬂnﬂ

|Fig. 12.21)

e
=

(Fig. 12.22)
We observe that graph of y = sin(8 — ) is reflection of graph of y = sin® about
X-axis,

So, the graph of y = sin(8 — ) is same as the graph y = —sin®

Hence, sin(8 —m) = —sin®
Now, sin(m— @) = sin[—(8 = m)]
. = —sin(8 —m) (~ sin(—8) = —sin8)

So, graph of sin(r — 8) is reflection of graph of y = sin(8 — ) about X-axis as
shown in Fig. 12.23.




We observe that the graph of y = sin(m — 8) is same

Ep graph of y = sin#

Hence, sin{m — @) = sin@ %
Note: (i) The graph of y =sin(8 - k) is m he graph of original sine
hori

function but translated or shifted y kunits right to the graph
of y = sin#.
(ii) The graph of y = sin(f + k%€ )similar to the graph of original sine
function but translated bagiaghtally k units left to the graph of y = sin®.
Example: Draw one
graph nfyrﬂsin{ﬂ-sa ;; H y = 3sin (8 - 3n)
Solution: Here, 3T ;
Amplitude = 3 @ lf
and period = 2 1y _
According @he Translation x<—5—3 o P o

property, the graph of 3sin(0 - 3n) 14
is similar to graph of sin® but ;)
translated 3n units to the right and _11
its amplitude is 3. ¥
Now, for initial point, we take
f-3n=0=08=3r and for
terminal point, we take

B=3r=2n=0=5n
Therefore, the interval of the graph is 3Ir <8 < 5n
The graph of y = 3sin(B — 3x) is shown in Fig. 12.24.




b 'E"ln}v rlier of 1 hs

i Periodic Property

L LA T L 1 S a " I.i'; by ;
I'nIIH \ ;" °3
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We know that the graph of cos @

2w as shown in Fig. 12.25. Therefore, cos(
This property of graph of cos8 is kn

ii. Even/Odd Property

We know that the graph of y = cos@ is symmetrical about y-axis as
shown I Fig. 12.26. It means that if 8 is replaced by —8 then the value will be
unchanged.

Therefore, cos(—8) = cos B
Hence, cosB is an even function and this property is called even property of
graph of cos 8.

lii. Translation Property: We know that
cos(B = ) = = cos@;
cos(m = 8) = —cosB
The property is called Translation property of graph of cos® because



the graph of y = cos(8 — m) is similar to the graph of original cosine function
but translated or shifted horizontally n units right to the graph of y = cos 8 as
shown in Fig. 12.27 and Fig. 12.28,

Graph of y = cos 8

¥
¥ =05 R
- _\-H\‘ -
F 0.
P
Tl . - .-...I"' . i T ™ 2 -
" 2 " //_:E' J ™ : \ :
Graph of y = cos(8 — m) O
; O
2 % y=cos (8-

& = "
e I oL ] f, .
T -m L [v] : —— s
. * . o
0.5k 5 i i

4.

(Fig 2.
We observe that the graph of y = cos(8 — n) is reflection of graph of y = cos
about x-axis.

So, the graph of y = cos(8 — m) is same as the graph of y = — cos 8.

Hence, cos(B —m) = —cos8@

Since cos(m — 0) = cos(0 — m)

Therefore, graph of cos(m - 8) is same as graph of cos(8 — 7) as shown in
Fig. 12,29,




Graph of y = cos(mr —8)

raf B
-1
7

We observe that the graph of y = cos(r —8) is mﬂecﬂndﬁaph of y = cos®@

about x-axis, so, the graph of y = cos(r — @) is sam graph y = —cos8
Hence, : mst;r_r_— 8)=- cos 8

Note (i) If we add constant k> 0 to @ as c@+k}ﬂlmgﬂphufmsine
function will be translated k units l@f}kﬁ.
(ii) If we subtract constant k > as y = cos(8 — k) then graph of

| cosine function will be tran

Example: Using graphs and its
Solution:

Let, y=sln(§—a) ﬁ%—

In order to draw

sin (5 — 8), we ﬁrst@'ﬂph of
sin (ﬂ = %) an reflect it

about x-axis. .E. n %[\ In 5%
Here, amplitude = |-1| =1 g
and period = 2m "
For initial point of the graph:
ﬂ-%:l‘] = B:-% (Fig. 12.30)

5
For terminal point of the graph: 6-3=2r = 8=

. 5
Therefore, the interval of the graph is 5 <0 <5
T
By translation property, graph of sin 8 will be translated 2 units to the right
as shown in Fig. 12.30. Now, we reflect it about x-axis to get graph of




y = sin (% - B) as shown in Fig. 12.31.
We observe that the graph of

"
:.r=sin('£—El] is as same as the | y=sin(z-9) /
0.5 F
graph of ¥ = cos8. ;"'
Hence, i l;u_ . Vg In i *
sin (Ri - I:'l) = cosB -0.5

Hence proved. -1

¢l Properties of the graph of tanf @
1, Periodic Property @Q

f A .’
[ I‘
| Il
[ '
/| *
I I I
i R A,
Cin [ fox | A
| / :
i |
f i
/ !
' v
[Fig. 12.32
We know that the graph of tan8 repeats itself after a period of m as

shown in Fig, 12.32. Therefore, tan(8 + 1) = tan 8.
where, 0 # £3,+35, 455,477, .., (2k + 1) k is any integer
At these values of 8 the tangent function is undefined.
This property of graph of tan 8 is known as periodic property.
ii. Even/Odd Property
The graph of y=tan® is symmetrical about origin as shown in
Fig.12.32. It means that if 8 is replaced by —8 then the graph will be changed.
Therefore, tan(—8) = —tan @

Hence, y =tan#® is an odd function and this property of graph of tan 8
is called odd property.




ifi. Translation Property: We know that
tan(® — n) = tan H;}
tan(MM —6) = —tanB

This property is called Translation property of tan 8 because the graph

of y =tan(8 — Tt) is similar to the graph of tan® but translated or shifted

horizontally Tt units right to the graph of y = tan 8 as shown in Fig. 12.33 and
Fig. 12.34.
Graph of y = tan B

i

v
#
-

| H .
J 2n 'Sm
N £
I
|
¥
|Fig. 12.34)
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/i
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¥
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/ J f
1. ﬁ]‘l 351_:'-. ’ #‘*:t
; 'z
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i II.'
Y
(Fig. 12.34)
We observe that the graph of y =tan(8—m) is same as the graph of

Y=tan#®
Hence, tan(f — w) = tan @




/4

So, graph of y = tan(m — 8) is reflection of graph of tan(8 — ) about x-axis as

shown in Fig. 12.35.
Graph of y = tan(m — 8)
¥

N I AN SR I\
\ E R 3 \@

We observe that the graph of y = mngﬁa same as the graph y = —tan#@

Thus, tan(wr — 8) = §

er kto 8 as y = tan(8 + k), the graph of
amSlated k units to the left,

re real number k from 8 as y = tan(8 — k) then
nction will be translated k units to the right.

pf1 8 + 2k} iteser

= 5inb, where k is an integer

e
N
. |5
s |9
@ﬁl

We know tha
sin{a + B) = sina cos  + cosasin p
So, sin(# + 2kn) = sinf cos 2kr + cos @sin2km  where, k € Z wo(i)
* 5in® and cos B are periodic functions of period 2m.
~ for, any integer k =0,+1,12, ...
cos2kmr =1 and sin2kn =0

By using cos 2kn = 1 and sin 2kw = 0 in equation (i)
We get sin(8 + 2kr) = sinB(1) + cos 8 (0)

sin{B + 2kw) = sinB+ 0
Hence, s5in(8 + 2kr) = sinf




Exercise 12.2 !)

Draw the E:I-"ﬂ]:lh nt' the fD].lﬂmng trigunumetrir_' functions for the given

interval.
1. = —sinx . D=x<2n 2 ¥ = COSX , D=x=iIm
3. }l=5in; y 0<x<2n 4. ¥ = tan2x , —m=x=sIn
y=Ssecs , -2msxs2n 6 y=—4cotx , -M<x<2W

Guess and draw the graph of the following functions without using
table of values where 0 <8 < 2n

(1) y =cos 48 (ii) y= 25in~ gub - 3.:us
(iv) y = 2s5in38 (v) y = c:ns = 5in20

8 By using properties of graph of sine, EEIEZI tangent, show the
following.
(i) COs (’-; + E) = —sinf (ii) Q\ T"+ E) = cos8
(idi) cos{m — B) = —cosh i n(m 4+ 8) = tan®

(v)  sin(3—8)=—cose (vi) %&S&n +8) = cos8

o, For any integer k, deduce

(i) cos(B + 2kn) = cos {ii) cosec(8 + 2kn) = cosec B
i {iv) cot(8 + 2km) = cotd

(i) ran(@ + 2kn) = tﬁ
12.3 Solving Tri etric Equations Graphically

at least one trigonometric function is called
trigonometric equ or example, cosx = % and cosx +sinx=1

ations have an infinite number of solutions due to
the periodicity e trigonometric functions. For example, if sin ® = 0 then it
has infinite number of solutions i.e., 8 = 0, +mw, +2n, ...; which can be written as
B=nm,¥nedl.

12.3.1 Solve trigonometric equations of the type:
sin® = k,cosl = k and tan® =k wusing periodic,
even/odd and translation properties

We know that sine and cosine functions are periodic and have period
2m, i.e., they repeat their values after every 2w units. Thus, if we want to find
all solutions of the type of sin8 = k and cos® = k, we simply add and subtract
integral multiple of 2n from the solution in the interval 0 < 8 < 2m.




Similarly, tangent function is also periodic having period n. Thus, to
find all the solution of the equation of the type tan® = k, we add and subtract
integral multiple of n from the solutions in the interval 0 <8 < 2n

The method of solving trigonometric equations is explained through the
following examples.

Solve the equatinn: sin@ = %

Solution We know that r.in ;. a0 the reference angle is 6 = E

Sine function is positive in I" and 2v4 quadrants, so equation has two
solutions in the interval 0 £ 0 < 2m, one in 1* quadrant ar(l'u: other in 2nd

quadrant.
For 1* quadrant, 8= Q’

For 2~ quadrant, - % =— @%ﬁn slation property]

Since, 2m is the period of sing. ( |
Thus, 8= E +2nm or B= 5 =+ 2nm, ¥ [Periodic property]

Hence, the solution set of sin@ = im&m} ¥] [ 3 + Emt} YneZ

=I ﬂ*l=l

7

Bolution: We know that , 80 the reference angle is @ = E
Cosine function is ﬁﬂ and 37 quadrant.
Thus, the uquatmn olutions in the interval E =0 <2m
For 2nd [Translational property]
= ._”
T4
For 3~ quadrant, f=n+ E [Translational property]
_sm
!
Since, 2m is the period of cos8.
3
Thus, 8= Tﬂ +Znm, or 0= —5+E +2nm YnezZ [Periodic property]
. =l (r S
Hence, the solution uetufcusﬂ-ﬁ 18 [4 +Em'-r]U[* +i.'1m} , YRneZ

Cxample 3. Solve the equation: tan 8 =3
Boulution: We know that I:an:} = /3, 80 the reference angle is 6 = %
Tangent function is positive in 1% quadrant and 3r quadrant, so the equation



in 3™ quadrant,

For 1# quadrant, = r:
For 3™ quadrant, B=n+=
H
i3

Since, iz the period of tan#.
Thus

Ez%-ﬂm. YnelZ

[Translational property]

[Periodic property|

Hence, the solution set of tan 8 =3 is [ + nn} vnelZ

Solve graphically the trlgnnﬂmetr\@uatmnﬁ of thi

(tif) tan@ =28 w@jb_ﬂ

of trigonometric equations is

- {7
LVYD« 1)

|

The method of graphical
illustrated through the following

Example 1

By using graph, 5

Solution:

We will draw the grap
intersection wjll

sinf = (11}

5

equatiun: sin@ =

cosf

2
funt:tmns on the same graph paper. The point of

tion of given equaunn
Some values nl"; where _— =8 5’ are given in the following table.

T

<=

i=

=

-
%fﬂr—EEE

EI —M | § 0 m m
2 4 4 2
y = sinfl =1 =071 (0] 071 | 1
and some values of y= g, where Tﬁ <0 = g are as under:
—H =T 0 m TE
o z 4 4 2
y=o|-078] -039 |0]039 | 078
2

The graphs of the equations are plotted on the same graph paper as shown in

Fig. 12.36.

.




solutionis 8 =10

From the graph, the point of intersection of C;)@duaﬁma is origin. Thus,
Example 2. Solve the equation m%ﬂ=

, graphically for interval

e the solution of given equation.
=M

<9 5% are given in the following table.

e | 11 0 m i
2 4 4 |2
| y=cosb | 0 | 071 |1]| 071 |0

= m
Some values of v=0, — <8 <> are as under:

2 2
b || = [l 2] 2
| 2] & 4 | 2
y=8[-157]-078 [0 | 078] 157

The graphs of the equations are plotted on the same graph paper as shown in
Fig. 12.37.



=
i
'|

I £ 111 | 1»!_[ Il "Lfa N
c [Fig. 12.37)

From the graph, we observe that A is Lﬁ of intersection of these

equations. Thus, the approximate value of of A isj]:- ie,B= %.

Hence solution is 6 m% \(\

Example 3. Find the solution ser@quaﬂcm tan® — 28 = 0, graphically for

ﬂiemtﬂrval—{ﬂﬂ-

Solution: tanH—EEI {O(\Q)

or
Let v =tanB y =28
We will draw the of these two functions on the same graph paper, the
point of inter ‘ be the solution of given equation.
Some values of y = tan, —- 5 <0 -i% are as under:
=T —T n i
¢ |7 |7 (% 3| 2
y = tanf — 00 -1 0 1 + oo
Some values of y = 26, —_E—“Elilﬂ%are.
=T =1 T T
ENEAESLIE AN,

The graphs of the equations are plotted on the same graph as shown in Fig, 12.38.

N



y = tant

T A S -y, = S
=

%

-7 ™
Find solution sing properties, wh&n-; <X = 3
1 1 1
1. siny == =10 2. cosx—==10 3. cosx+—==10
B 2 v
. 1 1
e sinx +—==10 o, tanx ——==10 6. tanx —v3 =0
2 3 ‘
7 sinx+§=ﬂ' B. cosx—1=10 Q. Tanx+%=l]
¥

10. tanx —1=10
By using graph, find the solution of the following equations.

. 2x - = __-'1._1-_
11. Slnx—?—-ﬂ 12. Cusr+;—ﬂ 13. Tanx “-[l

14, Einx—s—:=ﬂ 15. Ensx-g—ﬁ:ﬂ 16 Tanx+x=0



12.4.1 im.t_f“” the INVCTse "if'_hn-.rnu'rl- functione anid FL

l.E1'|I’l.I.|.i'_ and range

We know that inverse function exists, if the function is bijective. All the
trigonometric functions are not bijective. If we restrict the domain of
trigopnometric functions, then these functions will become bijective and
inverse trigonometric functions can be defined within the restricted domain.
The inverse of fis denoted by f~1.

and the domain of f= range of f~1 K
and range of f= domain of f~! ;@

The trigonometric functions with restrict ins where inverse
functions exist, are called principal trigonometpig functions and are usually
denoted by Sinx, Cotx, Tanx etc.

(a) The Inverse Sine Function C)

We know that sine function is e-to-one because a hmznnta] line
will cut its graph at more than ope i

If domain of sinx is restricted to %
-3 <x <7 then it will be on

onto (bijective) as shown i
we can find inverse sin

The inverse sine ion is denoted
by Sin~! x or arcSi defined as
y = Sin~1x, if iffx = Siny,
where, Dom inverse sine function =

[xlreRA-1<x%1)}
Range of inverse sine function = {}rl:.rE HA-—EEiy-E %]

Note sin~!x # (sinx)™*
Example: Without using calculator, find the value of:
;o -1 [—43
M sin(g) @ s~ ()
Solution:

N
(i) We want to find the angle y, whose Sine is —=

ile., Siny = ?L y= g




. —-*-.-3

(i}  We want to find the angle y whose Sine is —— z

ie, Shy=-f_, .- =X ] in1 (—1) g
Siny P ot 5 <y< . Thus, 5in 3 5

(b) The Inverse Cosine Function

We know that eosine function is also not

one-to-one because a horizontal line will cut its Py
graph at more than one points. If domain of s
COSX is restricted to the interval 0 < x = 7 then _ \
it will be one-to-one and onto (bijective) as UI\ , it
shown in Fig. 12.40 and we can find inverse @ o
cosine function. \'I .

The inverse cosine function is denoted Q i 1
by Cos™'x or arc Cosx and iz define @ ¥
vy = Cos™'x if and only if x = Cosy, oo L
where, Domain of inverse cosine function xERA-1<x<1)}

Range of inverse cosine fun ={ylvyERAD <y < 7}
Note: cos™'x # (cosx)™? N
Example: Without using calc @nd the value of:
(i) Cos™ (%) li) Cos™? (_Jli)

Solution:
1
/ (i) We want to e agizle v, whose Cosine is =

find th

2
: ng e =1 1 ~n
ie., Cosy= 5. 0<y<m  Thus, Cos (i)—i

|
(ii) We want d the angle y, whose Cosine is B
3n 3n

Le., Cnsy=%ﬂ ¥ =0 0 =y=mn. Thus, Eﬂs_l(:,,f‘%)""?

(c) The Inverse Tangent Function

Like sine and cosine functions, tangent function is also not hijec—rjw
If domain of tanx is restricted to the interval —f-::x{ ., then each
horizontal line will intersect the graph only once, so, y = Tanx is one-to-one for

=1 T
tlmmtcrval—z—{x{:—

- as shown in Fig. 12.41 and its inverse tangent function

is possible.




u

ey

The inverse tangent function is | 4 N 2
denoted by Tan 'x or arc Tanx and is | | _ : ! ) J1_ lymanx. |
defined as y=Tan 'x if and only if ' . t ! d £ it U]
x =Tany t i l i ]
where, ! { | 11; A | 3 | s
Domain of inverse tangent il 8 }' L J'_'il' b
function is R and range of inverse igi! B8 91 I "-"Ji I'! rFRF i
A I e I M SIS y - — f—f 1 !
tangcntﬂlnctinnz[ylyEEhTﬁtf.}’ﬁig} | tr‘; | h: . | '
+1 e g e R e M '
Note: tan™lx # (tanx)™, GEL . S5 VR |—‘-f I—":—! = = o
i | i " s sl M, ! ot
Exal Without using calculator, find the v@
(i) Tan™! (Jii) (if) Tan™*(1) @
Solution: ‘ ,
SR -
(i) We want to find the angle ¥, wf{ gent is B
-] Thus, Tan"(%} =E

1 . S
Tan}r=1l—,.§=b}'—g. "IJ‘?
(ii) We want to find the \r ose Tangent is 1

i.e., Tany=1=2y= %r, - -::% Thus, Tan™'(1) =~:-
(d) The Inverse
Since, cotangent is not bijective. Therefore, domain of cotx is
restricted to th @ﬂ{r{msﬂthm ) B o
each horizo tersects the graph | . | | Sl ot g A
only once. s otx is bijective for the [ i | | :.__
interval 0 < x as shown in Fig. 12.42 L L | 13 Al ERE
and its inverse function is possible. SHEEE SN S8 SN 1 N _| 35 _'{
The inverse cotangent function is denoted ..1.. 3 5,-H_f ¥ ol fi s ks l_;Lﬂh
by Cot lx or arcCotx and is defined as = ‘z' = s _', 4 D
y = Cot~'x if and only if x = Coty 2 2 i et 2 | BN
where, . ! | : '_"'\!.
Domain of inverse cotangent I I i e W
function = R k2% Rid 350 mil L ¥

and range of inverse cotangent {Fig. 12.42)

function ={y|]y E RAD <y < n}

Note: cot~'x # (cotx)™.




h..n AT oy
Without using caleulator, find the value of:
() Cot '(V3) fii)  Cot™'(-1)
Solution
(1) We want to find the angle y, whose Cotangent is v3
: 1 —N "
i.e, Coty= "r:'Tan}r_ﬁ' 5 <y<gz, wherey#0
= Tan}rz'ﬁ:}rzi, _T“q:}r{g_ where y # 0

. m
) Thus, Cot™(v3) = 3
f11) We want to find the angle y, whose Cotangent is —1

1 —I I \
Coty=-1 = —— Tany = =-1, —5-<y<s3, wherey

==-Tan}f=-1==}r=;—“. ‘?":::.w:%, whererqtby\,

Thus, Cot™(-1) = —T:[

je} The Inverse Secant Function ‘ ’.

The graph of secant function from - mt ¥

is shown in Fig. 12.43. It indicate Tl i h% i Ji =

every horizontal line intersects the t : 1‘\; = E S

more than one points. S EATE T Y e S e i b

If domain of sec x is restri terval ‘f;_T"i"%”' o (O - e T
: . q—id-r,_hdg_____;_,f__,..

0<x=<m, whercx:i orizontal £ 5 52 i

line intersects the ph once, so, this | T ’-.I: e ey F.’

e restriction make function y = Secx 1 3 "?' | S, |
one-to-one and d its inverse. (Fig. 12.43
The inverse s ction is denoted by Sec 'x or arc Secx and is defined
as, y=Sec xi only if x = Secy
where,

Domain of inverse secant function = {x[x e RAx<-1,x>1 }
Range of inverse secant ﬁ.mctiunz{ﬂyERﬂDE}--srr, F*E}

Note: sec~ 1y # (secx) ™1,
sample: Without using tables / calculator, find the value of;
(i)  Sec™(2) {i)  Sec™(-1)
Solution:
(i) We want to find the angle y, whose Secantis 2, 0=y <mw, wherey#=

i.e., Secy =12




'1 .
" . 1 m | S |
or =2 =% Cosy=msoy= ( o “-.;_:.) ]
Cosy p : SO0 Y cinh and Cos o =2 ;
Thus, Sec (23 =T
(i) Wewanttofi | - — . n
nt to find the angle y, whose Secantis —1, 0 <y <m wherey # 3
i.e., Secy = -]
or - 1 : dC }.
G = Cosy=-1=2y=mn ( SEC Y = or and Cosm = — )
Th'l_ls, SEE_l{“-l:I =1
(f) The inverse Cosecant Function \
The graph of cosecant function from -m to n \' :

horizontal line intersects the graph at mo
than one points. So, cosecant function is
one-to-one. If domain nf cosecx is restnl:t

to the mtewa.l— <x< —, wher A
|

i
A B | | | :
the horizontal i_um intersects only | _ _.;._ L A L
. b A
| once, so, this restriction m nction = i T 12 a4
¥y = cosecx one-to-one an find its

inverse.
The inverse cnsecant ion is denoted by Cosec™'x or arc Cosec x and is

defined as, y = and only if x = Cosecy \

where, _
Dom verse cosecant function = {x|yeRAax<-1,x=1}

Range oPMinverse cosecant function ={}r|}'EHAFTu£}r£% wherey # I]]

1s shown in Fig 12.44. It indicates that every E ~; :

Mote: Cosec™lx # (cosecx) ™.

Example:  Without using tables / calculator, find the value of:

= i s =2
(i) Cosec™1(—2) (ii) Cosec™! (ﬁ)
; 5
(i)  We want to find the angle y, whose Cosecant is ~2
m
ie., Cosecy = —2, Tﬂiyﬂi. wherey # 0




and Sin -—;.':T) = —%)

1 i |
= = 7 S Einy == y=— v CosECY = g
Siny y=35 o ( Siny
Thus, Cosec™ ' (—2) = h_”

(i) We want to find the angle y, whose Cosecant is 73

=,

-2 —n "

i.e., Cosecy = Nk = SYE5 where y + 0 _

1 =, ] —/3 —T 1 =1y =3

= =—=3 Sinys—=—>y="- ( cosecy = ——andbin|—=-| = )
Siny 3 ¥ 2 ¥ 3 siny ( 3 ] 2

1 =2 11
Thus, Cose 1(_) PR
us, Cosec 7 3

12.4.2 Domains and ranges of: e,\
» principal trigonometric functi
e inverse trigonometric funct

i. Domains and Ranges of princip

We have studied in section 12.4.1 eral trigonometric functions

are not bijective but principal trigono functions are bijective because of
the restricted domains. We fo ains of principal trigonometric
functions using graphs in the p ection which are summarized in the
following table alongwith the s which are same as that of general
igonometric functions.
ttlgﬁ_-___r T _ . : .
T T
¥=5inx %fﬁxs‘i -l=y=1
y = Cosx 0=x=n -l1=y=1
- T
y=Ta T = x = 3 1]
y=Cotx O0<x<m R
y=S5ecx I]Erﬁn.wherexatg y==land y=Z1,¥VvER
-7 ™
y = Cosecx TEI“_: E wherex 20 | y=—-l1and v=1, YyER

ii) Domains and Ranges of Inverse trigonometric functions
We know that the domain of inverse trigonometric function is the range
of corresponding principal trigonometric function. Similarly, the range of
inverse trigonometric function is the domain & corresponding principal
trigonometric function.




Function

y = Sin~lx BN

y = Cos~'x IErs] o
¥ =Tan 'x B

y=Cot 'y | R

' i
y=Secly |(xr<-1andx=1 vxeR ﬂirﬁmwherer#‘—?-

y=Cosec™lx | x<—land x=1¥xER —5;-;{ wherc;.ratﬂ

Example 1. Find the value of (i) Cos (Sln‘1 .il,) i:?éﬁ?n'l
Solution:

m_ 1
() Consider  Siny=z=y=F, l:b <y<§ (:sng=3)

Now, Cos { Sin~1 %) = Ens% =“I—§§

(ii) Consider Siny ='%-§ % S -
Now, Tan (Sin‘l fh (_— = —3 ,

”l.—-:
I
e
I
ra| =
—
&
=
—
Lid

Example 2. Sho t 1(%) =51“L1(%] \
Solution: Let 3) =a =Cnsu=%
Ko, Sina = +v1 - Cos2a = i1,||1“(E}2

=+ [1— :;; o ol ke 1 :I:

Since sina is positive if 0 = a <z L in which cosine is a.lsn pﬂsiﬁv&

Thus, Sina = 1—53— =4 a = Sin™? (ﬁ), Hence, cgg-i( ) Sin—1 (%

12.4.3 Draw the graphs of inverse trigonometric functions

We draw the graphs of inverse trigonometric functions by plotting few
points obtained by some corresponding values of x and y. In drawing graphs
of inverse trigonometric functions, we keep in view the fact that each graph of




mverse trigonometric function ia a reflection b oo
of the graph of the original function about
the line y = x as shown in Fig. 12.45. / rn s

Graph of Inverse Sine Function

Here some values of x and their correspondi 4 y=sSinx
of y = Sin"'x are mentioned in the table is | 3t i
plotted as shown in the Fig. 12.46. —— -3
- ;..- . :
x -1 [-05] 0 [%q S O L R
- | —m Bl —
y=Sinlx | — | =— | o = S
, 2 6 2 _7;_ ;..
% S e
/ i e =2
Graph of Inve %,_ Function
Some values d their corresponding values | [
of y=Cos 'x are mentioned in the following T e P
table. \ y=Cos x
Sife \\ R
q.n.,_i.h . 3
x -1 | =03 0 | 05 1 2 m_m
2n | M | m N DREON RS ,
— =1 i —_ s 1
y=0osT'x | m 3 7 3 0 . \

Graph is plotted as shown in Fig. 12.47, | i




Graph of Inverse Tangent Function

Following table shows, some values of x

and their corresponding values of
y =tan"lx.
B X - | -1 | 0 1 +i1
Tt =2 | 28 N
y=Tan 'x 3 3 3 | 2

Graph of y = tan™'x is plotted as shown
in Fig. 12.48.

Graph of Inverse Cotangent Function

For y=cot™'x ,

values of x and y are mentioned in%
following table. & %
x +oo | —1 =0
y = Cot™x 0 ?@ r n
Fig. 12.49 sh ph of
y = cot™'x

Graph of Inverse Secant Function

some corresponding values of x and y are
mentioned in the following table for

y=5ec"'x
X 1[1.15] 2 | -2] -1.15 -1 | %co
w0l &l [ 2E [ 2
YINE R 6 | 3| 3 6 2

Fig. 12.50 shows the graph of y = sec™lx
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Graph of Inverse Cosecant Function

Following table shows some corresponding
values of x and y for y = Cosec "2 . = Coner ' e

¥ 211l 1 [ 2]+ :
=0 | =n 1 T |0
' — E 1 ===l I o it — o _t _= 1‘ T ‘:'| T T
e L 2 1 & | & ; b

X

Fig. 12.51 shows the graph of y = Cosec™

i - -

12.4.4 Prove the addition an u ction formula
inverse trigonometric func

1. Sin"*4A+Sin ™ 'B =Sin" l.ﬂ [1— BZ; %n,

Proof: Let Sin~14 —x / and Sin"'B=y= B =Siny
Now, Cosx = m (+ Sin®x + Cos®’x = 1)

So, Cosx = g.ﬂarly Cosy =v1-B?

Now, we know that + y) = SinxCosy + CosxSiny

n[r+y}—.4w"1-—Ei+B\.'rl—
x+y=Sin"1(Av1- B2 4+ BV1 - A2

ie., @ Sin~A + Sin™'8 = Sin~}(AvV1 — BZ + BVI - A_z}'l

2. Sin 'A-5in"18 =Sin (A1 - B - Bv1 - A%)

Proof: Let Sin"!d=x= A =Sinx and Sin"'B=y=B=S8iny
Now, Cosx = v1—Sin’x = V1 - A7 (+ Sinx + Cos®x = 1)

S0, Cosx =v1—4A% Similarly,  Cosy=v1—- B2

Now, we know that Sin{x — ¥} = Sinx Cos }' —Cosxsiny

Sin(x =y} = AV1 - BZ — BV1 — A2
x—y=Sin" L{A\"l — B - By1 - ,q‘i'}

ie., rﬂin"ﬂ - Sin~'B = Sin" AV = B2 - BYT=A7) |

—
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Proof: Let Cos™'A=x=A=Cosx and Cos~'B=y=>B=Cosy

Now, Sinx=v1—-Cos?x=vI—AZ (v Sin’x+ Cos’x=1)
So, Sinx=v1-4Z  Similarly, Siny = V1 - B?

Now, we know that

Cos(x + y) = CosxCos y — Sinx Siny
Cos(x + y) = AB — (W1 —AZ)(W1-B%)
x +y = Cos~1(AB — /(1 — 43)(1 - B7))

Hence, ' Cos~'A + Cos™'B = Cos™'(AB — s B9)

. Cos™*A—-Cos 'B=Cos™ " [AB + 4 L!—ﬁtw'\,

Proof: Let Cos'A=x=A=Cosx Q‘Jlﬂ"}"=’3=cﬂsl’
Now, Sinx = V1 — Cosx = WQ x4 Cos?x = 1)

So, Sinx =v1-A?  Similarly, osy =V1—B?

Now, we know that Cos(x — y) Cosy + Sinx Siny

Cos(x =y )i=adP+ V1 — 42v1 - B?
2 0 Tos1(AB + /(1 - A2)(1 - BY))

i.e..,

5. Tan"'A+ Tan™'B
Proof: Let
Now, we kn

= Cos™'(AB + /(1 - A*)(1 - B?)) ‘

nlA=x=A=Tanx and Tan 'B=y=B=Tany

Tan x+Tany
1-TanxTany

Tan(x +y) =

+8 A+B

A o
A =iy = ty=im (=28)

Le:,

Tan~'4 + Tan™'B = Tan“l(l‘“;)

1/ A8
6. Tan 'A—Tan '8 =Tan™ (l+.-1£ir.:|

Proof: Let
Now, we know that

Tan(x —

Tan*A=x=2A=Tanx and Tan 'B=y=sF=Tany

_ Tanx-Tany
Tan(x —y) = 1+Tanx Tany
A-B »
Y) =156 = ¥y =T (1+AE')

Tan~'4 — Tan~'B = Tan™1 (%]
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12.4.5 -"'lpph' addition and subtraction f(ori

['Eii;‘_l‘l-'l'll.'?'lll{‘i[h. functions to verify relats

In this section, we apply addition and subtraction formulae of inverse
trigonometric functions to prove or verify the related identities and some
important relations as explained in the following examples.

Example 1. Prove that Tan'i[—r] = Tﬂnhl{.‘x} =0

Prooft L.H.8 =Tan"}(—x) - Tan"'(-x)
) ~1f —X—{—X) : =X -1p — =1 ﬂ.
= Tan m) [1 Tan™ "4 — Tan B = Tan (1-‘!‘1‘1.&)

= Tan™ (-ﬁ—:g)

= R.H.5S proved. 60
Example 2. Show that Sin™?! % + S‘m'i% =
Solution:

By using the formula: Sin~'4 + Sin~ “1(AV1 - B? + BV1 - A?)
‘ P ————
3 4 M 4 3’
R N e B B E2 T
We get Sin 3 + Sin 1 (5) + - 1 (5)

e i
Hence, Sin 1§+ Sin~1

Solution:
By using the formula: Cos™A + Cos™B = Cos™ (4B — /(1 — A%)(1 - B?))

4 3 43 42 2
We get 0s z 0s z 0s =5 ‘“1 (5 HI (5) l




Hence, Cos ; + Cos=!

Solution: L H.S=Tan™! (-) — Tan™" (?)

.."l
By using the formula: Tan"14 — Tan"'B = Tan™ (E !

Tan! (5) = Tan™* (5) = Tan™? (1ﬁ+ : )Q{\

1. Witho --.:alc:ulatur, find the value of the following:
(i) (1) [ii) Sin"(—1) (i) Cos™ g
. -1{=1
(iv) ot™1(=1) (v) Cos™1 @) fvij Tan™? (ﬁ)

o Tai(d) v comn (B on s
(x) Cot™ (1.-—15) (i) Cot~1(—1) (xii) Sec™'(2)

(xdiii) Sec™ (1) (xiv)] Cosec™ (\%) [xv) Cosec™1(1)
2. Find the value of each of the following

(i) Cos (S‘m'l (?]) (ii) Cosec (Cus‘1 (%).) (i) Tan{Cns‘1{~—1}]
(iv) Sec(Tan™'(1)) (V) Ent(Tan“(—J:ﬂ] (vi) Sin{Sec=1v/2)

@ I
-
E pa— L e T e . Y i . -

N




Show that: )
@ Tan (%)= Cor! () @) ran '(y3) =Sin” (*’i‘fj

i
[iii) Cosec™ (%) = Cos™! (i) (iv) Cos™’ (;) = Cot™1 (}%)
Show that:

@ sin (5) 4 sin (3) = cos (355
0 oot (F)ern()=(0
[iiiy Cos™’ (g%) + 2Tan™! (é = Cos™ (%)
ot (Q)-co () - )
(v) 2Tan™?! (%) — Cos—1 (%) Q
z <

(wi)  Sec”! (T) + Cot™(3) = E

(viij Ta -1( )+Tan‘1 —Tan™! (73
i) Tan"(3) + Tan" (3) % L) 4 Tan (3)
Prove that:
m sin(cus-iy} = i)y Tan () +Tan"'(-y)=0
+ Cosy (iv)  sin{2Cos™ly) = 2y/1—y?
12.5 Solvin ral Trigonometric Equations
12.5.1 S nometric equations and check their roots

tution in the given trigonometric equations
o discard extraneous roots

The method of selving trigonometric equations and checking their roots

is explained with the help of the following example.
Example: Solve and verify the equation: sin8 — cos@ = 1, where 0 < 8 < 2n
Solution: We have

cosB —sind =1 oeeli)
Squaring both sides
(cos B —sin8)% = (1)*
cos?@ +s5in® 08— 2cosBsinf=1

1 —2cosBsin® =1 [ cos® 8 + sin® B = 1]
=2cos8sin8 =10




Either sin8=0 or cosB=0

if sinB=0 then, B=0o0r m

if cos@=0 then, H=% urﬂ—ﬂ

2
Verification:

For, 8 =0, given equation becomes cos0 — sin0 = 1

1 =1 (True)

For, @ =m, given equation becomes cosm—sinmt =1

1—1wﬂm]

For, 8=s3 %, given equation becomes cusi— sm—f =1

3

—1—1{

30

For, 0=, given equation becomes ms— ~ sin>

"B=mnand 8= f do not satisfy given equac)

+ m and E are extraneous roots.
=N
Thus, solution set = [D -zr“} ; & %

igonometric functions to find

the solution ral trigonometric equations

solution of gen

examples

Example e equation: 1 —cosx =
1

Solution: We e 1-cosx=53

1
= cosx =3

Bodi] ke




L)
| |
2 2
Since 2w is the period of cos X,

, ; i
Therefore, General solution 1s [r—; + Enn] L {—',_-r + Erm] where,

Example 2. Solve the equation: 3tan®x —=1=10
Salution: We have

or = - (True)

nerz.

Jtantx—1=0

— Ftan‘x =1 or lanzxs%

= tanx =+ %
i 1 Q
or tanx=+-—=
— tanx = —= and tdh x =
J3 NE]
— x = tan™} (—1-) — = tan™~? (—l)
Ne) \(\ 3

™ mo. .
— ¥ == * = —— , in particular

[ &
+ 7 is period of tanx \\\

=~ solution set is = [mT + g}

Example 3. Solve th 3cotx —cosecx—1=0

Splution: We have
/ V3 cotg —cosecx — 1 =0
ﬁmtx = cosecx+ 1
Squaring both sides
cot? ¥ = cosec® x + 2 cosecx + 1
I(cosec?x — 1) = cosec’x + 2cosecx+1  [v 1+ ecot? x = cosec” x|
2 eosectx — 2cosecx —4 =10
coseclx —cosecx—2=10
cosect x — 2 cosecx + cosecx—2=10
cosecx (cosecx — 2) + 1(cosecx — 2)=10
(cosecx — 2)(cosecx +1) =10
cosecxy — 2 =0 or cosecx+ 1= 0
or cosecx = 2 or cosecx = —1

I

S O 1 |

l

sin x =:,1£- and sinx =—1

_ES®m . L
I"_E_]ﬁ -—"2|

—

in particular.

i =

I
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Verification:

For, =%,weha-.re

| 'u"_l:ut——rnsecg— 1=0

= i-2-1=10
=% 0 =0 (True

For, B-E—E" e Fave

ﬁmtS—-cnwc%- 1=0

5
L :i jr (False) \'Q}

For, H=3%t~,weha".re Q
ﬁcnt%‘-—msec:a?“—l=ﬂ Q

= 0+1-1=0 ( ’

= ﬂﬂm

For, B8 e , we have : %

Il

2
3 cot (ﬂ) — cosec =1 =

= Q = 0 (True)
Hence, solution se¢ %ﬂ [—— + Erm} u -[—— + Em'r} vneEZ

Find gerferal solution of the following trigonometric equations.

5. eosx+3=0 2 ta.n:r+‘-;|1-3==‘—ﬂ 3. ° cosecy+2=0
4. sec’@ —; =0 5. 4sin’x = 1 6. sec’x = 4

T. Zcosx + sinx = 1 8. 4cosix —Bsinx+1=0

9.  3tan’x+2V3tanx+1=0 10. (cosecx + 2)(2cosx—1) =0
11. tan@ = 2sin@ ' 12. 4sin’3-3=0

13, cosix = COSX 14. sin48 —sin20 = cos36

15. cosB+ cos38+cos58=10 16. Sinx + sin3x + sin5x + sin7x = 0

cosech = 3 + cotd 18. Zcosx+sinx—1=0




i

vii.

%11

xiid.

Review Exei:iae ) i

Select correct aAnswen

Ify= Sin ¥, then domain 18:

i

o) -3 <X *’-% bosxsm (o [0x]x#3 (d) None of these
Ify= Enu then range is:
(@-1<y<1 (b) R (y<-loryz1 (d)y=-lory=1
If y = Tan™! x, then domain is:
al-1=x=1 (b) R (gjxz-lorx<1l [djx=-lorxz1
If y = Sec™' x, then range is: ) &
Eﬁlﬂﬂyﬂmy#% ﬁh}—?{’ > y#0

n
[c0<y<m (d) <3

Inverse function exists if and only if t n is:
ia) bijective -1) function

(c) onto function ) into function
1 Gl o IR

(a) E— tan~ ! x (b) E -*@Q (c) E +tan tx (d) % +cot x
Sec [:;in-‘ {-%}] = s \

a) = r

© 5 @ -7

Cos (sin" il ~.F {b] 1::}% (d) :—,.i
_, A

(a) cos ,ju oo B%) (b) cos™* (AB+ /(1 - AH)(1 - BY))

(c) cos™? AB+-.,"[1 +AD)(1+B9)) (d) ms“{AB JO+AH(1 +89))

tan” 1{—:4:} = (a) —tan™'x (b) m—tan™'x (c) cot™ x (d)tan~'x
Tan"!(-1) = B - z i
(- = @y D= (03 () -3
If tan 2x = —1, then solution in the interval [—g,g] is:
3 an
@-5 -3 Gl ) —
General solution of 4sinx — 8 = 0 is:
@ {n+2nnlnel (b) fm+nulneZ
fc){=n+nn}, nel (d) Not possible

. -




xiv.  Solution of equation: 2 Sinx + v3 = 0 in 4™ Quadrant s

m -1 =
() 3 (b) - = ) =
xv.  All trigonometric function are ................... function:
(a) periodic  (b) even  (c) injective (d) bijective
xvi. General solution of every trigonometric equation consists of:
(a) one solution only (b) two solution
|c) infinitely many solutions (d) no real solution
xvii. The period of cos@ is:
o
(@) (b} (c) 2m (d)4n \
wviii. One solution of Secx = -2 is: \

xix I_fmsﬂ=—fand51nﬂ=T, then

@  wmF  OF @@-
jrosmt=Prbe )

2T 4m

@ (®) 35 icy(\ @
oT 2n s
3

xx. The period of sm-z- is

(a)dw (d) 3m
xxi. The value ﬂf CcOS 5
[c) -1 (d) None of these
wxii.
(c) 2w (d) 6m
xxiii. tan(7x) is
' 18
G = (d)
2, Find the maximum and minimum value of the each of the following
functions.
(i) y =5—7cosb (ii) y = 4+ 3sin (268 - 5)
3, By using graph, find the solution of the following equation.
2cos8—B=10
4. Without using calculator, show that:
_ L _1 /12 - sl
(i) cosec 1(12] tan~! 15) (i) cos 1{%) = tan™?! (J%)
™ 0 A o T - SRR .
5. Show that: cos™ (25:] cos™" (13) = o5~} (E)

6. Find the solution sets of the equation sec3x = secx .




K

(1

(1) (—18, 24) (3 =1)
(v) 15 — 7t |1 + 58§
(1) —7 — 24i [ii) —2 4 Z+/3i

1. 22 o
N =33
(i) 4 — 5i; V41 (i) —1 — 7i; 592
[iv) V7 + 3i; 4 (v—34+4i;5
(vii) §+%:‘; ‘“'LE (viif) ;1

(i
§4ﬂi; 41

(111) (iri | _z_

(iv) 2 + 2i
£
¢ME~% (i) (6.4)

(iii) —2 — 2v3i  (iv) =2+ 2i

PR, PR TN
(vii) @_ (vidl) 2= + =
44

(i) Re(z) = 10; Im(z) = 6 \Q (i) Re(@) = % ; Im(2) =5
(iii) —1 . 8. 42
[r=1y=2 (i) @=93ﬂd:=-3.}'=9
(i)v/29 (i) 2] i (iv) 1
(i) -3 - (i) 6+ 5t i) (~11,0)
(v (- ) ( .f ?) wi) (0.5)

34 ) —g () (Eis' zﬂ: )
) (755 193) ) (a .0) i) (0.3)
i) -2-9).(5.13 ) (4.-5). (37 71
) E —%E (i) :;3 —Ei (iff) —2 + 3
i) Re=1;m=-22 {ii}Re=f:-;Im=~"§
{iii}ﬂe=§;!m=% (iv) Re =2 ; tm =2
(v) Re = =5;Im=4 (vi) Re = 337 ; Im = 322

(vii) Re= 1;Im =10

388




(1) z=1w=3-2j

(i) (z — 9ib)(z + 9ib)

(iii) (2z — 3ib)(2z + 3ib)
WME-DE-3-D(Ez-3+10
vil) (z—1)(z—-1+idz—-1-10)

(1i)

(i) (z=1)(z+ 2+ iz+2—1)
(iv)(z+1)(z+1+ z+1—10)
vij(z+1)z+1+ 4N(z+1—4i)

z=2+i (i) z = —6 + 4i fii) z = 25>

(ivj z=3 % 5i (vj 2 =3+ 2i (vi) z = +8i

(i) (d) all of these (ii) Zz| < |21 + |22
[iii) (c) -8B (iv) b < 0

(v) fc)lor—1 i}@

(vii)  (b) —i 1 (vii) ~ (b) -1

(1x) (a) A real number ja) 1

63-49i

— 2429
W==35 ! 26

(xd) (b) Complex plane (xii) (c) origin
(xiii)  (b) V26 . \% (xiv] (b} None of these
3 -4 2 .
w0 (55) 0_)\ Govi) () 3i+ 4
(xvii) (b) 2 & Q (xviii) [c) VaZ + b?
(xix) (b)1 (xx) (b)i
(i) 12 + 5j a5 450 (iii) 6+ 60  (iv) 10 — 28i
- il 2o Ny
(v) 7 (wvi) 85 — 50  (wvii) = + i T (viii) 3 + i =
(AR \IM3 + 15i (ii) 13 + 2i (iii) —125i
{iv]%—-f—; (v) 13 +i
®) ()35 CENN =
[{yx=0 y=0 (ii)x=3, x=4y=4 andy =5
MRe=-3 In=-41 _{ﬁ]ﬂe=% Lm =25
M -3+7, =  (i)2-6 — (i) 2+ 56 oo
-1_ 3 1- el 3
(b -'21—3?1—531 (v) 4 =74, :3?1 [v1}—3—41;%




o

a I ¥ . 343 R
() z == (if) 2 = =5— {ii) z2=%
- — 342
(iv) 2 =5 + 4i (v) z=- 1;—
[i) Diagonal Matrix [ii} Column Matrix (i) Row Matrix
(iv] Symmetric Matrix {v) Unit Matrix (vi) Diagonal Matrix
(vii) Scalar Matrix (viii) Skew- Hermitian Matrix

(ix) Hermitian Mﬂh‘ix
an 100 95 A5 75 70

Matrix f ol der:

=10 3 2

s a=7l ¢=8i . bh=—4 [f= w a=1 x=1
“ W ob=—4i da=ei i) r*T g Ty=2 z=3
—
. (1) [3] (i) —EI] ( j[m] [B 3 -—4]
° '_31 7 4
- ~4
-2 5i 2i \<\ . [ ]

i) [~
8 9 3

P [i} ull 17 \\ ﬁi] 2 r‘.‘-; 1 X132 Hy3 114]

= |Xz1 X3z Xzz X34

n a
R el X31 X3z X3z Xag
bli 3 bl#
(i) B = | 221 b“ gz.
34
f-"u bay
6 (1) Sk etric Matrix
(i) S ric Matrix (iii) Skew Symmetric Matrix
(iv) Symmetric Matrix (v) Skew Symmetric Matrix
T. ij 2 (i) 2 (iii) 3
8. 2
9. (1) Invelutory (ii) Idempotent
10. (i) Hermitian (ii) Skew Hermitian (iii) Neither

11. x=3, v=l =13

3+2 5—i 4+3i 1 —=14i —443i
5 5—=i 7+2 {ii]l 3i S—i —3+4il
—b—i 3 ~1 —4&§

(i)

6+ 7 3+2




i l+i —4+6i 6+2i 9—i 4490
(i) | 7i 10—-2i -1+47i [w}l 13i 16—3i 11+8i
-6 — | 8 ~5i 6+ 17 I
41 31
(i) | —4 su‘ ai [ 11 =7 (iii) Not possible
11 -9 =35 =17 -7 =32 25
[iv) (v)| 18 -12 95 J (vi) [12 33 -21
lﬁ =28 21] |—-34 -31 41 8 -294 3.72'4
P . .o [11 —38B . —4]1 -4 -
(vii) Not possible {wiii) [_? gy (ix) [ 57
17 =3
(x) Not possible 4. [ ‘

Exercise 2.3 __;

(i) 19 (ii) —47 if) —4abc
(iv) O (v) 8 ( ’ (vi) 3(ew®* — w)
(i) Non Singular Matrix (ii*Singular Matrix
(iii) Non Singular Matrix iv) Singular Matrix
(v) Non Singular Matrl:-: . (vi) Singular Matrix
@3 ()10 (i) 3

[ 1 26 -12
(i) [‘E < e -1 4 0 ‘

1 -16 b
42 0 0 l

fiv) |- (vi |0 35 ©
E ; L0 0 30
(i) [ ,."2 1) [ ;!5 ;T;_;E (iii) Does not exist

8 -1
53 53 53 3 2 4 1 -1 0
| 53 -5 -5 © [~1 1 1] |1 2 0
_ B 17 7 2 -1 =2 —1 £ §

33 53 53

Exercise 2.5




“"‘H‘

100 11 0-2
{ifo 1 o (iify (0 o 1 1
n o 1 nooan

(iif) 3

. ] =2

> & 7 2ol P37
: | W3 9 2 col-2 1 4
@fo - 0 i1 1 -1 |5 5 3

S, :1_ 2 __]. -2 1 7

iz il S BB R = i O
(lx=0y=0z=0 lll}x"Ek}r-—ﬁ:K k¥ keR- {0}
(1} consistent (1) -:unsmte
fjx=1y=2,2=3 {ulx—-#}' -2
{1}x~ﬁy=%.z=% m:-& z=3
[jx=—1,y=3,2z=2 —2,z2=-
[jxr=2,y==-2,z=—4%4 -2,y=11lz=3
() (a) mx=xn \\\ (b) Column matrix
(iiif  (b) Scalar matri {iv) (d) all of these
(v}  (b) kC'BEAL (vij (b} 8
(viij (d)allo 'K\ (vili) (b) =7

/ (ix) (b) (51

(%) uct of diagonal elements
(xi) r triangular (xii) (b) Square matrix
(i) =—A (xiv) () (A)'=
(3w ) Any complex number (xvi) (a)a=-3
(xvii] (b) Rank of a matrix (xviii) (b) Skew symmetric
(xix) (c) A=A () (b) —1

2 x=4 y=15

9 1 10
AE=[12] EC=[ t l (A+ E]EI[EHI
30 -2 8

5 2
7 (i) Involutory (ii) Involutory
H. (i) Skew Hermitian (ii) Hermitian

x=6y=-2,z=4




b Scalar: (ii), (iv), (vi), (vii), (ix) Vector: (i), (iii), (v), (viii)
2 )-8t~ (i) EE -] (iif) B+ 3] (iv) 6 —
S0 W) 19t 4+ 23 (i }-“-51+-f (i) ~61+9] (V) ~31+8]
4 ._3[ — 4}
5. Hﬁ-r . [ﬁ]@"%—%—
{1]1]?'“‘\!,—_ 11 {iv;.§'=%+uf—g—- 2’

6. 0m-Em OEE-Te o+ T

13 13 vyigl <181 V61 Vel
’ i) p=4 (i) g = -7 'l%i iivlp=§
s @Ti-3] (i) =1+ gH‘f:

10. (i) For pa_rallelugram ABCD D {—1,~1)
[ii) For parallelogram ADP@? point D : (7, -9)
[m} For parallelogram$B

11. =(54) C=(7.7)

1. (i) 9 — 4j# 3k (ii) £ —9j — 2k (iif) —24f + 31f — 3k
(iv) 14 i [J—E—E-HE

2. (i) + 8k (ii) 15v2

i) —41 + 2 — Sk

3. (i) =31+ 4f — 7k (i) 12f — 5] + 16k (ii) —4i +9j — 18k
4. (i) 2V13 (ii) V14 +2 (iii) 1

(iv) 21— ] + 2k

—28
5. (a) 4F_Q'=(za)and |PQ| = 45v2
-32
B Ga=e-krhe b= e
(iii) V78 (iv) F
5, (i) —2i+5]+k (i) 51 (iii)—31 + 6] + k
(i) (6,—1,—3) (ii) (=1,4,1)

- &




T

h

10

1l

. V3, =33

— o P - I
(i) v13 and 3 (i) a. = (21 + J + 7k) h. —2i+ j + 5k
. {12 -18 36 . 16 2 f)
w (T g T) () ['_ g ' a'sg
- o == 201 257 30k
(a) |a] = V29 (b) t = +v/57 () ~ T
—f =i 2]
[di o 14('\'14 +1.ﬁ
VIOL .
units

-

—d =5[—3f + 4k

(i} 19

(i} Orthogonal

(i) 44.41° u% :

. i e acerl _ -3

(i) Direction ¢ “chsa = ﬁ,msﬂ—ﬁ.cusf— T
Directi s: =577, 8=745°y = 1433°

5

: . : 2 —4
(11) D on cosines: cosa = o5 =— ,Ccosy = —
345 V45 v 45

n angles: a = 72.7°,f = 126.6°,y = 41.8°

1 g : -3 4 i3
(iii) tion cosines: cosa = 53 ,cosfi = ;K Saall
Direction angles: @ = 115.1°,f = 55.5°% ,y = 45°
# = 60” or 120° 9. Work done = 10 Units

; . =10 + —10
(1) along a: _.1.."1__-1. ; along b: e
i .10 . 10
(1i) along a: ol along b: T
(1) Worl done = # Units

| Exercise 3.5 _J

(i i=11j+ 7k and -i+11j-7k
(ii) 115 = 7f — 19k and =111 + 7] + 19k




. .
i

1, s
Ei+%j’+%ﬁ 4 %f—;&—;—‘,—j'—%
V6 square unit 6 —? square unit
8 = 41° 9. 5i+2j+9k 0. 11.28 Nm
2 2. -1 3. ()24 (@7
% cubic unit 6. 4

q&
1

(i) mﬁ(z’fﬁ—ﬁj "\.

i) (c) %[& B, <] QQS\ (d) (@x B)-¢
(vi)

c) area

(v) (d) ab (b) O

(vii)  (d) %;%;% Q (viii) (b) perpendicular
(ix) (d)Vi1 : % x) (b) 214

) (b) T @1\ i) (c) V4

3
(xiii) (d) [+ {\ xiv) () 3T+]+Fk
o) () oovi) (0) %

el (xvifi) (c) -5t + 2f + 4k N
e | x)  (b) Two

(i) P 8i - J [ﬁ}p—q'=éz§;_j

PQ = —5i—J + 2k ,cnsn'="l:3,i—u,m55=:ﬁ ,m},:%

(i) 2n (ii) n* (iii) 3™ (iv) % (v) (_§ (vi) n?
4+ 40 .

(i) 3 4.8,—, 20 (i) 1,-3,9,-27,81 (iii) 1,9,36,100,225

.1 2 3 4 b

¥ =i —s=—i— ¥) 1.4,10,20,35 (vi) 3,11, 26,50,85



b

sl

=]

Cad

n 4

(vii) 2,8,14,20,26  (viii) 1,2,2,5.5
2,4,12,48, ... 4.28. 45,78, 136 5 1,3, 12,60,360
(i) 1,5,10,10,5.1 i) 1,6, 15,20, 15, 6, 1

(i) 1,7, 21,35,3521,7,1 [iv) 1,8, 28, 56, 70, 56, 28, 8,1

(i) 45 (ii) 39 (iii) 26 (iv) 256 (v) 62 [vi) E
: . 1234 5

i) -1,1,3,5,7 (ii) 4,7,10,13,16 hll];.g.;,;._l

(iv) 1,3,12,60,360 (v) 2,6,11,17,24 (vi) 5,8,11, i

a, =2n+1 4. 20—-19x @

. (a) 16 term (b} 31# term (c) Eﬁg
.4
(EH; 1) 11. 96 meters 12 [ s% 0 13. 73 weeks

Exercise 4.3

()22 ()7 (i) 4a — 2b [ivl% Zra+1 (vi)da-—1

& 13v8 5J5 95 1745 4145
yx gt et & 1z

5,7.9 3. 242, 32,42

p— mr

- =90 -30 30 90
150' IJ* &l ’é\ 6. C=2d=11 T. n=-—4
7 7 7 i
P
(i) 648 %ﬁ (iii) 169.84 (iv)

nin+5)
L 75v2
(i) 13 te ii) 12 terms (iii) 50 terms (iv) 11 terms
(i) n(3n - 2) (if) E (9n — 13) fii) 3n G2

1+5+9+4+ 13+ - up ton terms

2842 Ts 47:16 B. 3,9,15 or 15,9, 3
3,4,5,6,70r 7,6,54,3

Rs. 8560, Rs. 8480, Rs 8400, Rs.8320 and Rs.8240

16 metres 12. 4400

Exercise 4.5 )
i o 1 E o b+c
(i) 48 (i) (iii) T (iv) =1 \




5'!1'.
2_ Tl A i f 2 n
9 3. (-1) (?) or (_i}
6 3,9,27T0r27,9,3 7 117 1000(1.04° — 1)
" Exercise 4.6 )
A ) %+
Lo )+ (i) 41 (iii) +12 (iv) +4 (v) £5vZ (i) £
2. (i)9.27 i) V2.1, (i) 6,12,24,48
liv) 32, 64,128,256,512
- 5
3. = T,
9 and 49 4 6 16,4 6&
i (\ .
L 1N 16320 ) o %) iv) n—5 (1~ 5o%)
1 “ R 1 1
wiFar-n-r] el QJ-;)]
[wii) “[ (10" -1) - n] Q
" oo g {n{a" 1) b{b“ \% . [l—r“ _kil—knf")]
- WIS L s e 1-kr
4M-1 . o ciay 21 -
k. 4 @1 @1 ) (iv) 4+ 22
(v) 4 (v ++2) fvii) 0.2 \.
o 7 ¥ 259 147 23
5. (H s %/ (ii) =2 {ivj 1555 v 255
T 3+ g 8. 5
1 1 9 1
i) o= fii) — fiid)

35 25



10

100 1oy 100 100 5 5 ]

(i 21 '17 13 ' 9 {“j ‘189 ' 281 "333
+ 2 1 3 3
Sl A S e T ¥ n==5 |:'_;=-]{'_]
22 "32 "14 '52 "2
- q
AM=5 G.M= 43 HM=:

4 and 12 9 3 and 12

Review Euercise J_J

(i) (c) Natural number (i) () j?‘%
(iif)  (d) 20 (iv)
|:+|:I

(v) (a) AM 6\

(vii) Hi"’: ()
-1

X  (a)0 C) ® (<1

(2i) (a) Harmonic sequenc (xii) (a) 0
(xiii) (d) 3 C (xiv) (a) 4 or —4i

(2w} [c} 16 \\6 . .. lxvi)  (b) divergent

(=) [a] — [zwviii) (b) G.P
130 Q n=8 4. 2205
12 terms 16384 T. 3
3 and 7 0. 3and 75 1. -
385 =, 14400
niZn+112n—1) 4 en{n+1)(2rn+1)
3 i 3
n?(2n® - 1) 6. % (n+1)(9n? + 5n—2)
. \
=(n+1)(n+2) g, E{n + 1)*
(i) n(n? + 2n + 2) (ii) E(zrﬁ + 15n + 19)

(iii) E{n’* + 6n% + 11n + 10)
(i) 1036 {i) 402 11 3107 12. 186984




P U IR, T R A P B ‘B*'L -_

. 98(25") + 2 T A (5)*
16 16
ﬁ—-% . E[_I_l_ 7 ['?:u~ﬁ}]
z 41 4 4(57-1) sn
9 1+7a . ga?
2 (1-a)?2  (1-a)?
1 3b B
1-b T (1-)? 3
a 45 1 4a
: — 10. & -
a 1-a (1-a)

@ Ezorcise 5.3 13 \_‘2’\

+9n+19)

B3
1 = (n* +5) 2. p
~ n(5n?+6n+31) ( ] 6n+3(3"-1)
wi 6 - *
n(8n?-17n+23) \C\ 36n+3(5™"-15)

&

, 1. , 1
2n+1 ’ 40 o 24
mn 3 y n—1
B, T o ]
ﬁ{3“+2) 4 n \

&
(i) )

5 — 6n+ Bn? (i) (b) 3n—5 (iii) (b) 1275

Ln
B

, 1 1 1 . (n+1
ivv Mm7-—=7 L/ ey vi)  (a) = nz }
. F
wi)  (b) BRI i) (o B ) (o) 4n?+an+1
(x) (d) 18
a n(n+1)* 3. 1
z 3
1. (@24 ) 720 (i) 336 (iv) 720 (v) 3628800
(vi) 210 (vii) = (viil) 2= (ix) 36




Bl el el i
o o

L

i 121 (n421 41 ; 201

Uk (i) — (i) =5 L e
. nliin+r+2) L MrEndr+ 2!
- e (ii)

(r+1)! (r+1)!

Exercise 6.2 )

(1) 6840 (1) 43680 (1ii) 95040  (iv) 3360 (v) 1260
iln=6 in=35 (liij n=73 ivin=213 vin=3
(vijn=29
39916800 4, 1728 5. 720, 120 6. 6720

i) 8 {HHH, HHT, HTH, HTT, THH, THT, TTH }

_~-H MHH
a1 e ({\.
(i) < ~R T <

T<"{:~m.,. iTHT)
T{:H T T H)
TTT)

(i) 120 (i) ?20\(\ (iii) 96
(i) 50400 (i) 120 (i) 7 (iv) 2520 (v) 4,989 600
(vi) 302400 &

1120,140 i) 20160 (ii) 70560
5040 r? 300 15. 60

1500 7. (i) 48 (i) 72
600, liﬂ% 19. 256

| Exercise6.3 ]

(i 1220 (iii) 1140 (iv) 35

(i) 7 1) 4 (i1i) 18 (iv) 17 (v] 9 (vi) 12
jn=7r=3 [lijn=10,r=5

(1) 15 (i1) 2300 5. (i) 15504 (i) 27720 6. 525

{a) (1) 9 diagonals  (ii) 20 diagonals (iii) 35 diagonals
(b) (i) 20 triangles (i) 56 triangles [iii) 120 triangles
(i) 38808 (i) 120780 (iii) 25815

56 11. 1764000

Exercise 6.4 _J

(i) i i) 1/4  (iii) 1/2 (iv)0.25 (v) 3/4




'8 A B |
N Qi s ) | @3
H‘*-i---' ,__"_..H; 1.3
b bbb
b
b 4 <:-l b, b, g
- b bbb
4 . <: boEE 3
i 1] -
H‘li"' E EBE
. b l.pll.h
'l<
E LEE Q
Ttege b | 9
[11}-' lll -

W3 (ii) é (i) E

18
= {C{
P(A l@ (B) == 17. ; 18. 0.09

Review Exercise 6

(i) (b) 1 (@) (a)0
i) () o v ©)pg
(v) (b) Permutation fvij (a) Combination

wi) @ (, 5 5) i) (@) °Ps

ix) (o)1 ® () _
(xi)  (b) an Event (xii) (a) Mutually exclusive
(xiii) (b) 12 (a) Equally likely




O | B

b

m

[(xv) ()0 < P(E) =<1 [xvi)  (c) "15
(xvii) (c) 216 [xwviii) [f‘.]% (xix) (a) 18
o & - 5
(i) 1 {1i) 5 (iti) 7 . 5040 =
i
s . 1365, 1001

" Exercise 7.2 )

(i) a® + Ba™b + 2Ba®b? + 56a°b? + 70a*h* + 56a’h® + 28a%h° + Bab” + b®
(ii) 16x* — 96x*y + 216x%y? — 216xy" + B1y*

ﬂ 4x 4y y* @
B = = =46~ s \

. .x12 3 15 9 64

fiv) — — x“+Txﬁ—Eﬂx3+ﬁD—E+@Q

G4 8

(v) 243x'" — B10x%)7 + 1080x®%y® — 2029+ 240x%y'? — 32y

(a) (i) 161051 (ii) 470 (iii) 96059601

) (i) 1.0615 (i), I 487 (iii) 34.4731

(i) 16+va + 64ava . k«)o a® — 200a + 244 (iii) 418v3
1215 - |

e (i) (iii) T

i Bo& ¢ 429 £ w5 2l
) ~5b"c® (i) A iii) —48620  (iv) (—1) m?]z
(i) 35x6, 35x [@ ; ‘3_23 pl
(i) 5376 (ii) 20000
(i) —560 ij) 495a° (iii) 10a®
(i) No 1i) No 10 7.14
* 2 1 40 % x xX x3
0 2(1—3=—5 - ) Wi-F+5-Fde
(ifi) 1 —x + 227 = x3 + -
ol 1
(iv) 1+ 2x +5x% + 207 + - valid if |x] <3
- 5
(i) — 5=y (ii) — 5 x*
(i) 4.898 approx. (ii) 3.036 approx. (iii) 2.995 approx.

(iv) 5.981 approx.  (v) 0.331 approx.
P | s g : 2 V3
(i) 2v2 (ii) J; (ii) = (iv) = (v) 2




\ (i) {bl( }r.lrt "y

(i} (b} Increases from 0 to n

(v) (a) First term
fvii) (b} two
{ix} {b‘l En+l
(xi) (&) (1+x)7"
(xiii) (b) Even
4, m = +4v2
7 a=1,b=4,c=6,d=-100

=

(11) (b) 2n + 1

fiv) (b){n 4 1)th term
fvi) (b} —1

(viii) (b) 2"

(x}  (c)eo

(i) (b) |x] <3

[xiv) (c) 256

Exercise 8.1

(i) Not a function

e
=1
—

(1i) injective because distin
(iiify Surjective because R
(1v) Bijective because

v) injective because

(ii) Not a
Bijective because f; is one to'gne

(iii) a function

onto

of domain have distinct images
=Y

ne and onto

elements of domain have distinct images

(vi) Surjective bec of fe=Y
3. (i) 1 {ﬂ@ i) Not possible (iv) —
1
4. (i) 8 (id) (idi) = (iv) 12543
N

5. (i) 10 (ii) 2a+h
6. Range = {1, 6,11, 16, 21, 26}
: (i) Domain = {x|x e R}

(iii) Domain = {x|]x e R,x # 0]
(v) Domain= {x|xe Rx+#2}

8. (i) Range = {8,23,48,83,128}
g, Range = [ylyeR Ay = 0} .

. -
aﬂ
v — a? + 3ah + 3ah? + k3
] 27

(vii) 3a? + h? (viii) 6a%h + 2h®

(ii) Domain = {x|x e RAx = -3}
(iv) Domain = {x|x € R Ax = 5}
(vi) Domain = {x|x € R,x # +3 }

.y 1
(ii) Range = {= L3 EJE}

10 Domain = {x|x € R} and Range = R* u (0}

11. Domain =
12. @) a=3;: b=-5.
a=2: b=-=2,

{x|]x € Rand x < 25 } and Range = R*

(i) Range = {~2,4,10}




Exercise 8.2 J

I"‘[ﬂ=%--%1

L o
) -7 (ii) 3 (iii) = fiv) =
: 43 = 'ic+1

(i) 7 (i) 'E—' (iii) 4 (iv) 5+

11

b

3 @ Fix)=24—-2x (i) fY(x)=3+2x (i) f~ '{x]
(iv) f(x) = 32+§r (v) g~ (x) = E+mr (vi) A~ '{x@n

(vii) () =VE=5 (viii) (D) = —E‘E [ix) f& t:+5
B FHO= -1 (xi) g7 () = g PGV ) = L
4 [i]f_li}_h Range = {ylyeRy =3}
i) i) = Dumam = {x]x ange = {yly € R}
(iii) £~ (x) =%. Domain = 1& #0}; Range= {ylyeRy+-5}

(iv) f 1 (x) = Vx +5, Dnn'I@ilx ERx=0}) Range= {ylyER,y=5]

L I

(V) f~'(x)=x*-7, Dopg x|x € R}; Range = {yly e R,y = -7}

Sketch the grap following functions:
(i) y=x*+5




2. [i]'}'=‘u'2.5-x1 (ii) ¥

| |
bl ) :n_}._.ﬂ_,s}__ L, 11
(3 ¥ -':"'-\, : |
S S * el |
L \i |
[ X | B 4
| 3m | 3 S b
SR - e i

ﬁ,{i]y=:-:=—2:;'+1. (ii)
=(x-1)(x-1)
Ty

e

= =2 S
|




" Exercise 8.4 J

i) fix) =x+7; [{)f(x) =—x+5; (ii)f(x) = 3x + Z,
(0,7)(-7,0) (0,5);(5,0) (0,2) f‘%-”}

T = ¥

T *
i | } (!
1.l
! "'\-\. 1|
" . | ;
. | ' g i An 3
LT 1| ™
# | | | | | | ‘\-q.l‘_ | |'I;
| Il W LE -
! ¥ - [ | S E =) b - 1
¥} : x 'hqi.'ﬁ Iy |0 | 1 F, A
11k UE i !- <+ B4l & | | \ " F,
TP A= e AEIE S 7 a8 | i |t ol / r
. el (PR TRRT (Y S L |} /
| g i

(0,4);(2,0)

.. Fd ¥ ---—:._.: . ';I,.- s | . i
L& b il |___'.__:... X I I .@- ) ] ¥
(iv) f(x) = —2x + & 2. (i) (L3) (i) (2,1)

Points of intersection: (1,3) and (4,6) Points of intersection: (1,5) and (6,10)




oL

5. Required numbers are 3 and 3
or —4 and 10. .
W y /

/

A

1. f) (a)Range=B (b) y-axis
(iii) (&) Injective \Q (iv]  (b) Bijective
(v) (a) Linear % (wi) (b) Quadratic

(vii)  (d) [3.0) \\ (viii) (c) Origin

(ix)  (b) Straight li (x) (el A

2
(i) (a) Re 5(\% (xii)  (b) 3

(xiii) (d)re bers except 1 (xiv] (c] Even
2. (i) Dn%{ xERx#—4} (i) Domain= {x|[xeRx= -3} "

3
3

|

3.  (0,05(2,2) E- ~

W

i '“'I

4. JI::EIE—IEI-F].S 5. a=3,b==7,c=5

6. x=0 x=3




{ﬂ {_.l_']:l_' ERA x <2} r A O ——
T =i =54 =3 = =] 01 | 1 4 5 A 7
(i) [x|1' ERAX> u] e S R g ol
3 S-1 01 23 5 f
liiffx|x e R A x < 4} s = ®» 8w = = } s - = ®
-2-1 0 1 2 3 4 5 6 T &
(iv) {xlx ERA0 < x < 5] e SRR IE S
-1 0 1 2 3 > 6
2. (i) Intersection points with (ii) Intersectio g:}ints with
coordinate axes are [:%, [}] and coordin es are (I;D— H}

(0,—7). The origin is included in

2 - an :] The origin is not
the solution region. v ; : :
=R = ey ‘]Il[:l)l d in the solution region.

=0 | i
: Q Hx*-x_':',
L%
' \ i 2 | E""-,l
I 1 H -ﬂ“‘-.,\_

points with (iv)] Intersection points with
are (5 0) and coordinate axes are (2, 0),(0,4).
The origin is included in
solution region.

C . r}:

a e el A LT SR s e -I-hl-';.-:u.“.-d_-'..-.u. T T pe——



I G T T e S ST ‘fﬁrp!i @

3. (i) Intersection  points  with (i) Intersection points with
coordinate axe < _a coordinate axes are
A HI;'S Are [2 3 ¥ ":] [] {']. H:I.- {EI l}}' Iiﬂ'l _3]: {4, ﬂ:l. |:[]. _4} aﬂd
(Ei- “)-(ﬂ. 15) and (0,0) is not (0,0) is included in solution

included in solution region. region. T

ELh ]

i

coordinate axes are

(6,0),(0.3); (4,0, (0,-23);
(4,0),(0,2)and (0,0) is not
included in solution region.




(i) Corner points of feasible (ii) Corner points of feasible

5 9 . B
region: U"-“".F.H'!-F].'[ﬁ-:-,ﬂ\} region; {[J,EI].(H, :L}.[:I ﬁ-"’ﬁ)
i) BYD0m)

fi

(iiij Corner points of feasﬂl\%v

region: (0,0), (0, 4),(3,0) :\
%snluti{m (11} Corner points ﬁf solution

space: (0,0), ,(%J% (2,00 space: (0,0),(0,2), (%D)(%g
4 | i J | f
3|
63
Z

410




(i)

space: 0.9,(0) (5.0, G.0)

(=

Corner points of solution

()  Maximum at (3,23) ; Maxim ne = 30.6

: 2 ! B |
Corner points of feasiblegesion (0,0 (023).(3.23). (15 0)
(id) Maximum at (0,4) ' value=144
Corner points of féaghje-fegion (0,0), (0,4), (3.1).6.0

(iiij) Maximum a@ Maximum value=167.2
SNef feasible region m.u),(u&%),@1,3%),(1.0]

Corner
(iv) Maxgi 30, 0), Maximum value = 120
ints of feasible region (0, 0)(0, 50), (20,30), (30,0) NS
(v) ' at (4,3), Minimum value = 2300
er points of feasible region (0, 5),(0,6), (4,3)
{vi) inimum at (2,2), Minimum value = 10

fviij ~Minimum at (3,2), Minimum value = 0.66

Land for Crop X= 30 hectares

Land for Crop Y= 20 hectares

Maximum profit = Rs. 495000

Quantity for toys A = 88

Quantity for toys B = 20

Maximum selling amount = 2600

The point (4, 1) gives the least cost, and that cost is $85. Therefore, we
conclude that in order to minimize grading costs, Professor Abdul
Sattar should employ Farhan 4 hours a week, and Sarfaraz 1 hour a
week at a cost of $85 per week.




1 (i) (b) {4,5.6,..) [i1) [c) 2
(111} (c) (5, o) [iv) (c) Optirnal
(v) (b) All points on and below the line

(vi)  (d) (5,4)
(vini) (a) Objective function
(=) (d) Feasible region
[xii)  (b) Linear inequality
[xiv) (d) Feasible

(xv1] (a) Optimal solution

W
P

!'4

4. Ma:.lﬂmum at (4, El]
Maximum val

Minimum

Minim valug*= 10
Cor, iats are

(u, . j.{-;.n](z%.u)

5. Fan=8

Sewing Machine=12
Maximum profit = ¥ 392
Investment = ¥ 5760

[vii) [b) Decision variables

(1) (d) Constraints
(x1) (d) Equal to
(xiii) (c) corner point

(xv) (c) Dbj{*{ive function

. Corner poin

\@ﬂ&lhl? regmn

7). G0 (55,

:)



]

19,

ﬁ 20

21.

i) 1 i 2
(1) (ii) -
) 1443 =1-v3
i 23 [ii) =2 — V3 (idi) Y
—1-+/3 ., 1=v3
(v)2++3 vi) 575 (vil) 57
T i — (i) 22
PP (i) —= 33“5
63 .33 s
M (vi) = i) o5

Angle (a 4+ B) is in the 2™ Quadrant
Angle (o — p) is in the 1%t Quadrant

e —_—

(i) £30°,+60°,+120°, £150° +240°, ...

(ii) +40° +50° £130° £140°, igw
el S - ;

lﬁlﬁiniﬂ+ﬂ]«@ ﬁ=§aﬂdsinm=%
_l 1 :-.1—
mcusm-ﬁﬂn{ismﬂ Y5

(i) ﬁsin@

Exercise 10.3

V341

[ vZ-1 (i) 575
1
)75 i) 7
—-24
iv) =2 V=
§2 atl
) 73 (i) -
120 -1189
V) 125 ) o
44 i
) 7 (i) =




3
i s
4

Exercise 10.4 )

(i) sin98 + sin30 fii) %Isln‘iﬂ + sin38) (iii} sinda — sin2f

g 1
(iv) cosa — cosf (v) —ll.:nszl-] (vi) cos46 — 3
(i) 2cos(a + B).sin(a — B)  (ii) 2cos20.cos (i) 2c0545°, cos20”
(iv) —sinB (v) Eﬂﬂﬂ%-ﬁin% (vi) 25in28. cosBO®
- PR -
W 75 i) Je

(i)
(i)
(v)

(vi)
(ix)

(x1)

(i) (d)—2sin (Z52) sin (3

(xv)

(i)
(ii)
(1id)
(i)
(i)

(i)

Review Exercise 10}

{a) cosacosf + sinasinf (ii) (c) Mie@ea
(a) cosB (iv) (d) - cK

(a) tan B (vij (b

(b) 0 ;
(a) siny (x) ) all of these

|.1:":|:I:.,I'L_-";;_;"?-S“E % [c) 4cos®*a — 3cosa

(a) cos58 — cos98

(a) 270° + @ {:.wi] (c) cosa {xvii) (a) 0

; f=36°53" (i) c=13,=22°38"; a=67°22
6°53"; @ =537 (iv] a=59b=54,,a=47°30
b=177; c = 225.7

“10": @a = 2757 ; c = 41.34

3. 149.5m 1. 170.53m

6. 361m 7. 11.4m 5. 44° 277

Exercise 11. 2 J

B =28°28" y= '?2"32' £ EE.{]E
=327 a=172 c =244

a =345 b=429 y = 62°

a = 150 B = 24° y = 778"
c =32 @=949" B =436°
b=7476 a=7189° y=3136°




—

) a=8921° y=4879" b=28931
(i)  f=5653" y=4847" a=4516

(i) a=5538° f=4643° c=465

@  a=957°, pg=507" y=336

(i) a=1474, p=70°39 y=8556

()  a=40°20" f=89"48 y=49°52

([{i) a@=87"10" f=48°30" y=44"20

(iii) a=093° f=58°16" y=28°44

(1) a=T2°B g=49°32" r= 58°20°

(id) a=111°52" A=40°30" = 27°38° \
(i) yp=342 f=23%  a=122°2 Q)
[() @=33°100 B=42°22" y=104°28 \'

i) a=824" p=5224 y=4532

(i) a=83°18" §B =432 =

83.03° :
The length of third side is 15.643 m .

The two angles are of mmnure\@pd 130° (approx) and the third side

measures 2.25y units (ap pn:%
70.7 cm (approx). 13. 57.1cm,20.84cm

|79 km apart 15 1879.3 km apart

Exercise 11.3 j
1 (ii) 463.74 sq.unit

1 (i) 49.0 :
(i) 1 @mﬂ (iv)  459.22 sq.unit
(v) 7 unit (vi)j 7.66 sq.unit

[vii) sqg.unit (viii) 734.28 sq.unit
(ix) 4310.73 sq.unit
. 3
a=375 unit a=419° 3.3 ='+.T1'2 Square units

- Exercise 11.4 ]

1. (i) R=612cm r=181cm

(id) R=1513em r=192 cm

(iiijy R=20ecm, r=>5cm
= 18.2cm y Ty = 19.6 cm , "= 278 cm
(i) 1, =1605¢cm , r;=26.45 cm, r; = 50.85cm
(iliy r=81L14cm, r;=4918cm, r3 =38.64 cm




Review Exercise 11 N

M '—[:
() (b) In-cirele
(v} () sin i
a+h+c
(vii)  (b) ;
(ix) (o) tang
o) )
(xiii) (c) A= {s(s —a)(s—b)(s —¢c)

(xv] (a)} Circum-cenire
(xvii) (c) 4R A
(xix) (a) 1:2:3

(i) 45 sq.units (i)

(ii) F.' 744 cm r-

28.78 cm, E 44 cm, (approx).
) 874 km |(
10 555m 1. 10.2m 12.

C)ﬂl &
1 i ETWHH‘&
=151 cm r= 5‘3

(i) {el) All of these
() Pythagoras theorem

(d) J’T‘m”

f
(d) cot

(iv)
{wi)
(wiii)

(%] (d) All of these

bsiny
Qrmrmmrcle

Circum-radius
(a) In-centre

(i)

[xiv)

r, = 2cm,r; = 3em and
The two hikers will apart
The ratio nf s of the sides is 1:4/3 : 2.

(i)

(i) Domain: K
Range: —2<y<2Vy€eER
(iiij Domain: R - {%ln is an odd integﬂr-] (iv)
Range: R
(v) Domain: B~ {5 |n €E}
Range: R
Domain: K — [4nm|n € Z}
Range: y<-landy=1¥yeR

(vi)

(vii)

416

28°54° 13 1555m
Domain: K
Range: -6 <y =<5V¥yeR
T 2
Domain: B — {12 £ J:}

Range: y<—-lory=1VvyeER
Domain: K
Range: {ylyveRa—-1=sy <1}

(viii) Domain: R - [?—:E irt isan odd inl:egr-:r]
Range: R




. II i -
(i) odd fii)Neither  (iii)Even {iv] Neither

., &M i3
N (i) % (i) 3 (iv) 107 (v) 7
4w m
i) 6 i) — i) — 1x) 6 x) Bm
[vi) 6 (vii) - [viii) . (i) (%)
o3 o 2R
(1) = (xi1) =
: 14 10 19 17
(i) Max: 7; Min: 1 (i) Max: -3—; Min: —3 fiii) Max: —3- Min: =
1 1 '1
(iv) Max: 13; Min: 3 (v) Max: rE Min: — {vi) Ma}: y Min: —¢
~ Exercise 12.2 ) 6\
I Table of values for y = —sinx
n T T n n ™ In Sm | 1w
 Jo 3] 3 13T Tl Nzl 3le ™
y o | -05| 087 | -1 | =087 | 05| 0 a7 | 1 |os7 | os [ o0 |

Note Students shoulg’draw graphs of Q2 to Q6 themselves.
2 (i) Perio Cycles: 4 Amplitude: 1

,;® s

[ & 1

(i) Period: 47T Cycles: = Amplitude: 2 ,

Mote: Students should draw graphs of remaining .
parts themselves. z
(ifi) Period: 4 Cycles:3  Amplitude = 3




9.

11.
13.
15.

o5

o

(iv) Feriud:ET" Cycles: 3 amplitude = 2
(v) Period: 6m E}rcles:% amplitude = 1
(vi) Period: i Cycles: 2 amplitude = 1
R 0 L A A
[-4—“— + Em-r] U {ETF" + En?r],?lEE 4, {;Tﬂ + 3““} U {EEF + 3’”’-’] MEL
11'1"1"2?1!’!' U 31-'!.'+21':t?l‘ TNEZ 6. 3 +nm), nez
& juls | {3 +nm)
(5 + 2nn} U {5 +2nn}, nez . {2nm),
[E?H + mr] JNEZ 10 MEZ
Solution:  x=0,3 12 X =T
Solution: x=mx=0 } Q";lutjﬂn: = %
Solution: x % 0
03
(vi) - %
(x) =
3
03 = i i — (i)
= 5 iii) 0 (iv) V2 (v) 5 (vi) N
[%E + Emr} u [%" + Zmr] ,NEZ 2. [-53;—[ + m‘r} JMEZ
EE,—" +annfu{E+ 2nu}, nez
{E + Emr] L {%I + 2:-'111': u [?Tﬂ + Emr} u [llfn + Emr} ,MEZ
{% + Emr} U {E?H + Emr; u [%H+ Etm] u {%E + Enﬂ]*nfz
{% + Emr} U [%E + Em't_ U [z—’r+ Eﬂrr] U {ETH+ Emr],nfz
{Er:rr:t%],nfz B, {E+ERTT}U[£&E+2HH}.HE3




{5N+E ] [—+Erm] nez

{3 + ‘.!mrr] [? + Emr1 U [T + Enrr} U {% + Emr].nsz
{5+ 2nn} U {5 + 20} U (2nm) U {4+ 2nm), nez

{m 4+ nn), nez 13, [2nm}u [ITH + Zmrr} U P:—:E + Emr] ,TEZ
{ + Emr] [ + Emr] u [ + Zmr} nez

{" + Enr:] [ + Erm} u[ + Emr] [—~+ Emt] nez

[T-I‘R'}U{ +2mr] [ + 2nw } { + 2nmw U[—+Erm] nez

{nm}ju [ e Em‘r] nez 18. {2 + tm],ﬂsz

Review Exercise 12

) -zsxs<3 @) @-1syst
(i)  (b) R C) B @0SySE ys]
(v)  (a) bijective \Q Vi) () fii e I

. & . % ok
v N N\ wii) (@) 75
ol il AB ~JOAADHA-BY) ® (@) —tan~'x

(xi) ih}——gf (xii) (a) -3

(xii) %, ble (xiv) (b) ? N
[xv) dic (xvi) (c) Infinitely many solutions
[xwﬁi v (a) 5

xix) (©= ) (2)dn

(xxi) (c)-1 (xxii) (d) 6m

(uxiil) ()

(i) Max = 12 ,Min = -2 (ii) Max =7 Min=1

I 1
3 (approx) 6.

[nthnez



